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Equal and odd of Generalized Euler Function for successive integers

Abstract : Euler function ¢(n) and generalized Euler function (@(ﬂ) are two important
functions in number theory. Using the idea of classified discussion and determination of prime types, we
study the solutions of odd number of generalized Euler function equations gzg(n) =¢g(n+]) and obtain

all the values satisfying the corresponding conditions, where 622,34,6.
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1 Introduction

Euler function (Aﬂ) is a relatively important in number theory, and it is also studied by
the majority of researchers. Euler function ¢{N) is defined as the number of positive
integers not greater than [l and relatively prime to [ If N>1, let standard
factorization of Il be N=[FP}...0 , where [, Py, [k are different primes
£>1 (1<i<K) , then

Y A AN
A=) (-D).

Generalized Euler function (@(ﬂ) is defined as

where [x] is the greatest integer not greater than x and (I,N) denotes the greatest common

divisorof | and I.1f €=l the generalized Euler function is just Euler function.

Cail ™ studied the parity of (1) when €=2,34,6, and gives the conditions that both
@(N) and @(N+1) are odd numbers , Liang!™, Cao™ studied the solutions to the equations
involving Euler function , Zhang! ! investigated the solutions to two equations involving
Euler function ¢{N) and generalized Euler function ¢3(1), Jiang!¥ investigated the

solutions of generalized Euler function @(ﬂ).
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On page 138 of [6] , proposing whether there are infinitely many pairs of consecutive
integer pairs [l and M such that ﬂﬂ) :¢(n+]). Jud McGranie found 1267 values
of ¢AN)=¢N+D) with N<10P, and the largest of which is N=9985705
AN)=dfn+1) =2F7-11 We find the following theorems on the basics of the fact
that the articles [1] and [7] and obtain the solutions of the equation @(ﬂ) =¢g(ﬂ+])
under the condition that both qg(n) and gzg(n+D are odd numbers.

Theorem 1.1 Both ¢3(N) and (M) are odd and equal if and only if N=2

or 3.

Theorem 1.2 Both @(ﬂ) and g@(n+D are odd and equal if and only if N=3

or4or5or15.

Theorem 1.3 Both @(n) and @(I’H—]) are odd and equal if and only if N=4

or5or6or?7.

2 Preliminaries

Lemma 210 Except for N=237242 ,both g@(n) and @(I’H—]) are odd if and
only if n:2p5 , where/fZl pE:'meM) , both 2p8+1 and [ are primes.

Lemma 220 (13 . @(=1: when N>3 @(n):%ﬂn) |

Lemma 234 Exceptfor N=31524 poth @(ﬂ) and @(n+D are odd if and
only if

(1) NH+1=2" +](mZ]) is prime ; or
(2) n:21,q55(m11©, both ( and ﬁ are primes, where
n=21,q55(mxj6), or

(3) n=328—1(,6’2]) is prime.
Lemma 24Y 1 n>3, n:35‘1 Llp"‘,(p,f)):ljﬁiﬁk , then



e 2% oo gt ik

@»(n): 1 )
gga(n), ahawise,

where glﬂ) is the number of prime factors of [l(counting repetitions) and a(n) is

the number of distinct prime factors of [l.

Lemma 259 For any positive integer [T]I1 , we have

_(Mnmedn)
AM="cn)

where (MN) represents the greatest common divisor of [Tl and [ In particular ,
when (MN)=1, we have EM)=AMAN) .

Lemma 267 Thevalueof I such that both gq(n) and @(n+]) are odd are
listed in Table 1.

Table 1 The value of [l such that both @(n) and Q(FH‘]) are odd

n n_|_] conditions
4 5
7 8

57121 57122
p2 2q2 pE7(mﬁ8),q55(rI1ﬂ8) are primes
Z:]ﬂ —1 Z:]B 2q‘3 —153n1ﬁ8),qziimﬂ8) are primes , and /j is

2:13 2134_1 prime
p2 p2 +1 2:18 +1E7(m&,q53mﬂ& are primes , and /j is

prime

= m ,pz—l_lz m are primes
. p=5ec®) P, L =5m008) e

Zkf Zkf_{_] #Eanwél)is a prime




Zk]B'quEgrnIM) are primes , /)'Zl

Lemma 241 1f n>4, n=251 Llpa,(p,Z):laZQ]siﬁk , then

Zlfgu(n)+w,a=0crl p =3nodd), 1<i<k

a)=7 _
Zr¢(n), ahewnise,

3 Proof of the Theorems

3.1 Proof of Theorem 1.1
We have @(@I@(@Z@(‘l):] by definition of the generalized Euler function
@), and @(2A)=H@(24)=8] by Lemma 2.2.

By lemma 2.1 , except for N=23242, both @(N) and @) are odd if
and only if n:2p3 , where /)’Zl pE:XIT[I:M) , both 2p6+1 and [ areprimes. By

lemma 2.2, When n23¢g(n):%¢(n) , and @(n+])=%¢(n+]). Then for the

equation  @("N)=@(N+]), we just need to solve the equation

An)=¢n+l). €
Put n:2p6, I’H—l=2p8+1 in (1) , since n+1=2p”+1 is prime , then
(p(n+]) =N. We just need to solve the equation
An)=n,
and it has only a solution N=L, but the solution is not satisfied with the form n=2p5 , SO

there is no solution.

Hence both @(ﬂ) and @(n+]) are odd and equal if and only if N=2 or 3.

3.2 Proof of Theorem 1.2

By the definition of @(ﬂ), We have

?Q=13A=1a10=3a10=[3@@A)=3a(D=/,
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hence @(3) 2%(4), Qg(]@ Z(@(l@ Except N=31524 ,we discuss the solutions in 3

cases by lemma 2.3.

