A Study on the Sum of the Squares of Generalized p-Oresme Numbers: The

Sum Formula 7, 2*W2, .

Abstract. In this paper, closed forms of the sum formulas Y ;_, ok w2, +; for generalized Oresme
numbers are presented. As special cases, we give sum formulas of Modified p-Oresme, p-Oresme-Lucas and
p-Oresme numbers. We present the proofs to indicate how these formulas, in general, were discovered. Of
course, all the listed formulas may be proved by induction, but that method of proof gives no clue about
their discovery.
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1. Introduction
p-Oresme numbers (see, for example, [3]) are defined by the recurence relation

1

1
On+2 = On+1 - FOna OO = 0701 = 57 p 7é 0.

The case p = 2, which is called the Oresme sequence, {O,,},>0, was introduced by Nicole Oresme (1320-
1382) in the 14-th century. Oresme obtained the sum of the rational numbers formed by the terms
0,2,23 4 5 6 , 37- These numbers form a second order sequence and are defined by the recurence

relation

1 1
On+2 - On+1 - ZOn, O() = 0,01 = 5

In [4], Horadam presented a history and obtained an abundance of properties of these numbers. Oresme
numbers have many interesting properties and applications in many fields of science (see, for example,

[1,2,3,4,5,6]).
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For 0 # p € R, a generalized p-Oresme sequence {W,},>0 = {W,,(Wo, W1)}n>0 is defined by the

second-order recurrence relations

1

Wo = Was = Wz (1.1)

with the initial values Wy = ¢o, W1 = ¢ not all being zero.

The sequence {W,, },,>0 can be extended to negative subscripts by defining
W_p =" W_(no1) — P°W_(n_2)

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
Modified p-Oresme sequence {Gp}n>0, p-Oresme-Lucas sequence {H,},>o and p-Oresme sequence

{0y }n>0 are defined, respectively, by the second-order recurrence relations

1

Grny2 = Gpy1— EGna Go=0,G; =1, (1.2)
1

Hyr = Huo— 5Ho  Hy=2.H =1, (1.3)
1 1

On+2 - 0n+1 - EOH, OO - O, 01 == ]; (14)

The sequences {Gy, }n>0, {Hn}n>0 and {O,}n>0 can be extended to negative subscripts by defining

Gon = P’G_(n-1)—P’G_(n-2),
H—n = p2H—(n—1) 7p2H—(n—2)7
O_n = p’O_(n_1) —P°O_(n_2),

for n = 1,2, 3, ... respectively. Therefore, recurrences (1.2)-(1.4) hold for all integer n. For more information
on generalized Oresme numbers, see Soykan [7].

In the next section, closed forms of the sum formulas y ;_, kW2 for generalized Oresme numbers

mk+j
are presented. Sum of the squares of linear recurrence relations have been studied by many authors and

more detail can be found in the extensive literature, see for example, [9,10,11,12,13,14,15,16].

2. The Sum Formula }_;_, x’“WikH

The following theorem presents sum formulas of generalized p-Oresme numbers (the caser = 1,5 = — 1%)

THEOREM 1. Suppose that p? # 4 so that p> —4 # 0. Let x be a real (or complex) number. For all
integers m and j, for generalized p-Oresme numbers (the case r = 1,s = ,p%) we have the following sum

formulas:
(a): If (1 + pz%ng — mHgm)(ﬁx —1) = (2% — p*™ Hypz + p*™) (x — pzm) p~ 6™ =£ 0 then

Zn:kaQ = 97
T T (=) (p+ 2)(w — ) (@ — Py + )

where
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D = (2 =p"" Hom)(z=p*™) (p=2) (p+2)2" W7, s+ (z—p*) (p—2) (p+2)2" T W,y +
(z—p*™) (p—2)p*™(p + 2)W7 + (P*™ — 2)(p — 2)(p + 2)aW}_,, + 2p 2 H4m=2042(H,  p?m
2)(z™ — p*m)(WE + ]%WOQ — Wi W)z

(b): If (z* — p"™ Hopma + p'™) (z — p*™) = (z — a)(z — b)(z — ¢) = 0 for some

= p4mH2m + p8mH22m — 4p4m b= p4mH2m - p8mH22m — 4p4m

2m
= C
2 R 5 ,C=1D S

anda #b#c, i.e., t=a orx="> orx=c, then,

> Wi, = =
P mk+j (p—2)(p+2) (322 — 2p2™ (p2m Hy,,, + 1) & + pA™m + pSm H,,,,)

where
Q= (p* = 4) (& = p""™ Ham)2" T + (2 = p?™) (n+2) @ — p"™ (n + 1) Hap )& )W, 45 + (07 —
4)((n+2)z—p*™(n+1))a" Wy, i+ (0P =) W7 —(p* —4) 2z —p> ™YW, +-2p~ 27t 4m =202 (2" Fy,, —
2)(z" +na™ — p) (Wi + s W — WilWg)
(c): If pijQQm —4p"™ = 0 and (2% — p*™zHap, + p™) (z — p*™) = (z — a)*(z — ¢) = 0 for some
P Hap

azT,CZmeE(Canda;écthenifxzcthen

>t -
k=0 it (p - 2) (p + 2) (3'7;2 - 2p2m (p2mH2m + 1) T+ p4m +p6mH2m)

where

Qs = (0 = 1) ((z = p*" Hom 2" + (z — p*™) ((n +2) & = p*™ (n + 1) Hap )z )W,y s + (0° —
4)((n+2)z—p*™ (n+1))a" W, 40" (0P =) W7 —(p* —4) (20 —p* ™YW, +2p~ 27 A= 242 (p2 M Hy,, —
2)(z™ 4+ na™ — p?™) (W32 + ?WO — W1 Wo)

and if x = a then

E 1774 Q

kyir2 4
.=
2 Wkt 2(p — 2)(p + 2)(3z — p2™ — pimHy,,)

where

Q = (p—4) (n+3) (n+2)2% —2p®™ (n+2) (n-+1) (P Hoy+1) 45" (1) Hop 2" W2, |+

(p2 _ 4)<n + 1)((2 + n)x p2mnxn 1)W72nn i — 2(p2 _ 4)Wj2—m + 2n(n + 1)p—2mn+4m 2542
(meHgm - 2)(W12 + I%WO - W1W0)$”

Proof. Take r =1,s = —]% and H,, = H,, in Soykan [11, Theorem 2.1.]. Note that (2 — p*™xHa,, +

p*™) (z —p*™) = (z — a)® = 0 can not be possible for some a = p*™ € C, m # 0, i.e., z = a, because
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p4mH2m

otherwise we must have pgmHgm — 4p4m =0, > = pzm and
p4mH2m 2m 1 2m ([, 2m 2m
P o _pam L (g, —2) 0 % g Hy — 2= 0
1 2m
= p2m><2<) —-2=0
2
p)Qm
= = —1=0
(5

in which the last equality doesn’t have any integer solutions m other than m = 0 (so & = p*™ = 1) for the

case p # 2.Here we used

r
o = 5,

2m
1
Hyy = 2a2m:2(2> )

In this case (i.e. m =0,z = 1), we have Y, _ (W2 = (n+1)W7. O

Note that in the last theorem, the case p? # 4 so that p? — 4 # 0 is considered. The sum formulas for
the case p? = 4 so that p?> — 4 = 0 is given in Soykan [8, Theorem 2.1].

Note also that (2.1) can be written in the following form

Zn::ckWQ P Q6
— mk+j (p — 2)(]7 + 2) (SL' — p2'm)<x2 _ p47”H2mx + p4m)

where
Qs = (p* —4)(x—p*") (x—p"" Hap )" W2 o4 (02 —4) (x —p™) 2" T Wi — (07 = 4) (a—p*™) (2 —
p4mH2m)ij2 _ (p2 _4) (iL' _p2m)Wj2_mx+2p72mn+4m72j+2 (xn _p2mn)(p2mH2m _ 2)(W12 + p%WOQ _ levo)x.

