Eliminate the nonlinear oscillations of the modified duffing
equation by using the nonlinear integrated positive position

feedback

Abstract

In this article, the nonlinear integrated positive position feedback (NIPPF) control adds to a
nonlinear dynamical system modeled as the well known Duffing oscillators. This control is
proposed to mitigate system nonlinear vibrations. The whole system mathematical model is
analyzed by applying the multiple time scales perturbation method. The slow-flow modulation
equations that govern the oscillation amplitudes of both the main system and controller are
derived. The stability of the steady-state solution is presented and studied applying frequency
response equations near the simultaneous primary and internal resonance cases. Before and after
(NIPPF) control the nonlinear systems’ steady-state amplitude are examined, the comparison is
made to validate the closeness between the numerical solution and the analytical perturbative

one at time-history and frequency response curves.
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1 Introduction

Many types of controllers are used for suppressing the vibrations of different non-linear dynamical
systems such that, negative linear velocity feedback, negative cubic velocity feedback, non-linear
saturation controllers (NSC), non-linear Integral Positive Position Feedback Controllers (NIPPF),
the Integral resonant controllers (IRC) and time delay control. The technique of multiple time




scales used to investigate the micro-beams non-linear vibrations for two different resonance cases
(super- harmonic and harmonic resonances). From this investigation, there is a clear effect of the
boundary conditions on the micro-beams vibrations [1]. Recently, the vibrations of many vibrating
systems [2-8] has been suppressed using different types of control. Because of the time delayed
and active controls springiness [9-14] in controlling many vibrating system, many papers used time
delay for suppressing the vibrations of non-linear systems. Abdelhafez and Nassar [15], investigated
the effectiveness of time delays when the positive position controllers are used for suppressing the
vibrations of a self-exited non-linear beam. They notified that, the time margin depends on the
overall delays of the system. The authors in [16] investigated the influence of two different delays
the first is displacement delay and the second is velocity delay in a cantilever beam. They used
the method of multiple scales to determine all super-harmonic and sub-harmonic resonance cases.
Since the aim of most studies is to suppress the vibrations, one of the important types of control to
vibrating systems is the NIPPF, which, is used as a novel method that merges the characteristics
of IRC and PPF methods to manage the oscillatory nonlinear systems. The NIPPF controller has
an intelligent result since it decreases the vibration at the correct resonant frequency [17]. Also,
a new novel procedure is presented [18] to overcome vibration of the nonlinear oscillatory active
structures. For different resonance cases the NIPPF control is applied to reduce the vibrations
of duffing oscillator system near primary and super-harmonic resonances [19], through primary
and internal resonance [20]. Omidi et al [21,22] presented three kinds of control to suppress the
vibrations of vibrating systems such that, the Integral resonant controllers (IRC), PPF controllers
and the non-linear Integral Positive Position feedback (NIPPF). The eminent type of decreasing the
vibrations is NIPPF type .The NIPPF controller is used for deceasing the vibrations of the model
of micro-electro- mechanical system near primary resonance and one-to-one internal resonance [23,
24]. The equations of frequency response are in use to investigate the stability of the obtained
solution. The influence of some chosen coefficient is illustrated numerically and analytically. The
rapprochement between numeric and analytic solution is offered.

2 System Modeling
Consider the model of micro-electro- mechanical system

i+ 281t 4 wiu + e(au’ 4 azu®) — ea(2u + 3u” + 4u®) —
e(2u 4 3u® + 4u®)(frcos(Qt) + facos(20)) —
ela+ ficos(Qxt) + facos(202)) = fe,0 < e < 1, (2.1)

This model represented the modified Duffing equation subjected to weakly non-linear parametric
and external excitations, and described the main motions at time scales of the natural vibrations of
the microstructure and fast dynamic at time scales of the high-frequency voltage, 11 is the coefficient
of viscous damping,e is a small parameter, w; is linear natural frequency , €2 is the frequency of the
external excitation, « is the coefficient of linear term ,a1, a2 are the coefficients of the nonlinear
terms ,f1, f2 are the coefficient of linear and nonlinear parameters excitations, and f.(t) is the
control input. This NIPPF control module is designed in a feedback format for the controller so
that it absorbs some of the vibration energy by increasing System damping, compensates for the
resonance energy using the application of positive feedback. In order to achieve this goal, The
NIPPF controller is described as follows:

