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Characterization of Compact Operators

Abstract

The concept of a compact operator on a Hilbert space, H is an extension of the
concept of a matrix acting on a finite dimensional vector space. In Hilbert space,
compact operators are precisely the closure of finite rank operators in the topology
induced by the operator norm. In this paper we provide an elementary exposition
of compact linear operators in pre-Hilbert and Hilbert spaces. However, whenever
advantageous, we may prove a few results in the general context of normed linear
spaces. It is well known that strong convergence implies weak convergence but
weak convergence does not imply strong convergence. We also show that an
operator T' € B(H) is compact if and only if 7" maps every weakly convergent
sequence in H to a strongly convergent sequence.
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1 Introduction

The notion of a compact or a completely continuous linear operator was motivated by the study of
integral equations and its systematic theory emerged from the discussions of linear integral equations
of the form

(T — MX)z(s) = y(s) where z(s) = / K(s,t)z(t)dt (1)

where )\ € K is a parameter which takes nonzero values and the kernel K and y are given functions
subject to certain conditions [9]. It was discovered by D.Hilbert in 1912 that certain essential results
about the solvability of (1) (”Fredholm’s theory”) do not depend upon the existence of the integral
representation of 7' in (1) but only on the assumption that T is a compact linear operator [2]. In
1918, F. Riesz put Fredholm’s theory in an abstract form. The theory of compact linear operators
served as a model for earlier work in Functional analysis [5]. The property of such operators closely
resemble those of linear operators in finite-dimensional normed linear spaces [11]. In this paper we
provide an elementary exposition of compact linear operators in Pre-Hilbert and Hilbert spaces.
However, whenever advantageous, we may prove a few results in the general context of normed
linear spaces. Most definitions in this paper can be found in [1], [4], [6], [9], [10], and [12].




UNDER PEER REVI EW

2 Definitions and Consequences

Definition 1. Let (X, 7) be a topological space. A subset A of X is said to be relatively compact
if its closure A is compact.

Definition 2. Let (X,7) be a topological space and A be a subset of X. We say that A is
sequentially compact if every sequence (z,) of elements of A has a convergent subsequence with
limit in A.

Definition 3. Let (X, 7) be a topological space. A subset A of X is said to satisfy the Bolzano-
Weierstrasss property (or equivalently, is said to be countably compact) if every infinite subset
of A has a limit point in A.

In Metric spaces the following characteristics are equivalent for any subset A of a metric space
(X, p)
(i) A is compact
(ii

) A is sequentially compact
iii is countably compac
iii) Ai tabl t

)

(iv) A is precompact and complete ( i.e. the metric subspace (X, pa) is complete.

Definition 4. Let (X, p) be a metric space. Let £ > 0 be given. A Set E is called an £ — net with
respect to X if for every z € X, there is a y € F such that p(z,y) <e. (If A C X, we can have an
e-net defined with respect to A to be any set £ C X such that for each x € A there is a y € F such
that p(z,y) <e)

Definition 5. Let (X, p) be a metric space. A Subset A of X is said to be precompact (or totally
bounded) if for every £ > 0, A has a finite £ — net

Lemma 1. A is pre-compact implies A is bounded but the converse is not true [3].

Proposition 1. Let (X, p) be a metric space. A subset A of X is relatively compact if and only if
every sequence () of points of A has a convergent subsequence. (Note that it is not asserted that
the limit of the convergent subsequence is in A).

Proof. Let A be relatively compact, i.e. A is compact. Hence A is sequentially compact (equivalent
to compactness in metric space). Let (z,) be any sequence of points of A. Since A C A, so ()
is also a sequence of points of A. Since A is sequentially compact, (z,) has a subsequence (Tny)
converging to a limit in A (so this limit need not be in A ).

Conversely, let A have the property that every sequence of elements of A has a convergent subsequence.
We must show that A is relatively compact i.e. A is compact, i.e. A is sequentially compact (which
is equivalent to compactness in metric spaces).