As special cases of m and j in the last Theorem, we obtain the following proposition.

PROPOSITION 2. Suppose that p* # 4 so that p*> — 4 # 0. For generalized p-Oresme numbers (the case
r=1,s= —p%) we have the following sum formulas for n > 0:
(a): (m=1, j=0)
If (x —p?) (2 — p*(p* — 2)z +p*) #0, i.e.,

P*(p* —2) + /po(p? — 4) p*(p* —2) — /pO(p? —4)
2 ’ 2

x # @ # Jx # p?,
then
(0]

- 2EW2 —
27 = A 2

where
® = (z—p*(p* — 2)(x — pH)(P* — D" W2 + (z — p*)(p* — )" TW2 | + (2 —p?) (p* —
Dp*Wg +p*(p? — 2)(p° — 4)(Wo — W1)2z + 205727 ((p* - 2) = 2) (2™ — p*™)(WE + z WG — WiWo)a,

and
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—2)x+p*) =0, ie.,

p6(p2 _ 4) or @ — pQ(pQ _ 2) —
2

if (z—p?) (2® —p*(p?
_ PP -2+

62 — 4
Py )orx:pz,

2

then
" A
k2 —
D Wi (p? — 4)(322 — 2p2(p? — D)z + p*(p? — 1))

where

A= P —4)((z—-p*@P* - 2)2" + (z - p?) (n+2)z — (n+ 1)p* (p* — 2))z™ )W + (p* -
4)((n+2)x —p*(n+1))z"W2_, +p*(p* — HW5 — p* (22 — p?)(p® — 4)(Wo — W1)? + 2p°5 2" ((p? —
2) — 2)(z"™ + na™ — p*) (W32 + p—zT/V0 — WiWp).

(b): (m=2,j=0)
) (@2 —p* (p* —4p> +2) z+p°) £ 0, de.,

If (z — p*
4 4742 9 10 274 2722 4 4742 2) — 10 —4 2,22
”ép(p p® + )+\gp (> —4)(p )7m¢p(p p® +2) \ép (p> —4)(p ),m#p{
then
n d
k 2
W =
Z_:x 2 (p? — 4)(z — ph) (22 — pi(pt — 4p? + 2)z + pb)
where
® = (z—p*(p*—4p* +2))(z —p*) (p* = 4)a" W3, + (x —p") (p* —4)z" ' W3, o+ (z — p?) (p* -
_WIWO):Ea

PPWE+(p* —z) (p? —4)p* (p*Wo — Wo —p* W1 )2z +2p'2 47 (p2 —4) (2™ —p*" ) (W5 +5=Ws

andif(w—p4) (22 —p? (p4—4p2+2)$+p8) =0andp®> #2i.e

2 )(p? - 2)2 4(pt — 4p? +2) 10(p —2
W -27 ot -4+ \/p )W =22

. p(p* —4p® +2) + /p(p
2

(and p* # 2) then

- ) A
2 =W = (p? —4)(32% = 2p*(p? — 1)(p* = 3)z + p¥(p* — 1)(»* — 3))
where
A= P =4)((z—p*(p*—4p*+2))a" ' + (z — p*) (n + 2) x—p*(p* —4p® +2) (n + 1)z") W3, +
(P = D)((n+2)z —p*(n+1))z" W3, 5 +p*(p? = W5 — (p° — 4) (22 — p*)p* (P Wo — Wo — p*W1)* +

=)W + z W5 — Wilo),

12—4n(p2 _ 4>($n + nx™
HNrx+4)?2=0,z2#p*=4and p*> =2

2p
and if (z —p*) (z® — p* (p* —4p* + 2) z + p®) = (z —
i.e.,
L P A 4 2) VPO - ) -2 ptet — 4+ 2) \/;D10 w-22_
2

—V2,p= \/§) then

and x # p* =4 (and p* =2, i.e., p=

n @

— k 2 e Jp—
DW=
k=0

where
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0 =64 (—4)""" (0% = 2) W3, +(—4)"" (n+1)> W3, _o+16(Wo—2W1)?—n(n+1) (—4)" " 282"
(WE + 3 W5 — WiWy).
(€): (m=2,j=1)
If (z = p) (2% = p* (p* —4p* +2) 2+ p®) #0, i.e.,

pi(p" — 4p° +2) + /O (p? — 4)(p® — 2)?

p (" — 4p° +2) — /P (p? — 4)(p® — 2)?

4
74 / @ # / @ #
then
P
k2
W. =
kzzox LT (P2 = 4) (@ — p) (22 — pA(pt — 4p? + 2)z +pP)

where

© = (z—p'(p' —4p*+2)) (@ —p") (P>~ 4)a" W3, 11 +(z—p") (P* — )" WS, +(z —p?) (P

Dp*WE + (p* — 2)(p* — p*(Wo — Wh)*x + 2p'07 " (p* — 4)(a" — p"") (WY + ;W5 — WilWy)a,
and if (x —p*) (22 —p* (p* — 4p* +2) z +p®) =0 and p* # 2 i.c.,
pt —4p? + 2 10(p2 —4)(p? — 2)2 t(pt — 4p* +2) 10(p -2
L P p+)+\gp P -4e*-22 _ ppt -4+ \/p )W =22
(and p* # 2) then
Zka22k+1 =13 2 102 /; 8 (12 2 ’
= (P* —4) (32> = 2p*(p? = 1)(p* = 3)z + p*(p* — 1)(p* = 3))

where

A== ((z—p*(p* —4p*+2))2" '+ (z — p*) ((n + 2) 2—p* (p* —4p*+2) (n + 1))z ) W3, 41 +
®? = 4)((n+2)z —p*(n+1)2" W3, _y +p°(p* = 4)WF — (p* — 4) (22 — p*)p* (Wo — W)? + 2p10~ 4"
(p? — 4)(z" + na™ — p*") (W32 + p%Wg — W Wy),

and if (x—p4) (xQ—p4(p4—4p2+2)x+p8) =@—4)(rz+4)?=0,2#p* =4 and p* =2
i.e.,

P =+ )+ VPO - P 22 pt e -7+ 2) VPP - 0P 27
B 2 - 2 -
and x #p* =4 (and p* =2, i.e.,p = —/2,p = V2) then
n
(C]
k2 2
Z( 4) W2k+1 32a
k=0

where

0 =64 (—4)""" (0% = 2) W3, 1 +(=0)" (n+1)> W3, +16(Wo—W1)2—n(n+1) (—4)" ' 2727
(WE+ LW —wiwy).
(d): (m=-1,j=0)
If (pPx = 1)p2(a® — (p> = 2)p 2z +p 1) #0, ie.,

7é(p —2)p 2 +\/p— p—2 (p? —4)p~2

L #p 7




#

—4
2 7:1: # 2 7$ # p )
then
P
kyrs2
w = ,
R N e e e e
where
= (z—p )p* - D" W2y 1 + (@ — (0" —4p® + 2p7 ) (@ - p ) (P* — "I, +
(= p™") 0 = p~ W5 + (0~ —2)(p* — D) (=Wo +p*W1)?p~* +2p" =4 (p? —4) (™ —p~ ") (WT +
p%W(? — W1W0)x
and if (a: —p74) (22 — (p* —4p®> + 2)p~ 42 +p~8) =0, and p* £ 2 i.e.,
4 4p2 4 9)p—4 2 _ 4 2 _ 9)2,—6 4 4p2 £ )4 — 2 _ 4 2 _92)2p—6
_ @ -4’ +2)p +\é(p ((p* =2 (' —4p?+2)p \é(p (@ =20

(p" —4p* + 2)p~ " + V/(P* — (P> — 2)°p~°
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then
d
kyir2
Z%x R | ey Py ey
where
@ = (@)~ W (- Dp ) p ) )T (2 p?) (-

