' Equal and odd values of Generalized Euler Functions

Abstract:  Euler function ﬂn) and generalized Euler function (/g(n) are two important
functions in number theory. Using the idea of classified discussion and determination of prime types, we
study the solutions of odd number of generalized Euler function equations (/g(n) Z(Q(I’H-]) and

obtain all the solutions satisfying the corresponding conditions, where 8223\4.
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1 Introduction

Euler function (p(n) is a relatively important in number theory, and it is also studied
by the majority of researchers. Euler function ¢(n) is defined as the number of positive

integers not greater than I and prime to I. If N>1, let canonical form of I be

N=pPEP%...0k. where [, [ [k aredifferent primes, §>1 (1<i<K), then
1y, 1 1
dnN=nl—=)1-=)-1—=).

Generalized Euler function @(ﬂ) is defined as

()=
@=L
where [[x] \is the greatest integer not greater than x. If €=1, the generalized Euler

function is just Euler function.

Cail*® studied the parity of ¢a(N) when €=2346, and gives the conditions that
both (") and (D) are odd numbers, Liang!®, Cao? studied the solutions to the
equations involving Euler function, Zhang!*>® investigated the solutions to two equations
involving Euler function ¢{N) and generalized Euler function (@(n), JiangMinvestigated
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the solutions of generalized Euler function @(ﬂ).

In {Unsolved Problems in Number Theory) [13], proposing whether there are

infinitely many pairs of consecutive integer pairs [l and Ml such that

ﬂn)zﬂn—i-])’? Dud McGranie found 1267 solutions to ¢{N)=¢{N+1) ’Whit \nSlOO,

and the largest of which is N=9985705 ¢{n)=¢{n+1) =2F7-11 we find the

following ’conclusions‘ on the ’basis‘ of the fact that the ‘documents‘ [1] and [8], both ¢g(n)

and (/g(n+]) are odd numbers, and then obtain the solutions of the equation

@(N)=q(n+D.

Theorem 1.1 Both @(ﬂ) and @(n+:|) are odd and equal if and only if N=Zor

Theorem 1.2 Both (3(N) and @(NH) are odd and equal if and only if N=3
or4or5or15.

Theorem 1.3 Both (;a(n) and (Q(I’H—:D are odd and equal if and only if N=4

or5or6or?7.

2 Lemmas |

Lemma 218 Except for N=23242, both g@(n) and @(I’H—]) are odd if and
only if n:2p6, where /21, p=3M004), both 20°+1 and P are primes.

Lemma 222 (1)=0, (D=1 when N>3 @(n):%(An) |

Lemma 234 Except for N=31524, both g@(n) and @(FH—:D are odd if and
only if

(1 n+1=?+](mZ]) is prime; or
2 n:E,qEE(md@, both ( and 23_1;1 are primes, where
n:24,q5'5(m]j6), or

(3 n=3-28—](ﬂ2:b is prime.
Lemma 244 1f n>3, n:331 Ll[:f,(p,:ﬁ):llﬁiﬁk, then
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%(ﬁ(n)JrM a=00r] p=2Amedd),1<i <k,

a)=7 |
g¢(n), athennise,

where glﬂ) is the number of prime factors of [l(counting repetitions) and a(n)is

the number of distinct prime factors of 1.

Lemma 254 For any positive integer IT)I1 , we have

oAm)=0 n)gn”zﬂn) ’

where ](mn) | represents the greatest common factor of Il and Il .
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Lemma 269 The value of 1N such that both (;a(n) and @(I’H—]) are odd are
listed in Table 1.

Table 1 The value of [1 such that both (Q(n) and (Q(n'f‘]) are odd

N n+1 conditions
4 5
7 8

57121 57122
P xf P=7(mooi8), g=(T008) are primes
-1 2 2P -1=40dd),q=J0dd) are primes, and [ is prime
2f A+ ZPH=/(md8),q=3Amd8) are primes, and [ is prime
P opA p=rec®) P =5 ar primes

5 5 %_—]-Ean‘m@is a prime
an 4}34_1 43'5+lq53nw4) are primes, /)'Zl
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Lemma 279 1f n>4, n:Zal Llpa,(p,Z):lalesiﬁk, then

2oty + 52T a0t p oo 1<i <k

a)=7 _
ng,wﬂwm

3 Proof of Theorems

3.1 Proof of Theorem 1.1
We have @(32(@(3)2@(4)21 by definition of the generalized Euler function
g@(n), and @(243255@(243:81 by Lemma 2.2.

By lemma 2.1, except for N=23242, both g/%(n) and @(n-i-]) are odd if and
only if n:ZpH, where 21 p=300d4), both 2p5+1 and P are primes. By
lemma 2.2, When n23¢§(n):21¢(n),and g@(n+])——%¢(n+b Then for the equation

(/,g(n) :gzg(n+]), ’we just need to solve the equation

An)=¢n+1). @)

Put n:2p5, n+1:2p5+1 in (1), since n+1:2p5+1 is prime, then
@N+1)=N. We just need to solve the equation

Adn=n,

bnd it has only a solution N=L, }but the solution is not satisfied with the form n:2p5 , SO
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there is no solution.
Hence both @(ﬂ) and @(n+]) are odd and equal if and only if N=2 or 3.

