Integro-differential equations for a class of delayed renewal
risk processes with dependence

Abstract: The Gerber-Shiu discounted penalty function is considered for a class of delayed
renewal risk processes. In (Willmot 2004), special cases of the model include the stationary
renewal risk model and the situation where the time until the first claim is exponentially
distributed. In this paper, we consider a class of delayed and perturbed risk model with
dependence between interclaim arrivals and claim sizes. The integro-differential equations for
the Gerber-Shiu discounted penalty functions are derived.
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1 Introduction

As a valuable analytical tool for analyzing the ruin probability, the Gerber-Shiu function
is often used to predict and study the ruin risk that some insurance companies may cause
due to some serious economic claims. To this end, we apply some models to predict these
ruin probabilities and ruin time. For many years, a large number of scholars have studied
the compound Poisson risk model perturbed by a diffusion process. However these models all
assume that interval and claim amount are independent. [1] add diffusion to the dependent
risk model of [2] and study the ruin probabilities by using a potential measure. In addition,
[3] consider a compound Poisson risk model perturbed by a Brownian motion. Therefore, the
Gerber-Shiu function in the delayed renewal model has also been extended. For instance, [4]
considered a case where the first inter-claim time is supposed to follow a different density rather
than the common density of the subsequent inter-claims times. Most recently, [5] consider the
risk model perturbed by a diffusion process with a time delay in the arrival of the first two
claims and take into account dependence between claim sizes and the inter-claims times. This
paper is based on [5] and applies the dependent risk model of [2]. Then the integro-differential
equations of the Gerber-Shiu discounted penalty functions are given.

The paper is structured as follows: in Section 2, we describe the risk model. In Section
3, we derive dependence structure and obtain Lundberg-type equation. In Section 4, we derive
the integro-differential Equations that satisfy the Gerber—Shiu functions. Then the concluding
remarks drive in Section 5.



2 Risk model

We consider the following compound Poisson risk model that is perturbed by a Brownian
motion

U(t) =u+ct—S(t)+oB(t), (2.1)

where v > 0 is the initial surplus and ¢ > 0 is the premium rate. The aggregate claims
S(t) = Zf\;(f) X; is a compound Poisson process where {N(t),¢ > 0} is a Poisson process de-
noting the number of claims up to time ¢, B(t) independent of the aggregate claims process is
a standard Brownian motion starting from zero, and o > 0 is the diffusion volatility.

e {X;,i > 1} is a sequence of strictly positive random variables representing the individual
claim sizes. {X;}2, are independent, {X;}°, are independent and distributed as the generic
X;

e The interclaim times {W;,7 > 1} is a sequence of exponential random variables. We denote
by W; the time between the (i —1)th and the ith claim for i = 2,3, --- W; and W, are exponen-
tially distributed with parameter A\; and Ay respectively; {W;}°, are exponentially distributed
with parameters \;

e X; and W; are dependent with 8; which §; i.e. the common exponentially decreasing rate;

e We assume that the bivariate random vectors (W}, X;) for j € N* are mutually independent
but that the r.v’s W, and X; are no longer independent;

e We assume the time arrival of the first claim W) has density function given by

€—>\1t _];OO fW2 (y)dy
fooo e MY Fyy, (y)dy
where 0 < ¢ < 1, Ay > 0, and the inter-occurrence time from the second claim W5 has the
density function fy, with survival function Fy,. When ¢ = 0, fu, is a generalized equilibrium
distribution, and when ¢ = 1, Wj is exponentially distributed, which is an intriguing choice for
the time until the first claim occurs. The time from the second claim W, has density function
given by fi,(t) = Aae 2!, and the subsequent claims inter-occurrence times {W;}°, are expo-
nentially distributed with parameter A\, W;,; i = 1,2,3,--- are independent. Since we assume
that W5 is exponentially distributed with parameter A, the distribution of V5 which defined in
Equation (2.2) becomes

fn(t) = g™ + (1 - q) = afvi(t) + (1 = ) fn (1), (2:2)

fia(t) = (A + Ag)e” 22 ¢ > 0

e We consider a dependence structure between the claim amount and the interclaim time r.v.s
X}, and Wy, that is mathematically tractable. We suppose the density of Xj|Wj to be defined
as a special mixture of two arbitrary density function f; and f (with respective means (6; and
02),1.6.