Dp~ W + (p72 — 2)(p? — Wi +2p>"2(p” — 4)(a" — *2”)(W1 W5 — WilWo)z

and if (p?x — Dp=2(2® — (p*> = 2)p~ 22 +p~*) =0, i.e.,

2_2 —2 2_4 —2 2_2 -2 _ 2_4 —2
_ =2+ 4 (= 2)p W=
2 2
then
A
)
T W_ - )
> W = (@ =37 Dy T (P T
where

A=@*—4)((n+2z—p2(n+1)z"W2,  + (@ —4)(p*(n+3)2* - p’z(p® - 1) (n +2) +
(P> =2)(n+1))p~*z"W2, +p~*(p* —HYW§ — (p*> — 4)(2z — p )WE + 2p* 2 (p? — 4) (2" 4 na"™ —

PP (WE + W5 — WilWg).
(e): (m=-2,5=0)

If (z—p*) (2® — (p* —4p*> + 2)p ' +p %) #0, e,

(P —4p* +2)p~" — V(> — 4 (> - 2)*p "

(and p* # 2, i.e., p# —/2,p # V/2) then

A
kZ:OkaE% T P92 -2 — )P — 3w+ (P — (P2 —3)p )’
where
A= =((n+2z—ptn+1)a"W2y, H + (p* = 4)((@ — (p* — 4p* + 2)p~ 2" +
(z=p7*) (n+2) 2= p*—4p?+2)p~* (n + 1))2")W2,, +p =5 (> =) W5 — (p° —4) (22 —p~*) (= Wo+

p2W1)2p74 + 2p4n74(p2 _ 4)(xn + nr® — p74n)(W12 + p%WOQ _ le[/o),

—4
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and if (x —p~) (& = (p* —4p® + 2)p Mo +p~%) = gr(de - N)(da +1)* = 0,2 #p~* = ] and

p? =2 i.e.,

Lo WA 27 4 VP - (0 =27 4?2 = VP - (P -2 L
2 5 T

and x #p~* = i (and p* =2, i.e., p= —\/2,p = /2) then

where
O = —4 (=1 (n+ 1) W2yt d (=57 (02 = 2) W2, +(Wy — 20, —n(n+1)2271 (= 1)" 7 (224
W2 — 2W, Wy).
(£): (m=-2,j=1)
If(x—p™) (2 — (p* —4p* +2)p~ Yz +p~8) #0, i.e.,

o P2t \é(pQ () RN el S ) ke \g(PZ —O =2

then
d

k 2
%% =
kz::()x LT (=) (@ —p (@ - (0 - 42+ 2)p e+ p)

where

= (z—p )p® - D" W2y, 5+ (= (p* —4p® +2)p ) (@ —p ) (P® — "W, L +
(z—p™") @ = Dp "W + (p7* = 2)(p* — Hp~ (- Wo — Wi + p*W1)%z + 2p*" O (p* — 4) (2" —
Y (WE + s W5 — WhiWg)a,

and if (x —p~*) (2 — (p* —4p*> +2)p~ 'z +p~8) =0, and p*> # 2 i.e.,

(=4 2+ (P — 4)(p2 —2)%p O (=42t — (P2 = 4)(p? —2)%p O !
T = 3 orx = 3 orx=p ",

(and p* # 2, i.e., p# —/2,p # /2) then

n A
2 : kyrr2 _
k_ol' W_2k+1 = (p2 — 4)(3:52 . 2(p2 _ 1)(p2 _ 3)]?_433 + (pQ — 1)(p2 — 3)])_8);

where

A= =((n+2z—pin+1)a"Wy, 5+ > — (@ — (' — 4p* + 2)p~ )" +
(z=p™) (n+2)z—(p*—4p* +2)p~* (n + 1)a") W2y, 1y +p 3 (0* —4)WF = (> —4) 2z —p~*)p~*
(=Wo = Wi +p*Wh)? + 2p" 0 (p? — 4) (2™ + na™ — p~ ") (W] + ;W5 — WilWy),

and if (z—p~*) (2* = (p* —4p* +2ptz+p?) = LUz —1)(dz+1)* =0,z #p ' =1 and

p? =2 i.e.,

Lo WA 27 4 VP - (0 2% =4+ 2 = VP - (-2 L
2 2 4
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and x #p~4 = i (and p*> =2, i.e., p= —/2,p = \/2) then

"1\" S
> (-5) Waa=3

k=0

O = —4 (=1 (n+ 1) W2y bt (=) (2 = 2) W2y +(Wy — W) —n(n+1)22"2(2IW 2+

Note that in the last proposition, the case p? # 4 so that p?> — 4 # 0 is considered. The sum formulas
for the case p? = 4 so that p? —4 = 0 is given in Soykan [8, Proposition 2.1].
From the above proposition, we have the following corollary which gives sum formulas of modified p-

Oresme numbers (take W,, = G,, with Gy =0,G; = 1).

COROLLARY 3. Suppose that p* # 4 so that p?> —4 # 0. For n > 0, modified p-Oresme numbers have the
following properties:
(a): (m=1,j=0)
If (x —p?) (22 = p*(p* — 2z +p*) #0, ie.,

2(p? —2) + /pO(p? — 4) p*(p* —2) — /PO (p? — 4)
2 ’ 2

v 2 @ # @ # P,

then

ankaz =2 2 2(1) 2(2 1
= (P* —4)(z — p?*)(2? — p*(p* — 2)z + p*)
where
® = (z—p*(p*—2))(x—p?)(P* —4)z" T GL+ (2 —p?) (p* —4)z" T GL_ —p "M (p* —4) (p*" (z +

p?) — 2p%a")z,

and
if (x—p?) (@* —p*(p* — 2z +p*) =0, ie,
2(p2 _ 9 6(p2 — 4 2(p2 —9) — 6(p2 — 4
x:p(p )+ VPP )orx:p(p ) P )orm:pQ,
2 2
then
n A
k2
G p—
kzzol‘ (- B2 = 2p2(p? — Dz +pi(p? - 1))
where

A= =4 (@ —p*@* - 2)a" + (z - p*) (n+2)z — (n+ 1)p* (p* — 2))2")G + (0° —
4)((n+2)z = p*(n+1)2" G}y +p~ 2" (p? — 4)(—p*" (22 + p?) + 2p*(n + 1)2").
(b): (m=2,5=0)
If (z = p*) (2% — p* (p* — 4p* + 2) x + p°) £ 0, i.e.,

pi(p" —4p? +2) + VO (p? — H(p* — 2)° pi(p! —4p* +2) — VPO (p? — H(* - 2)°
2 ’ 2

x# Lz #pt,

z#
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then
i}

x? —p*(p* — 4p* + 2)z + p®)

k2
"G5, =
2G5 = i
where
P = (z—p*(p* —4p* +2))(z —p") (P — 2" ' GE, + (x —p*)(p* —4)a" TGS,y —p (P
4)(p**(z +p*) — 2p*a")z,
and if (x —p4) (22 — p* (p4 —4p? + 2) r+p%) =0 and p® #2 i.e.,