I+ 2epowa + wgm = ev1u(t),
Z 4 0z = eyau(t), (2.2)



with the control law of: fo = Aiz(t) + A22(t). so the closed loop system equations are

i+ 2ept + wiu + e(a1u® + azu®) — ea(2u + 3u® + 4u®) —

e(2u + 3u® 4 4u*) (ficos(Qt) + f2cos(2Qt)) — e(a + frcos(U) + facos(20)) =

ez (t) + eraz(t),
i+ 2epowai + wir = eyiu(t),
Z+ 0z = eyoult), (2.3)
where z(t) is the second-order section variable for the NIPPF controller and z(t) is the integrating

section variable for the NIPPF controller. p2 , we are the damping factor and internal frequency
for the controller, respectively.y1 > 0 and ~2 > 0 are the gains of controller, A1 is the positive scalar

feedback gain of the second- order section, A2 is the positive scalar feedback gain of integrating
section, o is the lossy integrator’s frequency.

3 Mathematical Analysis

The multiple scales method is applied to get the asymptotic first-order approximate solutions for
the system (2.3) which we use the multiscale perturbed method

u(To,T1,€) = ’uO(T(),Tl) + 5“1(TO7 Tl) + 0(62)7
y(jjo7 T1,€) = yo(To,Tl) + EY1 (To, Tl) + 0(62),Tn = €nt, (31)

where Ty = t and T = &t are the fast and slow time scales, respectively. The time derivatives
became

d

pr =Do+e¢eD1 + ...,

d? 2

E = DO =+ QEDODl =+ ... (3.2)

where D; = diTj,j = 0,1. Substituting (3.1) and (3.2) into (2.3), and equating the coefficients of
equal power of ¢ lead to:

0(e")

(D§ + wi)uo =0,

(D§ + w3)yo = 0,

(Do + 0)z0 = Yy2uo, (3.3)

O(e") :
(Dg + w%)m = —2DoD1up — 2p1 Doug — alug — agug + a(2uo + 3u(2) + 4u8) +
(2uo + 3u(2) + 4ug)(flcoth + f200820t) + a + ficosQt + f2 cos 20t +
Ao (t) + A2zo(t),
(Dg + wg);ﬁ = —2DgD1xo — 2p2w2Doxo + 1o,
(Do + 0)z1 = vouo — D121, (3.4)
The solution of system of equations(3.3) are
uo(To, Th) = Ay (Th)e™™ + cc.,
yo(To, Th) = Ao (T1)e™2™ + c.c.

oty , Y2(0 —idwr) iw1 T
ZO(TD,Tl) = A3(Tl)€ 0 + WAl(Tl)e ! 07 (35)



Where A, Az are unknown complex function in 73 and c.c. denotes the complex conjugate of the
previous terms, insert eq.(3.5) into eq.(3.4) we get

(D§ +wiur = a+ A1 A (6a — 200) +
[—2iUJ1D1A1 — 2’iA1/,L10J1 —|— 20(141 —|— 12&14%/[1 — 30(214%14_1 —|—
Y2 (osw1) Ay
(Wi +0?)
fl (05 + 3A1A1)€iQTD +4 f2 (05 + 3A1A1)62iQTO =+
1.5f1A%ei(Q+2wl)To n 1.5f2A?ei(2Q+2w1)Tg n
fi(AL + GAfz‘Tl)ei(QWl)To + fo(Ar + 6A?£1)6i(29+w1>% +
2f1A£fei(Q+3w1)To n 2f2A?ei(29+3w)TO i
Agrie2T 4 Az’h@mZT0 + Ag)\ze_gTO, (3.6)

]ei“’lTo + (Ba — al)AfeinlTO + (4o — ag)AﬁeSiwlT‘) +

(Dg —+ w%)l‘l = A1’Y16iwlTD — (QiAQ,LLQwQ + 2iD1A2W2)€iw2TO +c.c., (37)

the solutions of equations (3.6),(3.7) after eliminating the secular terms

U = o+ A11‘L (60( — 201) —+ E1€2iw1TO + E2€3iW1TO + E3€iQTO =+ l?462iﬂT0 —+
E5€i(ﬂ+w1)To + EGei(ZQ+W1)TD + E7ei(ﬂ+2w1)To +

Esei(Q+3w1)T0 +Egei(29+2w1)To +

Eype’ 390 o o g eiw2To 4 Boe™T0 4 e, (3.8)
AV s
1 = me 270 +ce., (3.9)
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iyewi (o0 —iw1)
2
(02 +w1)2
2wy T} Ziwy T iQT, 2i0T,
Nle twito +N2€ twiso + ]\/736z 0 + N4€ ¢ 0 —|—

Nyl (HeDTo | N i@ w)To | (@420 Ty |

eiwlTODA1 + o+ A1A1(6a — 2&1) =+

zZ1 =

Nsei(ﬂ+3w1)TO +N9€i(20+2w1)T0 +

Nloei(2§2+3w1)Tg + NueinTD + c.c. (3.10)

where F;,i=1,2,....,12 and Nj,j=1,2,...,11 are presented at appendix.

