Equal and odd values of Generalized Euler Functions

Abstract:  Euler function ﬂn) and generalized Euler function (@(ﬂ) are two important
functions in number theory. Using the idea of classified discussion and determination of prime types, we
study the solutions of odd number of generalized Euler function equations %(n) :%(m—]) and obtain

all the solutions satisfying the corresponding conditions, where 82234.
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1 Introduction

Euler function ﬂn) is a relatively important in number theory, and it is also studied by
the majority of researchers. Euler function (Aﬂ) is defined as the number of positive

integers not greater than Mand prime to [l I1fn>1, let canonical form of Ibe
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n q szz , where R By are different primes, ,>1(1<i<k), then

Generalized Euler function (@(ﬂ) is defined as

@)=,
(A
where [x] IS the greatest integer not greater than x. If e=1, the generalized Euler

function is just Euler function.

Cail*® studied the parity of @) when 62234’6, and gives the conditions that both
@) and @+ are odd numbers, Liang®®!, Cao!? studied the solutions to the equations

involving Euler function, Zhang'**>® investigated the solutions to two equations involving



Euler function (An) and generalized Euler function @(ﬂ)’ Jiang'™ investigated the

solutions of generalized Euler function @(ﬂ)_

In {Unsolved Problems in Number Theory) [13], proposing whether there are
infinitely many pairs of consecutive integer pairs [1and Ml such that p(n) = p(n + 1)?

Jud McGranie found 1267 solutions to ¢(n) = ¢(n + 1) whit nS]-GD, and the largest of
which is n=9985705185, ¢(n)=¢n+1)=21"3%7.11. We find the following

conclusions on the basis of the fact that the documents [1] and [8], both %(n) and
%(n_i_:b are odd numbers, and then obtain the solutions of the equation

a()=q(n+l)
Theorem 1.1 Both ¢,(n) and ¢,(n + 1) are odd and equal if and only if n = 2or 3.

Theorem 1.2 Both @(ﬂ) and @(ﬂ+]) are odd and equal if and only if n=3 or 4
or 5or 15.

Theorem 1.3 Both %(n) and (Q(I'H—]) are odd and equal if and only if n=4 or5

or6or7.

2 Lemmas

Lemma 210 Except for n:2,32£Q’ both @(ﬂ) and @(n_i_]) are odd if and only
if n:ZpB’ Where/)’Z:|1 pEan‘mM'), both 2p8+1 and P are primes.

1
Lemma 222 @0=0 p@=1 , n>3 2O=A)

Lemma 231 Except for n:31524, both (@(ﬂ) and %(n_ﬂ) are odd if and only

if
(D n+1=2" +](mZ]) is prime; or
241
(2) n:z’qzanwa’ both Y and 3 are primes, where HZE,Q%(W@,

(3) nZgZB_j(ﬁZ:D is prime.



244 If n>3, nzgil Llna ’(n’:)):l]gl Sk, then

Lemma

20+ 2T a0t p =23 <i <k

a=y] _
gga(n), ahewiss,

where qn) is the number of prime factors of ”(counting repetitions) and a(n)is the

number of distinct prime factors of n

n , we have

_(Mmndmen)
A=)
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Lemma 234 For any positive integer m

where (m n) represents the greatest common factor of Mang M. ﬂrm) :ﬂmﬂn)
when (m n) :1.

Lemma 2-68] The value of Il such that both @(n) and %(n_i_:D are odd are listed
in Table 1.

Table 1 The value of n such that both @(n) and %(n—i_]) are odd

N N+l conditions
4 5
7 8

57121 57122
3 27 P=/(M0dd),q=aM00d) , . ,rimes
-1 af 2P 1=Hmodd,q=3mdd) . ,imes, and Bl prime
2o 4 2AHA=0dd,q=300) ... primes, ana Bis prime

P p=5(ra), * =)

are primes

51
. g4

4 is a prime

51
4 4AfHd




ZhH-HLqumL]') are primes, /)'21

Lemma 2™ If n>4, nzzal Llpa,(p,Z):laZQJSi Sk, th

en
S+ T2 oo p =34 1<i<k
@(n): 1 ]
Zr(p(n), ahevise,
3 Proof of Theorems

3.1 Proof of Theorem 1.1

We have @(2) :@(3) :@(4) =1 by definition of the generalized Euler function

@(ﬂ), and @(242) 25@(243:8] by Lemma 2.2.

By lemma 2.1, except for n:2'3242, both @(n) and (@(I'H—:D are odd if and
only if n:2p5’ where /)'Zl pEC{nméL)’ both 2p6+1 and P are primes. By lemma

21 1
2.2, When n23¢g(n)_2¢(n), hnd @(n+])_72¢(n+])_

@(ﬂ) :%(rH_:D, we just need to solve the equation

Then for the equation

AN =¢n+l), (1)
Put n:ZpB , n+1:2p6+1 in (1), since n+1:2pﬁ+1 is prime , then
ﬂﬂ-f—]) :n. We just need to solve the equation
dn)=n

and It has only a solution n = 1, but the solution is not satisfied with the form n:2p5 , SO

there is no solution.
Hence both ¢,(n) and ¢,(n + 1) are odd and equal if and only if n = 2 or 3.
3.2 Proof of Theorem 1.2

By the definition of @(ﬂ)‘ We have
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#Q=1a@=1aL)=[3a10)=[3a(A)=3a(D=/,
hence %(3) :%(ZD’ %(]5 :@(16) Except N=31524 » we discuss the solutions in 3

cases by lemma 2.3.