_ Pt =40+ 2) + /(% - 4)(p? - 2)? _ Pt -4 +2) — V(0 - 4)(p? - 2)° _ .4
T = 5 orx = 3 orx =p"-,
(and p* # 2) then
n
Za:ngk =2 2 402 [; 8 (12 2
P (p? = 4)(Ba? — 2p*(p? — 1)(p* — 3)z +p°(p* — 1) (p? - 3))
where
A= @ —4)((z—p*(p* —4p*+2))z" T + (z — p*) (n + 2) z—p*(p* —4p* +2) (n + 1))2")G3,, +
0 = 4)((n+2)z —p*(n +1))a"G3,_o + p~ "3 (p* — 4)(—p*" (22 + p*) + 2p* (n + 1)2™)),
and if (x—p*) (@? —p* (p* —4p* +2)z+p®) = (z —4)(z +4)> =0, x # p* =4 and p*> =2
i.e.,
L P P )+ VPO - D) 27 0t -4t ) VPO - -2
2 2 ’
and x #p* =4 (and p* =2, i.e., p= —/2,p = V/2) then
S48 = o
32
k=0
where
0 =064(—4)""" (n?—2) G2, +(—4)" (n +1)* G3,_»+16(Go—2G1)? —n(n+1) (—4)" " 28-2n
(c): (m=2,j=1)
If (x —p*) (@ = p* (p* —4p* +2) 2+ p®) #0, i.e.,
40,4 2 10(,2 2 2 40,4 2 10(,2 2 2
pr(p" —4p” +2)+ /pP(p? —4)(p* -2 pr(p” —4p” +2) — /pP(p* —4)(p° -2
Lo )+ VNI o )= VI
then
Zka%kJrl = 2 )
= (p* —4)(z — p*)(2? — p(p* — 4p® + 2)z + p®)
where
@ = (z—p'(p* —4p* +2))(z —p*) (p* = 12" G3, 1y + (@ —p) (PP — 2" TG, —p (PP -
4)(p*"(2? = 2p*x + 2p% + p®) — 2p0a" ),
and if (z —p*) (2? —p* (p* —4p® +2) 2 +p®) =0 and p* # 2 i.e.,
At — 4p% + 2 10(n2 — 4)(p2 — 2)2 d(pt _ 4p2 4+ 9) — 10(p2 — 4)(p2 — 2)2
L Pt =P+ )+\gp -9 -2 0t -4p+2) \ép W -9 -22
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(and p* # 2) then

A
*G2, ., =
2 = G P~ 1~ B T PP = D =)

where

A= (@4 ((z—p*(p*—4p*+2))2" T+ (z — p*) ((n +2) 2 —p* (p* —4p°+2) (n + 1))2")G3,, 1 +
(P* =4 ((n+2)x —p*(n+1)z"G3,_; + 2p~ " (p? = 4)(p*" (=2 — p° + p*) + p%(n + 1)z™),

and if (x —p*) (@® —p* (p* —4p* +2) 2z +p®) = (@ —4)(z +4)* =0, v # p* =4 and p* = 2

i.e.,

= —4’

Pt =4 +2) + VP2 - D7 27 _ pt - 4" +2) — VPP — 4)(p* - 2)?
2
and x #p* =4 (and p* =2, i.e.,p = —/2,p = V2) then

Z 2k+1 ;927

where

O =64 (—=4)""" (2 = 2) G311 +(=4)" (n+1)* G3,_ 1 +16(Go—G1)?—n(n+1) (—4)" ' 272"

(d): (m=-1,5=0)
If (pPz — 1)p~2(a® — (P> = 2)p 2z +p*) #0, i.e,

7A(p —2)p 2 +\/p - (p* —2)p (p2—4)p‘2’x¢p,2’

then

k2 ¢
2 G = (P? =4 (@ —p2)(@* = (p*> = 2p2x +p )’

where

o = (z—p?)p* - 42"GZ, 0 + (x— (0 = 2p ) (@ - pA)p® - 2" TG, + (P -
p~2(2p* ™ — pPr — L)z

and if (p?x — Dp=2(2® — (p*> = 2)p 22 +p~*) =0, i.e.,

(p> —2)p2 +/(p? — 4)p~? (p> —2)p2 —\/(p? —4)p~? 2

T = orx = orx=p °,

then

Z G2 = A
T TR (2 = 4)(32% = 2(p2 — Dp~ 2z + (p2 — 1)p~Y)’

where
A= (P> —4)((n+2)z—p2(n+1)z"G%, 1 + (p* —4)(p*(n + 3)2® — p*x(p> — 1) (n+2) +
(P> = 2)(n+1)p~*2"G2,, + (p* — )p2(2p*"(n + 1)a™ — 2p*x — 1)
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(€): (m=-2,7=0)
If (x—p™) (22 — (p* —4p* +2)p *w +p~%) £0, i.e,

(p* —4p*> +2)p~" + /(0> — 4)((p* - 2)*p~F (p* —4p* +2)p~" — /(> — 4)((»* - 2)*p "

24 / @ # / @ #p,
then .
Zka%% = — e — —,
= (P* —4) (@ —p~*)(@® - (p* —4p> + 2)p~ 'z +p~®)
where
O =(z—p )P - 42" G2y + (2 (0" = 4P +2)p7 ) (@ —p ) (P — 42" TGy, + (0 -
p~t(2p*a” —ple — 1)a
and if (x —p~*) (2% — (p* —4p*> + 2p~*z +p~®) =0, and p*> £ 2 i.e.,
U el ) et VA Vit [ (Clat) O it e ) VA Ut |Vl ) SN

2 2
(and p* # 2, i.e., p# —\/2,p # V/2) then

- A
k2 _
];)x o = (p? —4)(32% —2(p* — 1)(p* = )p~*z + (p*> — 1)(p? — 3)p~5)’

where
A= @ = (1 + 2z — 54+ D)I"Cgnys + (7 — (@ — (0 — 47 + 2p A+
(z—p7*) (n+2)z— (p* —4p* +2)p~* (n + 1)) G2 5, + (p* — 4)p~* (2p*" (n + 12" — 2p*z — 1)
and if (x —p~*) (2% — (p* —4p* +2p~ta +p¥) = @z -4z + 1) = 0,2 £p* =1 and
p? =2 i.e.,

P! —4p? + 2p~ 1+ /(P — (P2 -2 ° (' -2 +2p - /(P2 - ((p? - 2)%p 6 1

2 2 4’
and x # p~* :i (and p*> =2, i.e., p= —\/2,p = \/2) then

n

1" S)

k=0

where
O=—4 (=) " (n+1) G20+ (=3)" (12 —2) G2,, +4(n(n + 1)22" (1)
(f): (m=-2,j=1)
If (z—p™*) (2® — (p* —4p* +2)p 'z +p %) #0, i.c.,

(p* —4p* + 2)p~* + /(p> — 4)((p®> — 2)?pF (' =4 +2p~* = V(> = (P> —2)*p "
2 : 2

n

+1)

x # x#p Y

x#

then
d

k2
G =
,;)x LT (R =)@ —p @ - 0 -+ 2p e+ p )

where
d=(z—p )P —4)2""G 5+ (x— (p* — 4P +2)p~ ) (z — p ) (p* — 42" G2, 4 +
(P* = Dp~2(=p*(p = 1)*(p + 1)?2? + p' (p* — 4p* + 2)z + 2p"" 021 — 1)
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and if (w — p_4) (22— (p* —4p?> + 2)p =t +p8) =0, and p* # 2 i.e.,

4 4p2 1+ 9)p—4 2 _ 4 2 _ 9)2,—6 4 Ap2 £ )4 — 2 _ 4 2 _92)2p—6
Lo 0=+ 2)p +\é(p (@ —22p% (' - 4p®+2)p \é(p () R,

(and p*> #2, i.e., p# —V2,p # V2) then

= A
k2 _
2 = G =2 D0 = e+ D I

where

A= =4)(n+2z—pin+1)2"Gy, 5+ (P — (@@ — (" — 4p* + 2)p~ 2" +
(@ —p ) ((n+2)z—(p" —4p> +2)p~" (n +1))2")G2 5, 11 + (p* — Dp~*(=2'2(p - 1)*(p+1)* +
2p" 2 (n + 12" +p* — 4p® +2)

and if (1: — p’4) (22 — (p* —4p® +2)p*x +p8) = 61—4(435 ~ 14z +1)2=0,z#£p = % and
p? =2 i.e.,

(P = 4> + 2 + V(P - ) ((* - 2% ° _ (' —4p* +2)p* — /(p? — ) ((p* —2)*p " 1

2 2 4’
and x #p~* = i (and p* =2, i.e., p= —\/2,p = /2) then

n

k
Z ,1 G2 _ 9
4 —2k+1 2 ’

k=0

0= —4 (=) 1+ 1P+ 3 (1) (02 = 2) Gy 204 )2 (1) 1

Note that in the last corollary, the case p? # 4 so that p?> — 4 # 0 is considered. The sum formulas for
the case p? = 4 so that p? —4 = 0 is given in Soykan [8, Corollary 2.2].
Taking W,, = H,, with Hy = 2, H; = 1 in the last proposition, we have the following corollary which

presents sum formulas of p-Oresme-Lucas numbers.