4 Stability Analysis

In this paper, the case of the simultaneous primary and internal resonance (2 = w1, w1 = wz) which
is the worst resonance case, is considered to study the stability of the system of equations (2.3) .
Introducing the detuning parameters o1 and o2 according to:

Q:wl+601,w2:w1 + €02, (4.1)



and write

(2 = 2w1)To = (w1 + €01 — 2w1)To = (€01 —w1)To = —(w1To — 0171),

(292 — w1)To = (2wr + 2601 — w1)To = wiTo + 201711,

(292 — 3w1)To = ((2w1 + 2ewi — 3w1)To = —(w1To — 201T1). (4.2)
Substituting equations (4.1) and (4.2) into equations (3.6) and (3.7) and eliminating the secular

terms, leads to the solvability conditions for the first order approximation, hence the following
differential equations are obtained:

2iw1D1A1 = —2iA1/.L10J1 + 20{141 —|— 12&14%14_1 —|— (05f1 + 3A1f114_1)€i01T1 —|—

. _ _ . A2 —i01Ty _
A2A16202T1 + fQ(Al =+ 6A1A2)62MIT1 =+ 3](1% — 314%012141 —+
—92i AQ(O’ — iwl)
9 AB 2i01 T 2 A 4.3
fg 1€ +7(UJ%+O'2) 1, ( )
Q’iCUngAQ = Al’yle_iU2T1 — 27:142/,62&]27 (44)
The solution of equations (4.3) and (4.4) can be analyzed by putting A, (71), A2(71) in polar form,
A(TY) = ai (QTl)eM)l(Tl),Ag(Tl) _ a2(2T1) ¢i#2(T1) (4.5)
D1A; = %(a’1 +ia1¢1)e" ™ DAy = %(ag + dasgr)e M (4.6)

where a1, a2 are the amplitudes of steady state, ¢1,¢2 are the motions phases. By substituting
equations (4.5),(4.6) into equations (4.3) ,(4.4), we get

. Ly —iaar 3ical  3iawal i 1 3 5 i(o1T1—¢1)
(dv +ia1¢1) = o pay — - Boon o (31 + Jaifi)e
1a2 A1 pilo2Ti—d1+62) _ L(f%h 3f2a§)e2i(o-1T17¢1) B
2&.}1 2(4]1 2 4
3i 5 i(o1Ti—61) 0207 _oio1mi—sy)  Y2X2(0 —iwi)
i STE LR AT o 4.7
8w Jraie 4w € ! w1 (w? +02) @ (4.7)
(d2 + ia2gha) = —appz — Sl e=H(o2Ti=d1t02), (4.8)
2(4]2
compare the imaginary part and the real terms
. A2y2a1 1 3 3 . asA1 .
= — -+ - 20 [
ar H1a1 307+ ) + o, (a1fz + 2alfg)sm 1+ 20, S02 +
1 3 3a3 3
TUJl(fl + iaifl)sin91 — g;{l sin91 — '22511 sin291,
- —aan A2y20a1 3aa?  3owal 1 3 3
= _ _ = b 490, —
a1 1 o + 2n (0 +w?)  2un + Bors o (a1 fz + 2a1f2)cos 1
A 1 3a? 3
a;wll cosfy — Tm(fl + gaffl)cos 01 — %j:l cosf — %005201, (4.9)
dg = —u20a2 — i sin 92,
2&)2
. a
a2¢2 = —%COS 92, (4.10)
where

01 = 0111 — ¢1,92 = o911 — ¢1 +¢2701 =01 — (1;1,0.2 =02 — ¢’.1 +¢’.2- (4'11)



5  Stability Investigation

The steady-state solution of our dynamical system corresponding to the fixed point of equations