o (@) = e PV fi(2) + (1 — e W) fo(2), 2 > 0,k = 1,2, - (2.3)

from (2.3), the weight assigned to the c.d.f. F} is an exponentially decreasing function (at rate
Bi) of the time elapsed since the last claim Wj. The resulting marginal distribution of X} is

B
Ak + B

Ak

fx. () = m

filz) + folz),E=1,2,--- (2.4)
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for 8; = B,1=3,4,---

Let 7 = infi>o{t,U(t) < 0} be the time of ruin with 7 = oo if U(t) > 0 for all ¢ > 0 (i.e.
ruin does not occur). We denote the claim arrival times {7}, j € N*} by T; = Wi+ Wa+- - -+W;.
The deficit at ruin and the surplus just prior to ruin are respectively denoted by |U,| and U,_.
The Gerber-Shiu function m*(u) is defined as

m*(u) = Ele™w(U (1), |U(T)|) (1 < 00)|U(0) = u], (2.5)

where 6 > 0 is the force of interest, I(-) is the indicator function, w(z,z2) is a nonnegative
function of the surplus before ruin U(7—) and the deficit at ruin |U(7)|. By observing the sam-
ple paths of U(t), we know that ruin can be caused either by the oscillation of the Brownian
motion or a downward jump. We decompose the Gerber-Shiu function as follows

m*(u) = dg(u) + ¢a(u), (2.6)

where

Ga(u) = Ble™Tw(U(r=), [U())I(7 < 00, U() < 0)|U(0) = u],

is the Gerber-Shiu function when ruin is caused by a claim, and

Vi(u) = Ble™ (U (r=), [U(T))I (1 < 00,U(7)
= w(0,0)E[e™I(1 < o0, U(1) = 0)|U(0)

0)IU(0) = u]
ul,

is the Gerber-Shiu function when ruin is caused by oscillation. We assume that w(0,0) = 1.

To guarantee that ruin is not a certain event, we assume that the following net profit condition
holds

E[eW — X] > 0, (2.7)
then (2.7) is equivalent to

¢ b+ Bib
Ak Br + Mk

it is clear that the increments (X; — cWW;),j € N of the surplus process are still independent.

> 0, (2.8)

A special setting of 6 = 0 and w = 1 bring ¢}(u) and ¥}j(u) to the ruin probabilities ¢, (u)
and ¥ (u).

3 Lundberg-type equation

We analyze the roots of a Lundberg-type equation associated with the risk process.
Let Uy = 0, and for n € N*, denote by U, the surplus immediately after the nth claim, i.e.



i=1

Up=u+» (cW;— X;)+ 0B (ZW)
=u+ Y (Wi—X,;+0B(W;)).
i=1
We seek for a number s such that the process
{6_6Tn+SUn}OO,1

is a martingale. Here the martingale condition which is called the Lundberg-type equation is

L(S) _ E[€—5Wn+1+S(CWn+l+C’BWn+1_X”Jrl)] =1. (31)

By (2.5), we can calculate L(s) as

L(s) = B{B(e”*W =W HoBu=2) (1, X))}
+oo +o0o
= / fwx (z, t) E(e 0tHsettoBeo|yy — ¢ X — g)dadt
0 0

Mi(s) Ma(s) Ma(s)

_)\—1-5—1-5—86—”2282 )\+5—sc—”2282_)\+ﬁ+5—sc—i232

_ 2M(fi(s) = fa(s)  2Mfa(s)

o2 A1 (s) 02 Ay(s)’
where
2c 2(A+d+0)
Ai(s) = 5* + P R
2c  2(A+9)
.AQ(S) :S2+ﬁ_ o2 .