Case1 When N=2", NH1=2"+H(M>]) , and N+1=2"+I(M>]) is prime.
For I1,inlemma2.4 , wehave =0, p=Anod3d , qn)ZZ“ , ddN)=1, then by

lemma 2.4, we have
A =300)+5
since M1=2"+1 isprime and N+1=AN0AS), we have
A=l
if @(N=@(+D, then
3300y
Simplify it , we obtain & ++1=2" —Lthus we have M=l N=4

Case2 When N=2N=2+1, andboth =5(MO@), 213+1

are primes, by

lemma 2.4, we have
1 1
(@) :g(ﬁ(n) 3
Since 2:;1 is prime, (=95(MO®) and (Y =6, we have

2 +1=2-+1=33mo8),

thus %—11 2(mO® n+1—3><% then by lemma 2.4, we obtain

) =20
If g@(n):g@,(n+3, then AN~AMY+2 , namely
2= 2><(2“ WY

simplified to 2 =—4 | we have no solutions in this case.
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Case3 When n:3-2ﬂ—1, n+1=32¢ , and n:325—](ﬂ23 is prime, by

lemma 2.4 , we have
A =300
meanwhile ,

) =St + 2T iy OFF

it f=2k>0
o idesd
simplified to {N)=¢{H). since N=32—1(£>]) is prime , then
32/-2=32 (- (-3 .
We get [J=0, this is contradicted with the condition S>1.1f [=XK+Lk=>0,
MO =3AH D+
simplified to  {N)={ML)+2 , then
32X 2=32-(1— ) (1—3,)+2
We have =1, then N=3x2-1=0.
Hence , both @(N) and @(N+]) are odd and equal if and only if N=3 or 4 or

5or15.

3.3  Proof of Theorem 1.3

By lemma 2.7, we have @(4) =l @@ =1 , @(7) Zl @(& =land
@OMN2)=14221, ¢(57122) =631,

hence @(4) 2@(5), (Q(?) 2@(& Then we discuss the solutions in 6 cases by lemma
2.6.



Case 1 When N= pz, n+1:2q?, and both P=/(N0d8), g=5(N0dB) are primes. By
lemma 2.7, we have (q(n) :211¢(n)+%. Since qE](mIM) ,then (Q(FH—]) :%rgg(nﬂ),

namely
A4S =2 gl
Simplified to - ¢AN)+2=¢AM1), namely
1 hnl
(220 (- 0D
Then O-(Q-D)—p-(P-D)=2 by P+I=2AF wehave P=CF+0+LThen
=0 +o+17 >(cf -+ =36f >2Af,

which is contradicted with the condition p2+1EZ]2 , ho solution.

Case 2 When N=2P-1N+1=2F, andboth Af —155(mﬁ8), g=3modd)

are primes , where /3 is an odd. By lemma 2.7, we have gg(n+]):%r¢(n+])+;2[.
since 2 —1=1) , wehave @()=gfnamely
24V =36fr D+,
Simplified to  AN)~AMDH2 namely
@ )-1=27 () ()42

Then (q+])'q&1=4, since both ( and O+l are positive integers , and
g=3nudd) , so O+1>4, then Q=3 =1, we have N=2xX3-1=0 such that
gq(n) ZQ(I'H-]) only in this case.

Case 3 When HZZ:]g, n-l-].ZZ:]B‘EL and both 216-1—157(@&, g=3nodd)
are primes , where /j is an odd. By lemma 2.7, we have @(ﬂ):%dn)'l‘—% and

AH)=3dD—,
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then
1,011, 1
2144”)+‘2 —Z(AHH) >
Simplified to  ¢{N)-+4=AMI), namely
1 (N
21-0-3 -3y a=a

Then (q+])q& =4 since g and O+l both are positive integers , and
g=3nodd) , so Q+1>4 | then Q=3 =L we have N=2x3=0 such that
@(N)=q@(N+]) only in this case.

Case 4 When N=F,N+Hl=H, and both p=5N0d9), % =5modd) are

primes. By lemma 2.7, we have gq(n) :le(An) and

) =3¢+
When gq(n):(/a(nﬂ), we have

A0 =5004D),

Simplified to
p-0-=P1
then P=L Which contradicts P=3(10d8).
Case 5 When N=F-1nN+l=5, and —_KmIM) is a prime , then
n=4F -2 3 by temma 2.7, we have A0 =3 and

) =gen+)

namely 4¢(n) 4¢(n+]) simplified to  {N)=AN+D), 1.e., 2( 41—]) =5 4,



Then =——?, which is impossible.

Case 6 When n:4q5, n+1=4q5 H, and both 4:{6 +lqu{mﬁ4) are primes ,
where /)'Zl

By lemma 2.7, we have @(ﬂ) =211¢(n) and (Q(ﬂ-l—]) Z%ﬂn-l-]), namely
2= drD.
Simplified to  AN)~AN+D, namely
N L
(- -D A
Then (=—LWhich contradicts the condition that =3M004) is prime.

Hence , both @(n) and @(I’H—]) are odd and equal if and only if N=4 or5or
6or7.

4 Conclusion

Euler function ¢{N) and generalized Euler function ¢3(N) are two important
functions in number theory. which this article has studied is the odd values of generalized
Euler function equation @(N)=@(N+1) ,where €=234. Similarly, for €=6, we obtain
that both (M) and @@(NH]) are odd and equal if and only if N=6 or 7 or 8 or 9 or
10 or 11.
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