COROLLARY 4. Suppose that p* # 4 so that p*> — 4 # 0. For n > 0, p-Oresme-Lucas numbers have the
following properties:
(a): (m=1,5=0)
If (x —p?) (2> = p*(P* — 2z +p*) #0, ie.,

2,2 6 (2 2002 6 (2
p*(p° —2) +/p°(p* —4 p*(p* —2) — /PP (p* — 4
m#( )2 ( )’x#( )2 ( )’x#pg’
then
“ P
krr2
E " Hf =
T TR (p2 = 4) (@ — p?) (22 — p2(p? — 2w + p?)
where

® = (z - p*(p*® - 2))(= — p*)(p* — D" HY + (z — p*)(p® — )" T H) _y + p72H(p? -
4)(p*"(p*(Bz — 4) — x(z +4)) — 2(p* — 4)a" 1),

and
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if (a: — p2) (2% — p?(p? — 2)z +p*) =0, i.e.,

pP(p® —2) + /S (p? — 4) ~pP(p* —2) — /pO(p? —4) o,
xr = or r = orxr =p-,

2 2

then
A

kaHz: 2 2 202 10,2
= (p? —4) (322 — 2p2(p* — L)z + p*(p* — 1))

where
A= =4z —-p*@° —2)2"" + (z = p°) (n+2)x — (n + 1)p* (p* — 2))2") H} + (p* —
(0420 — P+ D)2y +p=2 (07 — )P (20 4+ 37— 4) —2(n -+ 1) (5 — ™).
(b): (m=2,j=0)
If (z = p*) (2 = p* (p* —4p* +2) 2+ p®) #0, i.e.,

P (p* —4p® +2) + /PP (p? —4)(p* - 2)?

40,4 2 10( 2 2 2
p(p* —4p” +2) — /p'%(p* — 4)(p* — 2
z # a2 )V OF
2 2
then
~ o
krr2
" Hs, =
kZ:O = (- p) (@ - pipt — 42 + 2)a +pP)
where

@ = (z—p'(p" —4p* +2))(@—p")(p? — )" H3, + (x —p")(p? — 4)a" T H,_,+p " (p? -
4)(p*"(4p%a® — pta® — 4a® 4 Sprx — 12p%x + 3pBx — 4p®) — 2p0(p? — 4)a" T 1)
and if (z —p*) (2? —p* (p* —4p® +2) 2 +p®) =0 and p* # 2 i.e.,

Pt =4’ + 2+ VPO - P 22 Pt - P+ 2) - VPP - H)(” - 2)
2

T = or x = p,

2
(and p? # 2) then

~ kg A
kzzox Mo = G DG — 3 P - P = 3 + PP - D = 3)

where

A== ((@—p*(p* —4p* +2))2" T+ (z = p*) (0 + 2) z —p*(p* —4p° +2) (n + 1))2" ) H3, +
(P = ) ((n + 2z — pi(n + 1)a" H3, 5 +p~"H(p* — 4)(p"" (8 + 8p°x — 2plaw + 8p* — 12p° +
3p%) — 2p°(p* — 4)(n + 1)a")

and if (a?—p4) (22 — p? (p4—4p2+2)9c+p8) =@—4)(r+4)?%=0,2#p* =4 and p*> =2

i.e.,
L P P )+ VPO - P -2 p e -0+ 2) - VP - -2
2 2 ’
and x #p* =4 (and p* =2, i.e., p= —/2,p = V/2) then
S apHG =2
32
k=0
where

O = 64(—4)" " (n? — 2) HE, + (—4)""" (n+ 1)* B, —n (n + 1) 27208 ()"
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(c): (m=2,j=1)
If (x = p*) (@ = p* (p* —4p* +2) 2+ p®) #0, i.e.,

pl(p* — 4p? +2) + /p0(p* — 4)(p* — 2)2 v pt(p* — 4p? +2) — /p0(p* — 4)(p? — 2)2 4
2 b 2 b b

x#

then

— " TR (02 — 4) (2 — ph) (22 — pi(p* — 4p? + 2)7 +pB)’

where

@ = (z—p*'(p* —4p?+2)) (@ —p*) (p* — 42" H3,, 1y + (2 —p*) (p* —4)2" T HE,_ —p~ A (p? —
4)(p**(«® + 6p*a — 2p%x + p%) + 2p* (p* — 4)a" )

and if (:r —p4) (22 —p? (p4 — 4p? + 2) r+p%) =0 and p® #2 i.e.,

d(pt — 4p? 42 (2 — 4)(p? — 2)° pt — 4p? +2) — \/p(p —2
_ ' p+)+\gp -9 -2 -4+ \/P W2 —2

(and p* # 2) then

27 ik = G i~ 5~ 0~ B+ PP~ D 9

where
A = (P —4) (2= (0 — 49 +2)a™ (2 — ) (0 + 2) 2 p* (P —4p?+2) (0 + 1))a™) 4+
(P* =) ((n+2)x —p*(n+1))a"Hs,_; — 2p~*" 4 (p* — 4)(p*" (2 + 3p* — p°) +p*(p* — 4)(n + 1)z")
and if (a?—p4) (22 — p* (p4—4p2+2)m+p8) =@—4)(r+4)?%=0,2#p* =4 and p*> =2

i.e.,
Lo P =+ 2) VPO - P 22 ptet - 47+ 2) - VPP - 0P 22
2 )
and x #p* =4 (and p* =2, i.e.,p = —/2,p = V2) then
n
©
Z(_4)kH22k+1 = Sa°
32
k=0
where

©=064(—4)""" (n®—2)H3,\y + (—4)" (n+1)> H3,_, + 272422 4 2n(n 4+ 1) (—4)").
(d): (m=-1,j=0)
If (pPz — Dp~2(2® — (p* - 2)p‘2x +p ) #0, de,

7é(p —2)p 2 +\/p— p—2 (p? —4)p~2

-2
5 N

then
o
k172
X H7 = )
kzzo 4@ p ) - (P - 2p 2+ pY)

where
= (z—-p )P - 42" HE,  + (z— (07 = 2p) (@ —p ) (p* — 2" HE, — (PP -
4)p76(p6I2 + 4,p21, _ 3]7413 + 2p2n+2(p2 _ 4)xn+1 + 4)
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and if (pz — 1)p~?(a® — (p* = 2)p~ 2z +p~*) =0, i.e,
272 —2 274 —2 272 -2 274 —2
(P> —2)p +2\/(p w2 L =2p > =

xTr =
2
then
" A
k72
H=, = ,
kz=0x (P2 —4)B2? =200 — Dp 2w+ (PP — pY)
where

A= @ =4 ((n+2)z—p2(n+1)z"H2, ; + (p° — 4)(p*(n +3)2® — p*ax(p® — 1) (n+2) +
(P* = 2)(n+1))p~*a"H2, + (p* — 4)p~*(=2p*"(p* — 4)(n + 12" — 2p*z + 3p* — 4)
(e): (m=-2,j=0)
If (x—p™*) (2® = (p* —4p* + 2)p " +p~°) #0, i.e,
(' =49 +2)p~" = /(P* = (P - D —