Where f,(s) and f(s) are the Laplace transforms of f1(s) and fa(s), i.e. fi(s) = J" e fi(w)da,
(i=1,2). Then the Lundberg-type equation (2.1) reduces to

L(s) = AN+ 6 — se — Z2) fi(s) + ABfa(s)
A+ B+06—sc— Z2)AN+6 —sc— =F)

When § > 0, (3.2) has exactly two roots, say p1(0), p2(d) with Re(p;(d)) > 0 for i = 1, 2.
And when 0 = 0, (3.2) has exactly one root, say p;(0), with Re(p1(0)) > 0 and the second root
p2(0) = 0.

. (3.2)




4 Integro-differential equations

In this section, we derive the integro-differential Equations satisfied by the Gerber—Shiu
functions when ruin is caused by claims and by oscillations respectively. For these two kinds
of delayed and perturbed risk model, we will discuss separately. The first-order delayed and
perturbed risk model (Type I), a model such that after the first claim the process becomes
ordinary. In this case,the occurrence time of the first claim is exponentially distributed with
parameter\;, and the process becomes ordinary with claim inter-occurrence time following
exponential distribution with parameter A\. And the second-order delayed and perturbed risk
model(Type II) that the time occurrence of the first claim follows the distribution of Equation
(2.2) and the time until the second claim is exponentially distributed with parameter A,.

Now we introduce some preliminary results. Let Z(t) = —ct — o B(t), which is a Brownian
motion starting from zero with drift —c and variance o2, note Z(t) = sup;0 > s > t}Z(s). The
first hitting time of the value u > 0 is defined by 7, = inf{t > 0: Z(t) = u}. For 6 > 0, by
[13], we have

Ele™™] = ™™, (4.1)
when n = 5 + 3—‘3+;—i.
By [14],
E[esteq] — / E[estt]feq(wdt — %,
: q—os = 5

and e, is the gth unit column vector.
0'282

The roots of ¢ — cs — are —v; and vy which are

_ ¢ 2q c? _ c
=mtVa2toate=—5+

U1
We define the following potential measure for 6 > 0,

P(u,dy,dr) = Ele®VI(Z(W) < u, Z(W) € dy, X € dx)],u > 0,u >y, (4.2)
which can be obtained by the following Lemma in applied probability.

By Lemma 2 of [15], for 0 <y < u, the measure P(u,dy,dz) has a density given by

A2m12
(A2 + 0+ Ba)(m +n2)

Agwrwp —w1y _ o (w1twa)utway
w1y w1 +w)utwsa 4.
()\2+5>(w1+w2)(€ € )f2(‘r)7 ( 3)

P(u,y,x) = (e7m¥ — e mAmNtmy) (fy () — fo(x))

+

for 0 <y < u, and



A27172 ey _ ,—(mtm)utney _
Pl ) = ) = k)

Ao Wy 2y _ —(wr+wa)uway
way w1 4ws)utw 4.4
+ (A2+5)(w1+w2>(6 € )fz(l’), ( )

for y < 0, where

= 02 i \/ )\2+6+52) e 04’ My = —5 + \/ ,\2+6+52 527
w=5+ 2“2”) FE =51 “”‘” + 2.
Setting D := (), D? := ( ), Z the identity operator, we define the following differen-

tiation operators:

Py(D) :D2+%D— 20 104 o)

T = (D 4+ mT)(D - neT),

Py(D) = D* + =D - - = (D + w1 I)(D — wy1),

g
.Al (D) = lllm)Q*))\Pl(D)AQ(D) = lim)\Qg))\PQ(D).

Theorem 1. Under the assumptions of the first-order delayed and perturbed risk model
(Type I) defined in Equation (2.1), the Gerber—Shiu function ¢, when the ruin is caused by
claims satisfies the following integro-differential equation.

PADYPAD)oultr) = — o2 PolD) (0 (1) — 00(w)) — e Pr(D)os(u),  (45)

with the boundary conditions
$a(0) = 0, (4.6)
53(0) + 2564(0) = ~ 2w 0), (1.7

where
oo (u /m—m( ) + wn (1); 72 )=/Ou¢(u—x)fz(x>dx+wz(U);

w(u) = /uoow(u,x —u) fi(x)dz; we(u) = /Oow(u,a: —u) fo(x)dx.

u

The ordinary Gerber-Shiu function ¢ which satisfies

A(D) As(D)ofu) = — 3 An(D) (0 (u) — 02() — 3 Ar(D)oran(u).