3.2 Proof of Theorem 1.2

By the definition of (@(ﬂ), We have
3Q=1a@=1aB=3al0=[3aA)=3aD=,
hence @(3) 2(@(4), @(]5 2@(16) Except N=31524 , we discuss the solutions in 3

cases by lemma 2.3.
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Casel1 When N=2", +1=2"+(m>]), }and n+H1=2" +](mZ])‘ is prime, by

lemma 2.4, we have
a0 %{ﬂ(n)%,}-
since TH1=Z"+] is prime and N+1=2M003), we have
@) =30) 3
if @(N=@M+D, then
A=A
Simplify it, we obtain 2 ++1=2"—lthus we have M=l N=4

Case2 When N=2,N=2+l, andboth |=5(mMo@), E%l are primes, by

lemma 2.4, we have
AN =3¢

Since gg—il is prime, =5(MO®) and AY) =6, we have

2+1=2+1=33mo8),
thus 24';-1 51152(m0® n+1:3><§311 , then by lemma 2.4, we obtain

a(+) ___Tga(m]) +%.
If (@,(n):@(m]), then AN=AMI+2, namely
24-(1—%) :2><(E§1—1)+2,

simplified to 2 =—4, we have no solutions in this case.

Case 3 When N=32°-1, n+1=3-2, and n:32ﬂ—](,82]) is prime, by

lemma 2.4, we have
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AN =),
meanwhile,
@a(n+) Z%gﬂ(m]) +—f(_])1 T =%<An+1) +(L]); .

If f=XK>0

Yodead
simplified to  ({N)=AM*1). since N=32°—1($>]) is prime, then

32ﬂ—2:32ﬂ.(1—%)-(1—%),

We get [$=0, this is contradicted with the condition S2L1f [f=XK+LK=0,

A —=5eD5,
simplified to  {N)=AMI)+2, then

3%—2:3%-(1—%)-(1—%)+2,
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5or 15.
3.3 Proof of Theorem 1.3
By lemma 2.7, we have @(4) =l gq@ =1, %(7) =l (4(8) =land
(G20 =14221, ¢3(57122) =63,

hence @(4) 2@(3, @(7) ZQ(a Then we discuss the solutions in 6 cases by lemma
2.6.

Case 1 WhenN= pz,n+1:23]2, and both P=/(Mod8), g=AN0dY) are primes. By
lemma 2.7, we have ¢3(N) :211¢(n)+% since Q=1(M0d4), then @(N+) %ﬂn-l—]),
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namely
JA =5+
Simplified to  ¢{1)+Z=¢AIM1), namely
7 -(1—%)+2:2q2 - (1—%) - (1—%]).
Then O-(0-1)—p-(p—D=2Z by p2 —I—lEZ:|2, we have p:q2 +(+L Then
P =(f +or+ly >(cf +aP >36f >,

which is contradicted with the condition p2+152:]2, no solution.

Case 2 When N=2F-1n+1=2, and both 2'.]5—155(“111&, g=3nmodd)
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are primes, where [ is a‘ odd. By lemma 2.7, we have ga(n+]):%rg4n+])+%.

Since mg—lEJ(IT(I:M) » we have (;a(n) %dﬂ), namely
2=,
Simplified to  {N=ANMIH2 namely
N
@ 9-1-2p- -3 -+

Then (Q+D-0P*=4 since both g and O+l are positive integers , and

q=3mdd), so Q+1>4, then =3 /4=l n=5}

B=1 not general case
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Simplified to (/,(I )I+4—(ﬂ| H‘]), namely
Zq/}, ]_l . ]_l 4 Zqﬁ

Then (q+])'q&1=4, since (] and O+l both are positive integers , and
g=3nodd), so g+1>4, ’then g=3 /=1 n:6\

Case 4 When N=[F,N+1=[%H, and both p=5{N00Y), EzilES(mIB) are
primes. By lemma 2.7, we have () —_}ﬁﬂ(n) and
aAl) =40+
When @(M)=@(D, we have
JA) =304
Simplified to
p-a-3=2
then P=L Which contradicts P=5M008).
ase 5 When N=5'~11=5", and T, 1=3100) is a prime, then
n=47 225 5y temma 27, we have A0 =3641) and

) =30+
namely %ﬂn) :%dnﬁ-]), simplified to  N)=¢{N+D),i.e., 2- (% =5 fl- )

Then 5’2—5, which is impossible.
—3 p

Case 6 When n:4q", n+1:4q3+1, and both 4:{6-}—1(:]55(@4) are primes,
where [>1.

By lemma 2.7, we have gq(n) :%(p(n) and (Q(I’H-:D =%_¢(n+]), namely

8
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1 51
240 =740+).
Simplified to  {N)=AN+D), namely

&f-(0) () =4

Then (=—LWhich contradicts the condition that (=3[T004) isa prime. [ Comment [H23]: delete
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4 Expectation

Euler function ¢N) and generalized Euler function (zg(n) are two important
functions in number theory. which this article has studied is the odd solutions of generalized
Euler function equation @(N)=@(N+1), where €=234. Similarly, we can use a
similar method to study the odd solutions of ng(n)Z(/g(n-l-])in combination with the

relevant conclusions of the literature [8]. In the future, we can study all the solutions of the
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equations @(N=@(N+]) and @()=@(N+K) for positive ’k‘rfurther.
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