Case1 When n=2" ) n+1=2" +](mZ]) » and n+=2" +](mZ]) is prime, by

lemma 2.4, we have
a)=3¢)+3
since MH1=2"+is prime and MH=ATAI e have
A =gl
If p5(n) = ¢ps(n+ 1), then
Jord-hord

Simplify it, we obtain 22"-1+1 = 22" =1, thuswe havem =1, n=4

2+1
2 When n:21,n:21 +1, and both ¢ = 5 (mod 6), 3 are primes, by
Case
lemma 2.4, we have
1 1
() :3(4”)_3
2+1
Since 3 is prime , g = 5 (mod 6) and ¢(9) = 6, we have
2941=241=33(mod9),
+
\ n+1=3><2';1
241 = 11 = 2 (mod 3). 3 , then by lemma 2.4, we obtain
thus
_p(n+1) 1

¢3(n) = ¢3(n+ 1), then ﬂn):ﬂnﬂ)+2, namely
If



2 (1) =242

simplified to o :_4, we have no solutions in this case.

Case 3 When n:3'2’8_1, n_|_]_:3.2ﬁ’ and n=32 —](ﬂZ]) is prime, by

lemma 2.4, we have

@) =g

’
meanwhile

SN A PO
¢ =2 k>0
g¢(n) g—gdn"']) 3

_implified t ANV=AMY) Gince N=32AB2D) i< Lrime, then
37232 (- (- 3)
we get P70 this is contradicted with the condition P24, i F=K+LK=0
%(L(ﬂ)—%z%dﬂ+])+%’

implified to ¢(n):(p(n+])+2, then

S

3Y¥_2-3 2ﬂ-(1—%)-(1—%)+2

We have /)’:]_’ n=o
Sum up, both @(ﬂ) and @(n-i_]) are odd and equal if and only if n=3 or 4 or

5or15.

3.3 Proof of Theorem 1.3
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A@=1a0=1 a(=1aB=1,
@(O712)=14221, ¢3(57122) =01

hence @(4) :(Q@’ @(7) :@(a Then we discuss the solutions in 6 cases by lemma
2.6.

By lemma 2.7, we have

When nzp?,n+1=2qz’ and both ps?(mHS), C]EE(TT[IB) are primes. By
Case 1

AOV=3e013 qorony | AOD=500D)

lemma 2.7, we have

namely
JAS =gl
Simplified to ﬂn) +2:¢n+])’ namely
P-0p2=2F () ()
Then - (@-D—p-(p-D=2 by p2 + 1 = 2¢2, we have p = g% + g + 1.Then

p? = (q*+q+1)*> = (q* + q)* = 369* > 2¢%,

which is contradicted with the condition p? + 1 = 2¢2, no solution.

Case 2 When n:Zf _ln+122:18, and both Zf_lzamﬁ&’ anlTCHS)
A=+

primes, where I[j is a odd. By lemma 2.7, we have
are

Since 2:16 1_](nuj4) we have {Q(ﬂ) dn)

namely
2=+,
Simplified to ﬂn):ﬂm_])-l_z namely
(@ D)1= )(1—q)+2

1__
Then (q+]) q&  since both Y and q+1 are positive integers, and g 11m1:l8)
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So q+]24, then q:3/j:1’ n=a

Case 3 When n:ZqH J n+1:2q6+1, and both Z:IH—'_]'EZ(nmai anmIJS) are
al)=go5

primes, where £ is a odd. By lemma 2.7, we have
A =5¢+)—,
then
AA =)
simplified to ANTHAMD), o ely
Af-(—o) () +4=21.

Then (q+]) 'qﬁl :4’ since Yand q+1 both are positive integers, and anntS) )
) q+]24, then 09=3/=l n=6

PH_
Case 4 When n=p’*,n+1=p’*+1' and both pEamIB)’ 2 —3[’7'(118) are
al)=3¢0)

) =30+

primes. By lemma 2.7, we have

When ¢,(n) = ¢p,(n+ 1), we have
1 1
S anN)==q@N+l).
74N =240+
Simplified to

p-0-3=P%

then p:l Which contradicts pEafTIﬂS)

51
Case 5 When n:51—1n+1:5*' T_amIM) then

and is a prime,



F1_» F- 1
n:4- :22 . n)=>@n
4 4 . By lemma 2.7, we have Q( ) 4¢ ) an

A+ )=ged),

4
2: —5’
namely 4¢n) 4¢n+]) simplified to ﬂn)_ﬂn-i_])’l e, ( ])

H=2
Then _g, which is impossible.

Case 6 When n:Zkf’n+1:Akf+]’ and both LHB-F].,CIEKF"IM) are primes,
where /))Zl

a)=360)  a)=¢n4)
A= 0ArD.

Simplified to ﬂn):ﬂn_i_])’ namely

By lemma 2.7, we have namely

-9 0-D=4r

Then C1:_1‘Which contradicts the condition that anmIM) is a prime.

Sumup, both A0 g AOHD L Chdana equal if and only if '=4 or 5 or 6

or7.

4 Expectation

Euler function (Aﬂ) and generalized Euler function %(n) are two important
functions in number theory. which this article has studied is the odd solutions of generalized
Euler function equation %(n):%(nﬂ),where 62234. Similarly, we can use a
similar method to study the odd solutions of %(n):%(n—i_j)in combination with the
relevant conclusions of the literature [8]. In the future, we can study all the solutions of the

equations ¢, (n) = ¢p.(n +1) and ¢,.(n) = ¢.(n + k) for positive k further.
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