Proof. By conditioning on the time and amount of the first claim and recalling the defi-
nition of p(u,y, z), we have



falur) = / N / ' / S PHE() < w 2() € dy)dlu — y — ) fraa (@, t)dudt

+ /0°° /; /:oy e " Pr(Z(t) < u, Z(t) € dy)w(u —y,x — (u—y)) fxpw, (7, t)dzdL,

(4.8)
by (4.3) (4.4), we can rewrite (4.9)as
>\ u
2 =55 +22127)7§m +12) /0 (e = ) Goa(t = 9) = Gl = )y
)\2W1w2 “ —w1y _ —(witw2)utway _
T e 0)(wn + w) /0 (7 —e )72t~ y)dy
A2l ’ Yy _ p—(mtm)utnzy d
+ ()\2+5+/82)(n1+n2) B (6 — ¢ )(O-W,l(u_y)_o-uh?(u_y)) Y
Agwiw 0 — w2 )u+w
Mo 62)(;1: ws) / (e92V — emlrtaliteat)o o (u — y)dy, (4.9)
where
rus(w) = [ olu=a)file)dn +wnlu)iuate) = [ o - 0)fala)do + walu)
0 0
wi(u) = / w(u, x — u) fi(x)de; wy(u) = / w(u, x — u) fo(x)dz.
Let s = u —y in (4.10), and we have
_ >\2771772 “ —n1(u—s) OO n2(u—s) d
) =g ([ als) = s [ (5) = el

—/ e MR gy, 1(s) — 0y2(s))ds)
0

Agwiwy (/u— (u—s) /OO (u= /OO_ - >
+ wi(u—s » d + w2 (U S) w d — wiw w280'w S dS 3
(>\2+5)(w1 —i-cu2) 0 ¢ 7 72(8) i u ‘ 7 72(8) ’ 0 ‘ 72( )
(4.10)

then setting u = 0 in (4.11) gives the boundary condition (4.7).
Applying the operator Pi(D)P2(D) to both sides of (4.11), we can obtain the integro-
differential equation (4.6).

Next we differentiate the integral equation (4.11) w.r.t. u and setting u = 0, we can get

2

/ 2)\ 0
$4(0) = =

| e o)~ auaopds + 22 [ e (s @y
0 o

o2 0



Differentiating (4.11) again and then setting u = 0, we can get

” 2)\ 4)\0 o o
6400) = = 22n(0) = 22 [T s) = oalohits = 2 [T e ra(o)ds. (412)
0 0

Finally, comparing (4.12) and (4.13) gives the boundary condition (4.8).

4)\20

o

Theorem 2. Under the assumptions of the first-order delayed and perturbed risk model
(Type I) defined in Equation (2.1), the Gerber—Shiu function 14 when the ruin is caused by
oscillation satisfies the following integro-differential equation.

PLDYPAD)baln) = — 2 P(D) 041(u) — 0asw) — P (D)ous(u),  (413)

with the boundary conditions
Ya(0) =1, (4.14)
vi(0) + 20y = 22220 (4.15)

where
o41(u) = /u¢(u —x) fi(x)dx
Ud2 / 2/f U= f2 )

The ordinary Gerber-Shiu function ¢ which satisfies

A1 (D) A2(D)y(u) = —i—i\AQ(D)(ad,l(u) —oa(u)) — i—i\Al(D)UdQ(U)-

Proof.Let 7, = inf{t > 0: Z(t) = u}, we have

Ele™™1(r, < Ws)] = Ele” ™ E[1(r, < Wa)]| Z(t)] = E[e” %¥™] = e~

where

2(Ma 49 2
b= Ly ANt

o2 o o

Because of that ruin caused by oscillation may occur or not before the first claim, we have

/ / / —(5tPr ) < u, Z(t) (= dy)¢(u — Y — x)sz,Wz (':E7 t)dflfdt
(STuI(Tu < WQ)]

et / /u ’ v(u—y—x)P(u,y, z)dzdy, (4.16)
—o0 J0



when y < 0,

A2n17)2 _
P 7 n2y _ —(m+m2)utny _
(u y,r ) ()\2 +5+52)(771 +772) (6 € )(fl(x) f2(‘/r>)
i Agwi Wy (€2 — e*(wlwz)uwzy)ﬁ(x).