4 (p* —4p® +2)p ‘“r\é(zﬂ—‘l)((p?—2)219*67:87é /
then . o
];)kaZ% TP —p D= 42+ Yp i+ pP)
where
= (z—p ) (p*— 42" T H2y, 4+ (x— (p* —4p* +2)p~ ) (z —p ) (p* — 42" T H2,, + (p° —
Op~ (=P (r® — 2)%a% + p* (3p* — 12p° + 8)z — 2O (p? — 42" — 4)
and if (x—p~*) (@* — (p* —4p* + 2)p~ Y2z +p~8) =0, and p*> # 2 i.e.,
_ -2t + \é(pQ D@ -2 (- dp?+2)pt - \é(p2 — (@ -2
(and p* # 2, i.e., p# —\/2,p # V2) then
znjkagzk = A = 3\
= (p* —4)(32% —2(p* — 1)(p* = 3)p~*z + (p*> — 1)(p* = 3)p~%)
where
A= = D(n+2)z —pH(n+ 1)a"H2, 5 + (0° = D((x — (p* = 4p* + 2)p~ 2"+ +
(z—p™) (n+2)z—(p* —4p> +2)p~* (n +1))a" ) H2,, + (p° — 4)p~* (—2p°2"p*" (p* — 4)(n+ 1) —
2p*(p® — 2)%x + 3p* — 12p® +8)
and if (x —p_4) (22— (p* —4p®> +2)p 2z +p %) = é(lhj —Ndr+1)2=0,z#p = i and
p? =2 i.e.,
L =+ 2)p 4 \g(p2 — (-2 _ (' -4’ +2p " - \g(lf’2 —4) (P = 2?p° _ 7%

and x #p~* = i (and p*> =2, i.e., p= —\/2,p = /2) then

where

O=—4(-1)"(n+ 1) H?ypp+ 3 (-1)" (n? —2) By, —n(n+1)22 (=)™

NI

—4

)
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(£): (m=-2,j=1)
If (x—p™) (22 — (p* —4p* +2)p *w +p~%) £0, i.e,

(p* = 4p*> +2p~" + V(> — 4 (0> - 2)*p~F (p* —4p* +2)p~" = V(* — 4 ((»* - 2)*p~"

x # 5 T F 5 r#p Y
then
ikaz%Jrl =132 42 (1)4 2 1 8’
= (P* —4)(z —p~*)(a® — (p* —4p*> + 2)p~x +p~®)
where
= (x—p)p* - 2" H2, 5+ (2= (" = 7+ 2p7 ) (@ - pT (7 — 2" H2,,  +
(p* = 4p~ 2 (=p*(p* - 3)%® + p*(p* — 4p* + 2)x — 2p"" T (p? — 4)a" T - 1)
and if (x—p~*) (#* — (p* —4p* + 2)p Y2 +p~®) =0, and p*> # 2 i.c.,
oo P WDV (@R 2 2t - VD@

2 2
(G/fld p2 7é 27 i'e'; p 7& _\/§7p 7& \/5) then

iwkHQ i1 = A
ST T (2 - (302 = 2(p% — 1)(p? - 3)p e + (07 — 1)(p? - 3)p~F)

where

A= (= D+ 2z - p i+ D)o HR s + (7 — D(z — (0 — 4% + 2p ™+ +
(z—p™) (n+2)z— ' —4p* +2)p~* (n + 1)a")H2 5, 1y + (p* = )p~3(=2p"" (p* —4) (n+1)2" —
2p* (p? — 3)2x—|—p4 —4p? +2)

and if (x —p~*) (a? — (p* —4p* + p o +p¥) = Uz - 1)z +1)2 =0,z #£p * =1 and
p? =2 i.e.,

P =4 +2p~ + V2 - (@2 =2 " ' -4+ 2pt = V(P - (- 2)%p " 1

2 2 4’
and x # p~*4 :i (and p*> =2, i.e., p= —\/2,p = \/2) then

n k
1 S}
> (-3) Huwa=3

k=0

where

O=—4(-1)"(n+1)"H?y, s+ 1 (_i)n_l (n*=2) H2,, 1 +7n(n+1)22 T (—1)" + 1.

Note that in the last corollary, the case p? # 4 so that p?> — 4 # 0 is considered. The sum formulas for
the case p? = 4 so that p? — 4 = 0 is given in Soykan [8, Corollary 2.3].
From the above proposition, we have the following corollary which gives sum formulas of p-Oresme

numbers (take W,, = O,, with Oy =0,0; = %)

COROLLARY 5. Suppose that p?> # 4 so that p> —4 # 0. Forn > 0, p-Oresme numbers have the following

properties:
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(a): (m=1,5=0)
If (x —p?) (2 — p*(p* — 2)z +p*) #0, i.e.,

P*(p* —2) + /po(p? — 4) p*(p* —2) — /PO (p? — 4)
2 ’ 2

x # x # Jx # p?,

then

z”: xka = ®
= (p* —4)(z — p*)(2? = p*(p* — 2)z +p*)
where
= (z = p*(p* = 2))(z — p*)(p* — 2" 'O} + (z — p*)(p* — 42" 05 — p 22 (p? — 4)
(P*"(x + p°) — 2p*a" )z

and
if (z—p?) (22 = p*(p* — 2)z +p*) =0, i.e.,
_ P =)+ VP-4 P -2 -Vt )
T = orzT = or x = p~,
2 2
then
n
A
ZxkOi = 5 — s
=0 (p? —4) (322 — 2p*(p? — D +p*(p> — 1))
where

A= (P =4)((z-p°(P° —2)2" + (2 —p*) (n+2)z — (n + 1p* (p* - 2))2™)O + (p* -
4)((n+2)z —p*(n+1))2"0%_; +p 2" 2 (p* — 4)(—p*" (22 + p?) + 2p*(n + 1)2")
(b): (m=2,3j=0)
If (x = p*) (@ = p* (p* —4p* +2) 2+ p®) £ 0, i.e.,

Pt = 49" +2) + VPO (0 — 9 — 2)° pt(pt = 4p° +2) — /PO — 9 (p* — 2)°

x# 5 £ 5 Lo #pt
then
ka()gk: 2 1Y ( 2 (1)4 1 2 )
= (P? —4) (@ — p*)(2? — p*(p* — 4p® + 2)x +p®)
where
P = (z—p'(p* —4p* +2))(z —p")(p* = 4)2" 03, + (x — p*)(p* — 42" 03, o —p~ "0 (p? -
4 (" (x +p*) - 2p*a™)x
and if (x —p*) (22 —p* (p* —4p* +2) z +p®) =0 and p* # 2 i.c.,
Pt 4P+ 2) + P (p? — 4)(p? —2)? Pt — 4P +2) — /pO(p? — 4)(p? — 2)? 4
r = 5 orx = 5 orx =p*,

(and p* # 2) then

~ A
kN2 _
,;f % = DB 2 DGR Bt R - DGE 3)

where
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A= @ =) ((z—p' (" = 4p*+2))2" " + (z — p*) ((n + 2) 2 —p*(p* = 4p* +2) (n + 1))2") O3, +
(P> = 4)((n+2)z = p*(n +1))2"03,_5 +p~ " +0(p* — 4)(=p"" 2z + p*) + 2p* (n + 1)2")

and if (zfp‘l) (mz—p4(p4f4p2+2)x+p8) =@—4)(z+4)%=0,2#p* =4 and p*> =2
i.e.,

Pt =t 2+ VPP - DR -2 Pt -4+ 2) - VP - P22
2 2

and x #p* =4 (and p*> =2, i.e., p= —/2,p = V/2) then

Tr = B

n

S}
_nkp2 2
S (-8 0% = o

k=0
where
©=64(—4)""" (n?—2) 03, + (—4)"" (n +1)> 03, _, + p227276(22" 4 n(n + 1) (—4)")
(¢): (m=2,j=1)
If (z—p*) (2 = p* (p* —4p* +2) 2+ p®) #0, i.e.,

pi(p" — 4p° +2) + /P (p? — 4)(p® — 2)?