Let (x,) be any sequence of points of A. Since A is dense in A, for each (x,), we can find a y, € A
such that p(zn,yn) < % for all n € N. Since (y») is a sequence of points of A, it follows from
the hypothesis, there is a subsequence (yn,) of (yn) such that (y.,) converges to say y. Clearly,
P (Tng, Yny) < i

Now

1
P (@n,y) < p(Tny, Yny) + 0 (Ung, y) < e + 0 (YY)
as k — oo, 7117 — 0 and yn, -4 y which implies T, L5y

This limit y € X. Clearly, y € A, since A s closed. Thus every sequence of points of A has a
subsequence converging to a limit in A. Therefore, A is sequentially compact, i.e. compact. O
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Definition 6. Let X, Y be normed linear spaces over K(= R or C ). A linear transformation
T : X — Y is said to be compact (equivalently completely continous) if for every bounded
subset M of X, T(M) is relatively compact, i.e. T'(M) is compact.

Proposition 2. Let X,Y be normed linear spaces over K. A linear transformation T : X — Y
is compact if and only if for every bounded sequence (x,) of elements of X there is a subsequence
(zn,) such that (Txn,) converges (with limit in'Y ).

Proof. Let T be compact. Let (z,) be any bounded sequence of elements of X. Let E =
{Tz, :n €N}. Since T is compact, E is compact. {Indeed, since (x,) is bounded, the set
{zn : n € N} is bounded so by compactness of T, the set T ({z,:n € N) is compact i.e. FE is
compact }. Hence F is sequentially compact. (Tz,) is a sequence of elements of E and FE is
sequentially compact. Hence, there is a subsequence (T'X,,, ) of (T'X,,) such that (T'z,, ) converges
to some limit in Y.

Conversely, let for each bounded sequence (X,) of elements of (z,) there be a subsequence (2, )
such that (T'z,, ) converges.

Let M be any bounded subset of X. We must show that T'(M) is compact. Let (z,) be any
sequence of elements from M, since M is bounded, so (z,) is bounded. By hypothesis, there exists
a subsequence (xn, ) such that (T'z,, ) converges to a limit in Y. Since Txy, € T(M) and Tx,, is
convergent this limit belongs to T'(M) (and need not be in T(M)).

Thus we have shown: For any bounded set M of X, any sequence (z) of elements from M has
a subsequence (zn, ) such that (T'z,,) converges. Thus any sequence (yn) of elements from T'(M)

has a convergent subsequence. Thus T'(M) is relatively compact( by proposition 1) i.e. T(M) is
compact. Thus for every bounded subset M of X, T (M) is compact i.e. T is compact. O

Proposition 3. Let X, Y be normed linear spaces and T : X — 'Y be compact. Then T € B(X,Y)
Proof. Let M be any bounded subset of X. Since T is compact, so T' (M) is compact. Compactness
implies boundedness (in metric spaces). So T'(M) is bounded (in Y) and hence T (M) is bounded.
We have proved: For every bounded subset M of X, T'(M) is also bounded i.e. T is bounded. [

Corollary 1. Let X,Y be normed linear spaces and 7" : X — Y be a linear operator. Let N =
N(0;1) € X. Then T is compact if and only if T(N) is compact.

Proof. Let T be compact. Since N is a bounded subset of X and 7" is compact, so T'(N) is compact.
Conversely, let T'(N) be compact. To show that T is compact; Let M be any bounded subset of X.
Then there exists a real k > 0 such that [|z|| < k Vz € M. Hence || tz| = #|/z]| < 1ie. fz € N.

We define
1 1
—M =4 -x: M
A {ka: T € }
Therefore,
1
—MCN
2 C
Thus,
(im) = Lron c v
k K
and

T(M) C kT(N) = KkT(N)( Trivial steps )

Since T'(N) is compact. So kT (N) is also compact. So T'(M) is a closed subset of a compact set
kT(N) and hence T'(M) is compact. O
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The last result is seen thus:
Let F be compact E be closed and £ C F. F' is compact implies F' is bounded.
Let {Go : @ € A} be an open cover for E. Since E is closed, E°(= X — E) is open. Adjoin E° to
{Ga : @ € A} and we get an open cover for X and hence an open cover for F for (F' C X).