()\2 + 5)(0)1 + wg)

Then we can rewrite (4.17) and setting s = u — y, as

_ w1y A2 T2 = n2(u—s) _
Valu) =e " (A2 40 + B2)(m + 12) |:/u ‘ (901(8) = 0az(s))ds

_ /OOO e—m“‘””(adJ(S) — 0d,2(8))d5)}

Aol ws

= wa(u—s) ds — = —WiU—was d A1
* (A2 +0) (w1 + ws) [/u € 7a4,2(s)ds /0 € g42(8) s], (4.17)

then setting u = 0 in (4.18) gives the boundary condition 4(0) = 1.
Applying the operator P;(D)P2(D) to both sides of (4.18),we can obtain the equation
(4.14).

We differentiate the integral equation (4.18) and setting v = 0, we can get

/ c 200 +6) 22X [ ¢ 2\
Py(0) = —= — (2—2)+—4+—§ e (041(5) — 0aa(s))ds + “=2

o2 o o 2

e “?oy4(s)ds.
g% Jo g% Jo

(4.18)

Next, differentiating again and setting v = 0, we can get

" Z9 o 4N >
0 0) =t = 2 [ o) — oualods - T [ e oga(ds. (119)
0

ot Jo ol
Finally, comparing (4.19) and (4.20) gives the boundary condition (4.16).
Theorem 3. Under the assumptions of the second-order delayed and perturbed risk model

(Type II) defined in Equation (2.1), the Gerber—Shiu function ¢} when the ruin is caused by
claims satisfies the following integro-differential equation.

B( )82( )Ble(D)B2e(D)¢Z(U):

— (2 BB (D)D) + (1~ ) P2 B, (D)8,(D)Ba (D)) () — ()
(q%& Bie (D)o (D) + (1 - ) 222, (D)8, (D)5, (D)) (),

(4.20)



with the boundary conditions

¢3(0) =0, (4.21)
670+ 2510 = — (422 + (1 - 222D ), (4.22)

where

ou1(u) = /Ou da(u — ) fr(x)de + wi(u); 0, 2(u) = /Ou ¢da(u — x) fo(x)dx + wa(u);

w(u) = /uoow(u,x —u) fi(x)dx; we(u) = /uoow(u,$ —u) fo(x)dx.

Proof. By conditioning on the time and amount of the first claim and recalling the defi-
nition of p(u,y, x), we have

&h(u) = E[e“;WlE[w(u s Xt =t Zo)UXy > U — Zut, Zun < )| (WA, Xl)]}
+ E[e“SWlE[qbd(u Tt — XOUX) < U — Zr, T < u)|(W1,X1)]]
— gE [e_‘WlE[w(u — Zvn, X1 —ut Zy) WXy > u— Zyr, Ty < u)\(Vl,Xl)ﬂ
+(1- q)E[eWQE[w(u ~ Zva Xy —ut+ Zy)L(X1 > t— Zya, Zyrs < u)I(VQ,Xl)]]
+qE [e_le[qﬁd(u — v — XOU(Xy < u— Zyi, Tt < 0)|(VA, Xl)]}
(1= Q) B | Elga(u — Zva = X1)U(X1 < u— Zya, Zya < u)|(Va, X1
= q¢1(u) + (1 — q)¢2(u).