4t — 4 2+2 _ p10p2_4 p2_22
/ 796#19(19 P> +2) \é ( )( )7$#p47
then
- P
k2
O . - )
270 = G @ e P De )
where

© = (z—p'(p' —4p*+2))(z —p") (p* = 42" O3, 1 + (2 —p") (p* — 42" 103, —p~ "2 (p? -
(" (p® + 2p°2 — 2p'x + 2?) — 2p%2" ),
and if (z —p*) (22 —p* (p* — 4p* +2) z +p®) =0 and p* # 2 i.c.,
Pt —4p? +2) + VPO - ) (? =2 Pt =4 +2) — VPO - 4)(p? — 2)°
2 2
(and p* # 2) then

or T =p4,

A

- k2 _
kgm Q21 = 2 G 2 (P D2 - D+ P - D —3)

where

A== ((@—p*(p*—4p*+2))z" + (z — p*) ((n + 2) 2—p* (p* —4p°+2) (n + 1))2") 03,41 +
(P* =) ((n+2)x = p*(n+1)2" 03,y + 2p~ " 2(p? = 4)(p* (= — p° + p*) + p°(n + 1)2"),

and if (x—p*) (@? —p* (' —p* +2)z+p%) = (z—4)(z +4)> =0, 2 # p* =4 and p*> =2

i.e.,
L P =P 42+ VPR - ) -2 et -t +2) - VP -0 -2
2 2 ’
and x #p* =4 (and p* =2, i.e.,p = —/2,p = V2) then

- (C]
Z(_‘l)kogkﬂ = 32’
k=0
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where
0 =64(—4)""" (0% —2) 03,1+ (4" (n+1)° 03, +272Hp=2(22" L 2n(n+1) (—4)™)).
(d): (m=-1,j=0)
If PPz — 1)p~2(z® — (p* — 2)p 2x+p*4)740 i.e.,

7é(p —2)p 2 +\/p— p—2 (p? —4)p~2

x#p 7

then
i)

kA2
I;Jz Om = (P2 —4)(x —p=2)(22 — (p2 = 2)p~ 2z +p~4)’

where

= (2 —p ?)p* — 4202, + (@ — (P - 2p7 ) (@ - p)(* — 42" 0%, + (0P
Hp~t(2p*a” —pPz — Dz

and if (p*x — Dp~2(z2 — (p? = 2)p~ 22z +p~ %) =0, i.e.,

2_2 —2 2_4 —2 2_2 -2 2_4 —2
_ =2+ -4 (- 2)p W=
2 2
then
A
k2
X 07 = 9
kZ:O P - 4)B2 =2 — Dp 2+ (p* - p )

where

A=@p*=4)((n+2z—p2(n+1)2"0%, 4 + (p* = )(p'(n +3)2® — p*x(p* — 1) (n +2) +
(»* =2)(n+1))p~*2" 02, + (p* — )p~*(2p*" (n + 1)2" — 2p*x — 1)
(e): (m=-2,j=0)
If (ac — p_4) (2% — (p* —4p®> +2)p~ 2z +p~8) #0, i.e.,

(p* —4p* + 2)p~* + /(p> — 4)((p®> — 2)?p~F (p* — 4p* +2)p~* — \/(p> — ) ((p?> — 2)?p~F

T # ) X # D) T F p74a
then
Zxka_% = - ° = e
= (p* = 4)(x —p~*) (2% = (p* — 4p* + 2)p~*x +p~¥)
where
= (z—p ") (p*— 42" 0%, 1o+ (z— (p' —4p* +2)p™ ) (@ —p ) (P* — 42" 02, + (p* —
4)p~8(2pinan — plz — 1
and if (x—p~*) (#* — (p* —4p* + 2)p 'z +p~®) =0, and p*> # 2 i.e.,
_ -2t + \é(pQ 9@ -2 (-4 +2)pt - \g(p2 () T

(and p*> # 2, i.e., p # —/2,p # \/2) then

A
kN2 .
; Ot = (2032 2P )P et - NP3

where



A STUDY ON THE SUM OF THE SQUARES OF GENERALIZED P-ORESME NUMBERS 21

A= (= 4)((n+2z—pin+1)a"0%,, , + (P — 9z — (p* — 4p* + 2)p~ 2" +
(x — p_4) (n+2)z—(p* —4p* +2)p~* (n + 1))a™)0%,,, + (p* — H)p~ 5 (2p*" (n + 1)z — 2p*z — 1),
and if (a: —p74) (22 — (p* —4p?> + 2)p~*z +p~8) = 6%1(455 — D4z +1)22=0,z#p*= % and

p? =2 i.e.,

(P —4p* + 2 + V(P - ) (P - 2% % _ (' —4p* +2)p* — /(P — ) ((p* —2)%p "

1
2 2 4’

and x #p~* = % (and p* =2, i.e., p= —/2,p = \/2) then

n

Z 1 ’ 02, = Q,
4 D)
k=0
where
O= A (-1) (n 1)20%,,  + 1 (1) (02— 2) 02, + 4p~2(22"n(n + 1) (=1)" + 1),
(f): (m=-2,7=1)
If (. —p*) (2® — (p* —4p*> + 2)p ' +p %) #0, i.e,

v (p* —4p* +2)p* + \é(zﬁ —4)((p? — 2)2p‘6’x ” (p* —4p* +2)p* — \é(p2 —4)((p*> —2)%p~© wtpd

then
En: 2" 0? = %
T T (2 —d) (@ - p ) (2 — (p! - 4p2 4 2)pta +pF)

where

D= (z—p N)p* - 42" 02, 5+ (z — (0" — 4" +2)p7 ) (@ —p ) (P® — 42" 024, 4 +
(P* = Dp~ (=P (p — D*(p + 1)%2® + p* (p* — 4p® + 2z + 2p*" 02+ — 1),

and if (x — p_4) (22— (p* —4p?> + 2)p~t2 +p8) =0, and p* # 2 i.e.,

(' = 4" + 2p + V(0 — D (> —2)*p° (' —4p* +2p~* = V(* = (P> —2)*p° 4

T = orr = orr=p -,

2 2
(and p* # 2, i.e., p# —/2,p # /2) then

” A
k2 .
2 0% = GG e - D I T R D I

where

A= —4(n+ 2z —ptn+1)2"0%, 5 + (0° — 4)((z — (p* — 4p* + 2)p~ 2"+ +
(z=p™) (n+2)z—p*'—4p° +2)p~* (n +1))2™) 025, 11 + (P —4)p (2" T2 (n+1)2" —2p* (p—
1)2(p+1)%z 4 p* — 4p* +2),

and if (z—p~*) (* = (p* —4p* +2p~tz+p B) = LUz — 1)z +1)* =0,z #p* =1 and
p? =2 i.e.,

Lo WA 27 4 VP - (0 2% =4+ 2 = VP - (-2 L
2 2 4




22 YUKSEL SOYKAN

and x #p~4 = i (and p*> =2, i.e., p= —/2,p = \/2) then
n _1 k02 _9
Z 4 —2k+1 — 2’
k=0

where

O=—4 (=" (n+1)20%,, s+ 1 (=) (12 =2) 0%y, +p 2(n(n+1)220+1 (=)™ 4 1),

Note that in the last corollary, the case p? # 4 so that p?> — 4 # 0 is considered. The sum formulas for
the case p? = 4 so that p? — 4 = 0 is given in Soykan [8, Corollary 2.4].

Taking z = 1 in the last three corollaries we get the following corollary.