But F is compact and hence there is a finite subcover (from this cover {E°,Go = a € A} for F).
This finite subcover for F' is also a finite subcover for E. If this finite subcover contains E°, delete
E° from it and thus we get a finite subcover from {G. : « € A} for E. Thus every open cover for
E has a finite subcover. Hence F is compact.

Lemma 2. {Riesz Lemma}
Let X be a normed linear space and M be a proper closed linear subspace of X. Let 0 < a < 1.
Then there exists an xq € X such that ||xq|| = 1 and dist (xe, M) > a. (clearly xo ¢ M ).

Proof. Since M is a proper subspace of X, there exists 1 € X — M. Clearly, 1 # 0. Since M is
closed, so

d = dist (x1,M) >0
{Note: dist(z1,M) = inf|lz1 —yll y € M }. Let 0 < a > 1, a given so ¢ > d. There exists an
element wo € M such that ||z1 — zo|| < £ (Assume the contrary, then it would imply ||z1 — y|| > £
Vy € M in which case dist (z1,M) > £ > d, a contradiction!)
Also 1 — o # 0. So [lz1 — zo [# 0. Put 2o = 72220 s0 ||2a|| = 1. Also za ¢ M ( Note
To € M = since zg € M so x4 + mxo c M = m € M = z1 € M a contradiction!.
Thus z, € M. Therefore,

. . . 1 — To
dist (xq M) = inf ||z, — = inf || ———— —
(za, M) yEMH yll yEMHHacl—on yll
1 _ 1
= ———— infllz1 —zo— || z1®z0|ly|| = T———infllzr — {zo + [[21 — o[y} ||
21 — zol| |lz1 — @ol|
1
= —Fd> —d =a
[z1 — ol = d/a
Thus dist (zq, M) > a. O

There are bounded operators which are not compact.

Proposition 4. Let X be a normed linear space of infinite Hamel dimension. The identity operator
I: X — X is not Compact.

Proof. Let X be a normed linear space of infinite Hamel dimension. Pick any countable subset
{zn : n € N} from an infinite Hamel basis (without loss of generality, we may assume that ||z,| = 1).
Let

M, = [{z1,...zn}] for alln € N

Since each M,, is finite- dimensional, M, is closed for all n € N. Since {z1,xz2, -} is linearly
independent it follows that

M1CM2C...CMnCMn+1C...

(strict containment). Since M is strictly contained in My, by Riesz’s lemma there exists a y2 € M
such that ||yz|| = 1, and dist (y2, M1) > £+ Take y1 =z1 € M1 , so

1
lly2 — yall > 3 (2)

Since My is a proper closed subspace of M3, by Riesz’s lemma there exists a y3 € M3 such that
llys|| = 1 and dist (ys, M2) > 1. Since y1,y2 € Ma, so

1 1
llyr — ysl| > 3 lly2 — ysll > 3 (3)
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Continuing in this manner, we have y; € M;, ¢ = 1,...n such that ||y;]| = 1 and ||y; — y;|| >

1 Vi#ji=1,...n74=1...n{MsC Ms properly therefore there exists ys € My such that

llyall =1 and dist (ya, Ms) > & but y1,y2 € M3 therefore

lys = w1ll > = llys — vl > = llys — wal > =
Ys — Y1 2 Ya — Y2 B Ya — Y3 5

In the next stage since My4+1 C M, properly we would get ynt1 € Mp41 such that ||yn41] = 1.
Yn+1 —y1]| > % foralli=1,...,n
and thus

1
Hyi_yjH>§ foralli#£j i=1,---n+1,j=1,---n+1
and the induction is complete.

We thus get a sequence (yn),., of unit vectors in X such that

1 .
lyi —wsll > 5 Vi#j
Since I is the identity operator,
Ix =2 VrelX

So

Now M = {y1,Y2,..-,Yn ...} is a bounded subset of X and I(M) (image of M under the linear
operator 1) is also M. The distance between any two distinct points in

1 1
1(M)is greater than - (um — Iyl = s — sl > 5¥i# j) .