(4.23)
Then,by (4.3) and (4.4), we have
o= [ [ wtu e )Pyl By
¥ /_oo /Ouy bl — y — )P, 2|\, Br)ddy
= ey Ere | € ) ) — ool )y
iy +/\51)C(1£2+ o /Ou(e—cly @Gy — y)dy
bt [ (e e 0 - ) — sl )y

10



[ [ st = = )Pyl + e oy
—oo Ju—y

u Yy
+ / balu — y — 2)P(, g, 2l M + Ao, B1)dardy

—00 J 0
(A1 + )\2)511% /u —&1y — (& +E5)utEy
= - ; e 1Y ¢ 1T62)UTSg w _ —opo(u — d
()\1 +/\2+5+ﬁ1>(£1 +£2) ( )(U J(u y) g 72< y)) Yy

)\ + )\ C/C/ u L Y ’ u /
(M +(>\12 - ciz))(w1 m o) / (e — e (CHRIHRY) 0 (u = y)dy
1 2

(A + M)
(A1 + Ao+ 0+ B1)(& + &

(Al + AQ)C;C; /0 C/y _(</+C/) +C,y
/ 7 29 — 1 2)UTG6o w _ d , )
A1+ X2 +6)(¢ +G) (e —e Jow2(u = y)dy (4.25)

0 ! ’ U /
! ) / (€52 — e LI (g, (u — ) — oua(u — y))dy

where

G=5+ \/2(/\1+6+B1) 4 c 04, _ \/2(/\1+6+B1) 4 c 04,

Cl 02 + V 2()\;;6 ;i: <2 02 + )\1+6) + £ 047

; 02 + \/2(>\1+>\2+5+61 047 02 + \/ >\1+>\2+5+ﬁ1) + ;i’

et +\/2(>\1+/\2+5) =2 Cz < +\/2(A1+>\2+6) L2
0ot (u) = / balu — ) fo(@)dr + w1 (), 00 2(u) = / bl — ) fol)dz + walu),
0 0

w(u) = /uoow(u,x —u) fi(x)dx, ws(u) = /uoow(u,x —u) fo(x)dx.

Setting s = u — y in (4.25) and (4.26), we have

_ A6 Y ei(u—s “ ea(u—s
¢1(u) _<)\1 + 5 + 61)<§1 + §2) (/0 € Gl )<0w,1(5> - Uw,2(8)>d8 +/u ef ( )(Uw,1<8) - Uw,Q(S))dS

a6 - ouale)as)

MGG Y i) * Cou—s [T s
+<Al+5><<1+<2></0 ‘ 0ua(s)ds + / e 0y 5(s)ds /0 Tt %2(3)658),
(4.26)

_ (M + A2)E&, Y (u—s) B = e u—s) _
T s e TE (U, ¢ s [T () st

_ /OOO e—fiu—ﬁés(g%l(g) - O‘w72($))d5))

()\1‘|‘>\2)G<é /u —C (u—s) /Oo v oo
- ; S d Co(u—s) _/ Cru—Chs
O ha G r Uy TN [ Sl [ (o)
(4.27)

P2 (1)
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then setting u = 0 in (4.27) and (4.28), we can get ¢1(0) = 0, ¢2(0) = 0, it’s easy to get the
boundary condition ¢5(0) = 0.

Applying the operator By (D)By(D) to both sides of (4.27), and put the operator Bi.(D)Bs. (D)
to both sides of (4.28), we can obtain the follows

B(D)BoAD)1 (1) = — o Ba(D)(0a () — 0n(u)) — o Br(D)ra(u), (4.28)
()\1 + A2) 2(A1 4+ Ag)

Bie(D)Bae(D)$a(u) = Bae(D)(0w,1(4) =0w,2(u)) =

Applying the operator ¢B;.(D)Ba.(D) to equation (4.29), and added the operator (1—¢q)B;1(D)Bs(D)
to equation (4.30) drives the equation (4.21).