COROLLARY 6. Suppose that p> # 4 so that p> — 4 # 0. For n > 0, modified p-Oresme numbers and

p-Oresme-Lucas numbers and p-Oresme numbers have the following properties:

(1) modified p-Oresme numbers:
(a): If p? # 1 then
> 6i= .
(p?> —4)(1 = p*)(2p* + 1)

where
P = (—p'+2p° +1)(1-p*)(p* —4) G} + (1=p*) (p* —4)G:, ., —p~ " T (p* = 4) (p*" (1 4+p*) — 2p*)
and if p? =1 then

= 1
Y Gr= §(2G§ +G%_ 4+ 2n—1).

k=0
(b): If p* #1 then
3, = k
= (P> —4)(1—p*) (2p* + 1) (2p* — 2p* + 1)
where
O = (—p°+4p° —2p* + (1 —p")(p* —4)G3,, + (1= p") (p* = 4)G3,, o —p~ "3 (p* =) (p* (1 +
p*) —2p%)

and if p* =1 then

n

1
k=0

(c): If p* # 1 then

znjcﬂ = ®
£ TR T 2 ) (1= ) (2p2 + 1) (297 — 27 £ 1)

where
P = (—p*+4p° = 2p* +1)(1 - p*) (p* —4) G5, 11 + (1 —p") (p* = 4) G5, _, —p~ " T (p* —4) (p*" (1 -
2p* + 2p°® + p®) — 2p%)
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and if p* =1 then
2
Z Gop1 = 5(2G5, 41 + G5,y +2n).
(d): If p*> # 1 then

>
2
;)G_k P -4HA-p2)(2p 2+ pY)

where
P=(1-p P> -4)G2, +2p (1 —p2)(p* -G, + (p* —Hp (2™ —p* - 1)

and if p* =1 then

- 1
k=0
(e): If p*> # 1 then
> o= :
T =)L —p (L - (pf - 4p? 2 )

where

23

D= (1-p )P —4)G?, o+ (A= (p*—4p* +2)p ") (1 —p~ ) (p* —4)G% 5, + (p* —4)p~* (2p"" -

p*—1)
and if p* =1 then

ZGQ%— (G240 +2G2,, + 20— 1).
(f): If p*> # 1 then

, o
D G = P—)1—p HA— (@ —4p>+2)p 2 +p o)

where

= (1-pHp* -G, 5+ 1 - @ =4 +2p (1 - pH)(P* — 4)G%,, 41 + (P —

Dp~2(—pP(p—1)2(p+ 1)* + p*(p* — 4p* + 2) + 2p*" 6 — 1)
and if p* =1 then

ZG 2%+1 = G 2 s +2G% 0, 1 + 20+ 1),

(2) p-Oresme-Lucas numbers:

(a): If p? # 1 then
®
ZH" (- ) @A+ )

where
= (p*—1)(p*—4)(p*—2p* - 1) H2+(1—p*)(p* —4)H?_ | +p~ " T4 (p* —4)(8—2p* —p*"(p

24+5))
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and if p* =1 then

= 1
Y Hp = g(2H§ +HZ_ | +6n+3).
k=0

(b): If p*> # 1 then

- o
HZ =
kZ:O T —4) (1 —phH(1 - pr(pt — 4p2 +2) + pB)

where

@ = (1-p*(p* —4p* +2)) (1L —p*) (p* —4) H3,, + (1 —p*) (p* =) H3,,_5+p~ " (p* —4) (p*" (—p°
12p% + 7p* + 4p* — 4) — 2p%(p* — 4))

and if p* =1 then

- 1
> Hi = 5(2H3, + H3, o + 60 +3).
k=0

(c): If p* # 1 then
- ®
2 _
§H+ TP -t 4+ 2) + )

where

® = (1-p'(p* —4p*+2))(L—p")(p* ) H3, 1 +(1=p")(p* — ) H3, _, —p~ " (p* =) (p*" (1 +
6p* — 2p° + p®) + 2p* (p* — 4))

and if p? =1 then

n
1
Z H22k+1 = §(2H22n+1 + H22n—1 + 6n)
k=0

(d): If p*> # 1 then

= ®
2 _
kZ:oH% =) -p )22+

where

o= (1-p)p* —DH2, 11 + 2072 (L = p ) (p* —4H2, — (p* — p~°(p° + 4p* - 3p* +
2p7" 2 (p? — 4) + 4)

and if p* =1 then

= 1
S H?, = g(HEn+1 +2H?, 4 6n+3).
k=0

(e): If p* # 1 then

- ®
H?,, =
kZ:O B -1 -p (1 - (-4 +2)p 4 pd)

where
® = (1-pHp? —4H?,, 1 + (1 — (p* —4p> + 2p™H(1 — p~H(p* — H)H?,, + (»* —
Dp~ 2 (—p¥(p? — 2)% + p*(3p* — 12p? + 8) — 2p*" T (p? — 4) — 4)
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and if p*> =1 then
. 1
ZHZ% = g(HEQn_A,_Q +2H?,, +6n+3).
k=0
(f): If p* # 1 then

P

H?
,;) TP )1 —p (- (-2 2)p )

where

= (1-pHP*—4H?y, 5+ (1 — (p* —4p* + 2p (1 —p ) (p* — 4 H?,, 1 + (p* —
4p 2 (=pP(p® = 3)* + p'(p* — 4p* 4+ 2) — 2" (p® —4) — 1)

and if p* =1 then

ZH 2%+1 = H onts +2H2 5,1 + 60— 3).

(3) p-Oresme numbers:

(a): If p? # 1 then

where
P = (—p'+2p° +1)(1-p*)(p* —4) O} + (1=p°)(p* —4)0; _, —p~ "2 (p* = 4) (p*" (1 +p*) — 2p*)
and if p? =1 then

ZO,F (202 + 0%_, +2n —1).
(b): If p*> # 1 then

o
ZOZ’“ == — P — 42+ 2) + )

where

P = (1-p'(p*—4p* +2))(1 —p")(p* —4)03, + (1 —p")(p* —4) 03, _, —p
p') —2p*)

and if p* =1 then

74n+6(p2 _4)(p4n(1 +

1
ng = §(2Ogn + O%TL—Q + 2n — 1)

(c): Ifp*> # 1 then
o
2
ZOO%‘H (P2 —4) (1 —pH(1 — pi(p* — 4p2 +2) + pB)

where

= (1-p'(p* —4p* +2))(1 —p")(p* = 4) 03,11 + (1 —p*)(p* = 4)03,,_, +p*(p* —4)(2p*p*"

2p6 4n __ p8p4n _ p4n + 2p )p74n
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and if p* =1 then
— o L oA 2
202k+1 = 5(202n+1 + 03,1 +2n).
k=0

(d): If p*> # 1 then

n - P
2O = i @ D

where
=(1-p (P> —4)0%,  +2p 21 —p 2)(p* —4)0%, + (p* —)p~*(2p*" —p* — 1)

and if p* =1 then

= 1

Zogk = 5(03n+1 + 202771 + 2n — 1).
k=0

(e): If p*> # 1 then

T @ -0 HA - (- 4P 2)pt )

where

®=(1-p H(P*-4)0%,, o+ (A—(p'—4p* +2)p~ ") (1-p~ ") (p* —4)O%,,, + (p*> —4)p~°(2p*" —
p*—1)

and if p* =1 then

n
1

Z O2—2k: = 5(02_2n+2 + 202—271 + 27’l — 1)

k=0

(f): If p* # 1 then

i022k 1= o
T (2 =) (L p (1 - (p - 4p? + 2)pt +p7)

where
= 1-pHp*—4)0%, 5+ 1= (' —4p> + 2p~H)(1 — p~H(p? — 4025, 1 + (P* —

Dp~ (=P (p— D2+ 1) +p'(p" — 4p° +2) + 290 - 1)
and if p* =1 then

S 1
Z 02—2k’+1 = 5(02—27%1—3 + 202—2n+1 + 2n + 1)
k=0

Note that in the last corollary, the case p? # 4 so that p? — 4 # 0 is considered. The sum formulas for

the case p? = 4 so that p? — 4 = 0 is given in Soykan [8, Corollary 2.5].
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3. Conclusion

Recently, there have been so many studies of the sequences of numbers in the literature and the se-

quences of numbers were widely used in many research areas, such as architecture, nature, art, physics and

engineering. In this work, sum identities were proved. The method used in this paper can be used for the

other linear recurrence sequences, too. We have written sum identities in terms of the generalized p-Oresme

sequence, and then we have presented the formulas as special cases the corresponding identity for the mod-

ified p-Oresme, p-Oresme-Lucas and p-Oresme numbers. All the listed identities in the corollaries may be

proved by induction, but that method of proof gives no clue about their discovery. We give the proofs to

indicate how these identities, in general, were discovered.

[4]
5

We can summarize the sections as follows:

e In section 1, we present some background about generalized p-Oresme numbers.
e In section 2, summation formulas have been presented for the generelized p-Oresme numbers. As
special cases, summation formulas of modified p-Oresme, p-Oresme-Lucas and p-Oresme numbers

have been given.
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