(4.9) , (4.10) is obtained when ay, = 0, ¢y = 0,m = 1,2,

)\2’Y2a1 1 3 3 . asA1 .
=_ 2= 4 - 2 5in20 4ind
pia1 2002 + &) + %t (arfo + 2@1f2)51n 1+ 2 sinfly +
1 3 : 3aifi . ai .
Tm(fl + §a§f1)s1n01 — %sm@l — ]:fwll sin26,
Aa2y20aq aal 3aa:1)’ 3o¢2a‘;’ 1 3 3
= __Zererm - 2 20, —
TN = o (c2+w?)  wr 2w 8w 2w (12 + 2a1f2)cos !
A 1 3 3a? 3
4271 cosfy — —(f1 + 7aff1)cos 01 — /i cosf — faai cos261,
w1 20.)1 2 w1 w1
H2a2 = — éfl sinfs,
2
Yyia1
- =— 0s.
(0'1 O’Q)GQ 2&)2 COSsU2

(5.2)

(5.3)

(5.4)

From equations (5.1) to (5.4) the amplitude and phase modulating equations take the form

. A2Y2a1 1 3 3 . asA1 .
- _ SEACIDE et BT = 20 0
ay pia1 3007 + o) + o (arfo + 2a1f2)51n 1+ 20, Si002 +
1 3 2 . 3a%f1 . fza:f .
= 2 0, — _
Yoo (fr + 2a1f1)51n 1 8oor sinf; 4o sin261,
. A2y20 o 3aa% 3052(1? 1 3 5
01 = — 4+ — — —_— = 20
1 =01+ 201 (02 er%) + o + 201 w1 + %o (fe+ 2a1f2)cos 1+
az A1 1 fi 3 3a1 fi f2a3
0 — (=4 = 0 0 20
i cosfs + le(a1 + 2a1f1)cos 1+ o cosf + oo cos264,
. ar .
a2 = —H2wi1a2 — ’élwf Sin 02,
. A2y20 o 3aa% 3052(1? 1 3 5
02 = — —+ — — —_— = 20
2=t 2wi (02 + w?) + w1 + 2uw1 8w + 2w (f2+ 2a1fg)cos i
A 1 3
9221 cos 02 + 7(& + —a1f1)coshr + Savfy cosf; — na cosfa +
2a1w1 20.)1 ail 2 8&)1 2a2wz
2
J2ai cos261,
40.21

To determine the stability of the nonlinear solution, one lets

a1 = a0 + a11, a2 = az + az1,01 = 010 + 011,02 = 020 + 021,

(5.5)

(5.8)

(5.9)

where amo, Omo are the solutions of equations (5.5)-(5.8) and am1,0m1 are perturbations which are
assumed to be small compared to amo, Omo . Substituting equation (5.9) into equations (5.5)-(5.8)



and keeping only the linear terms in @m1,0m1 , we obtain that

3a10flsin91o (f2 =+ 3a%0f2)sin24910 . )\2’}/2

ai1 = [—p1 + foo, %0, %0 er%]an +
cosbio(4f1 + 3a%0f1) (4f2a10 + 3a:130f2)c052910
[ + 1611 +
8w1 4w
Sin@go)q (120)\1C08920
0 5.10
(P + [ g, (5.10)
0l — [2 N « " 3aoa  3aioqz i 9 f1cosbio " 2f2a10 082010 +
aio aijowi w1 4wl 8&)1 w1
A2y20 fi 9fiaio, . (4f2 + 9(1%0]82) .
— (51— 2 sing g — 2 02 6in9g,]0
2a10w1 (0'2 + w%)}au + [ (2w1a10 8w1 )Sln 10 4wy st 10] 1+
)\1008020 )\1 a2OSin620
— 0 5.11
2a10w1 ! [ 2a10w1 J621, (5.11)

Y1a10

a1 = [_%(2020)]&11 + 0011 — poazr — | %0 cosflzgf21, (5.12)
: 3 9 0
921 _ [_ Y1 COS@QO + 2 6] 3(1100( _ ai1002 f1COS 10 n
2a20w2 a0 Qiowi w1 4w, 8wy
2f2(110C0$2910 )\2’}/20' fl 9f1a10 .
_ 010 —
w1 2a10w1(02 + w%)}all + [ (2w1a10 + 8w1 )Sln 10
4fs + 9a3 ) — A1cosf
7( 2t a10f2)81n2‘910)]911 + [( 2% 160520 Jaz1 +
4o a0 2a10w1
a0 Az )sinfag]0a1, (5.13)

20,20(4)2 2&10(01

The following linear system is topologically equivalent to the nonlinear system given by Equations
from (5.10) to (5.13) as long as the eigenvalues are hyperbolic

a:11 11 Ti2 T3 T4 aii

011 _ Te1 T22 T23 T4 011 (5.14)
az1 r31 0 raz rag az1 ’
021 T4l T42  T43  Ta4 021

The eigenvalues of the Jacobian matrix can be obtained by resolving the following determinant