Similarly as Theorem 1 we differentiate the integral equation (4.27) and (4.28) respectively and
set u = 0, the results as follows

o2 Bi.(D)oy,2(u). (4.29)

S N [
_h / (0 1(5) — Ta(s))ds + 2k / 0 5(s)ds, (4.30)
% Jo

a? Jo

g(0) = 21t A) | e 0uns) = aaats)is + 2+ ) | roatonts, @
0 0

g

4N o
ic/o e %0, 0(s)ds, (4.32)

o

1 /Ooo e % (0,,,1(5) — 0u2(s))ds —

e L B O A
0 0

¢ (0) =
o o

Finally, comparing (4.31)-(4.34) gives the boundary condition (4.23).
Theorem 4. Under the assumptions of the second-order delayed and perturbed risk model

(Type II) defined in Equation (2.1), the Gerber—Shiu function ¢ when the ruin is caused by
oscillation satisfies the following integro-differential equation.

B1(D)By(D)B1e(D)Bae (D) (u) =

(qQ—AlBg D)B..(D)Buu(D) + (1 - )"t g, D)B:(D)B(D)) (7aa (4) — oaalu)
(PR BDIBLDIBLD) + (1 - )" (D)BD)B(D) ) 7aalu),
(4.34)
with the boundary conditions
“(0) = 1, (4.35)

12



2C / 2()\1 + 5)

1" 2A A 6
Ui (0) + 22 (0) = g Qutretd)

o2

+(1—q) : (4.36)

o2
where

oau(u /¢du—xf1
adz /@DdU—fo

Proof.Let 7, = inf{t > 0: Z(t) = u}, we have

Ele™"1(r, < Wa)] = qBle™ ™ E[1(r, < W)|Z(1)] + (1 — @) Ble™™ E[1(r, < Va))| Z(1)]
— qE[e*(AlJré)Tu] +(1— q>E[67(,\1+,\2+5)Tu]

= ge " 4 (1-— q)e_clu

(4.37)
where
c 200\ +0) ¢
G=> p o
o o o
/ C 2()\1 + )\2 + 5) 2
=5 72 P
From Theorem 2, we have
w;('LL) = [ 6Tu1 T < W1 E|:€ 6W1E Z/}d Uu — ZW1 Xl)l(Xl <u-— Zwla Zwl < U)’(Wl,Xl)]
—qfers [ vta g )Py aln, i) oy
+1-g) [ s [ g = 0Pyl + ey
—o0 J0
= q1(u) + (1 — q)¢2(u)
(4.38)

Setting s = u — y, we can rewrite ¢y (u), ¥ (u) as follows

_ G A& T ea(us) _
e Fve o e | A G R S

_ /OOO 6*&“*528(06[71(8) — Ud,2(5))d5>}

)\1C1C2 > 2(u—s) > —C1u—Cas
i (A1 +0) (¢ + ) |:/u “ 7aa(s)ds = /o e Ud’2<8)d8]’ (4.39)
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Ou+ el > g (5)
TG, o) ot

_ /Ooo 6_%“_6;8(0}171(3) — ad’Q(s))dS)}

(M1 + 226 /Oo ¢ (u—s) /oo —Clu—c
—— alu=s ds — Cru—6os ds|, 4.40
O+ e + 0)(] +<2>[ T Tomls)ds = e oaz(s)ds],  (440)

wQ (U) :e—Ciu +

where
041 (u /W u—x)fi(z)dx

oan(u /¢du—mf2 2)dz

As in the proof of Theorem 3, the results (4.35)-(4.37) could be certificated.

5 Concluding remarks

In this paper, we show how to calculate the ruin probabilities with Gerber-Shiu func-
tion in a class of delayed and perturbed risk model (Type I and Type II). We derive the
integro-differential equations of the Gerber-Shiu function when ruin is caused by claims and by
oscillations in Type I and Type II respectively. It’s worth pointing out that, if during the time
between the last claim before time 0 and the first claim after time 0 is exponentially, the distri-
bution at time 0 has the same exponential density, regardless of when the last claim before time
0 occurred, as follows from the memoryless property of the exponential distribution. Which is
very useful in our disscussion. On the central problem of risk in the insurance industry, esti-
mating the probability of ruin,can effectively avoid huge losses of many insurance companies.
The proof of Theorem 1-4 are basically from [14] and [15], which play of importance role in
our paper. In the course of discussing the case of the roots of the Lundberg-type equation , we

mainly use the Rouche’s theorem, which can be seen it’s specific operation principle in detail
n [12].
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