A—rn 12 T13 714
NG T 619
r41 T42 T43 A =T
the values of eigenvalues are the roots of the following polynomial
M4 RN + RoA? + R3\ + Ry = 0, (5.16)

According to Routh—Hurwitz criterion, the necessary and sufficient conditions for the system stability
are: R1 > O,RlRQ — R3 > 0,R3(R1R2 — Rg) — R%Rzl > 0,R4 > 0.
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Figure 1: The vibration amplitudes of main system a without control and b with
NIPPF control

6  Time history

we simulated numerically equation (2.1) which introduced the nonlinear dynamical model without
and with involved NIPPF control to show the reduce of vibration after adding this control. After
inserting the values of parameters asy = 0.01,a = 0.01, 1 = 1.5,a2 = 0.02,71 = 72 = 1.5,w1 =
w2 =N =3.5,£ =0.003, fi =0.05, fo = 0.5,0 = 3, \1 = A1 = 1.5 the time history can be illustrated
as in Fig.(1) a and b which represents the uncontrolled amplitude time history at primary resonance
of the main model and the time histories of both controlled amplitude of the main model with
NIPPF. We study the effects of different parameters by solving the frequency response equations
(5.1) - (5.4). The results are illustrated graphically in Figs. (2 to 14). From the obtained figures,
the steady state amplitudes a; and ap are presented against detuning parameters o1, 02 for the
selected practical case (a1 # 0,a2 # 0). The following curves represent the frequency response
of the system with NIPPF control, where Fig. (a) shows the frequency response curves for the
system) and Fig. (b) shows the frequency-response curves for NIPPF controller. At o1 = 0 the
minimum steady-state amplitude a; is zero. Figs. (2), (3) shows that the steady state amplitudes
for both the main system and the NIPPF controller are increased according to the increasing values
of the excitation forces amplitudes fi, f. The controlled main system amplitudes are inversely
proportional to the gains of the control A1, A2 as shown in Figs. 4, 5 and Fig. 6 shown that for
increasing 1 the controlled main system amplitudes is decreasing and wider. , for increase 2 the
values of amplitude a1, a2 increase. Figure (8) shows that for increasing values of the damping
coefficients p1 both the main system and the controller are decreasing. Fig.(9) represent the affect
of the damping coefficient of the (NIPPF) controller for increasing ps the amplitude of the main



system and control are decreasing.

Fig. (10) show that the increase of linear natural frequency wy makes a decrease in the amplitude
of the main system and the vibration reduction frequency bandwidth of the control for the amplitude
of the main system a; is wider. The controlled main system amplitudes are inversely proportional to
the lossy integrator’s frequency , the coefficient linear and nonlinear term «, as as shown in Figs.11,
12, 13. The figure(14)shows that when taking different values of the internal detuning parameter o2
the shape of the frequency response curves for both the main system and the controller are affected
by different values, for example when o2 = 0.5 the minimum steady state amplitude for the main
system occurs when o1 = 0.5, for o2 = 0 the minimum steady state amplitude for the main system
occurs when o1 = 0, and for o2 = 0.5 The steady-state widening of the main system of the small
candle occurs when o1 = 0.5 So, at 01 = o2 the lower main system steady-state amplitude occurs.
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Figure 2: Effect of the linear external excitation force fi; on: a the main system
(a1), and b the control (ag)
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Figure 3: Effect of the nonlinear external excitation force fo on: a the main system
(a1), and b the control (ag)
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Figure 4: The feedback gain \; effectiveness on : a main system and b on the NIPPF
control

Figure 5: The feedback gain Ay effectiveness on: a main system and b on the NIPPF
control

7 Comparison between analytical and numerical solutions

Figure (15) represents the comparison between the numerical solution of equations (2.3) and the
analytical solution The solution given by equations (5.1-5.4) for the modified Duffing equation with
the NIPPF controller for chosen values of system parameters. The dashed lines show the analytical
solution and represent the continuous lines numerical solution.

8 CONCLUSIONS

In this paper, the modified duffing equation is studied with NIPPF control to reduce the vibration.
We use the simultaneous primary and internal resonance case by the method of multiple scales.
The stability of the system under the simultaneous resonances is studied to drive the frequency
response equations. The effects of the different parameters of the system and the controller are
studied numerically. The numerical results are focused on both the effects of different parameters
and the response of the system.
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Figure 6: The feedback gain ~; effectiveness on : a main system and b on the
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Figure 7: The feedback gain ~» effectiveness on: a main system and b on the NIPPF
control
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