Hence any sequence of distinct elements of I(M) cannot therefore have a convergent subsequence.
Hence (by proposition 1) I(M) is not relatively compact i.e. I(M) is not compact. Therefore, I is
not compact ( when Hamel dimension of X is infinite). O

Remark 1. In the Hilbert space situation, the proof is simpler. Let H be a Hilbert space of infinite
orthogonal dimension. Let {e, : n € N} be a subset of an orthonormal basis of H. Clearly if

i#j e —eill? = (ei —ej, e —e;)
= lleill* + [le; || since (ei,e5) =0 Vi j=1+1=2

Hence |le; — ej]| = v/2, whenever i # j. Let M = {e,:n € N}. Clearly M is bounded and as
before I(M) = M is not relatively compact.

Definition 7. Let X and Y be normed linear spaces over K. The set of all compact operators on
X into Y is represented by the symbol B (X,Y) or (K(X,Y)). Obviously B (X,Y) C B(X,Y)
(proper). If X =Y, we use the symbol Bo(X) or K(X). Moreover

Proposition 5. Let X and Y be normed linear spaces over K. Then K (X,Y) is a linear space
over K.

Proof. Suppose S,T € K(X,Y), i.e. are compact, we shall show that S + T is compact. Let (z,)
be any bounded sequence of elements from X. Since S is compact, by proposition 2 there is a
subsequence (zn, ) of (x,) such that (Sz,,) converges to some element in Y say

Sxn, sy (4)

oo
k=1
converges in Y. Since SX,, —=y (by (4)) and (:cnkr) is a subsequence of

Since () is bounded 0 is (%, ). Since T is compact (&, ), will have a subsequence (zy, )
such that (Tacnkr):ozl
(%n,,). So SXpn, —>y
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(If a sequence is convergent, then every subsequence of the sequence is also convergent and the limit
to which the subsequence converges is the same as the limit of the sequence). Thus Txn,, Soa
limit in Y. ankr i a limit in Y.
Consequently,

(8 + T)an,, — a limit in Y
and (xnkr) is a subsequence of a bounded sequence (z,). Therefore, S + T is compact.
The proof that if A € K and T is compact, then AT is compact is similar. Indeed, if (z,) is any
bounded sequence in X, then, since T' is compact, there is a subsequence (zn, ) of (x,) such that
Txn, = some limit yeyY.
Then (Az,) is also bounded and

(AT) (#n,,) =T (ATn,) = AT (Tn,) > MY €Y
so AT is also compact. Thus K(X,Y) is a linear space over K. O

Proposition 6. Let X be a normed linear space over K and S € B(X) and T € K(X). Then ST,
TS are also compact i.e. ST, TS € K(X). (of course S,T € K(X) = ST,TS € K(X)).

Proof. Consider ST. Let (z,) be any bounded sequence of elements of X. Since T is compact,
there is a subsequence (zn, ) of (z,) such that (Tz,,) converges in X. Since S is bounded, it is
continuous and hence STz, = S (Tx,,) also converges.

Thus every bounded sequence (z,) has a subsequence (zn,) such that (STz,k) converges in X.
This shows that ST is compact.

Consider T'S. If (z,) is a bounded sequence of elements of X, then so is (Sxz,) for S is bounded
there exists M > 0 such that ||z,| < M Vn € N. Therefore, ||Sz.|| < [|S||||zn] < M||S|| ¥n € N.
Since T is compact, there is a subsequence (xn, ) of (z») such that (T'Szy, ) converges in X which
shows that T'S is compact. O

Remark 2. Thus the linear space K(X) is a two-sided ideal in the algebra B(X) of all bounded
operators.

Example 3. Let X be a normed linear space and T, ..., T, be compact linear operators on X; I
is the identity operator on X. Define T on X by I —T =1 —-T1)(I —T2)...(I —Ty). Show that
T s compact.

Solution

T=I-(1-T)

=I—(I-T)(I-To)...(I-Ty).

=I—[[— (T + )+ T (I -Ts)...(I—-T,).
=I—[[—(Th+To+T5) + (TiTo + Ty Ts + ToTs) — ThToTs) (I — Ta) ... (I — Ty)

=I— I—(ZTi)-i-( > TiTj>ea S LT |+ + (-1)"Th... T,
=1

i,j=1,---n i<j>k

n
i=1 ij=1,n i<j>k

Since T; € K(X) fori =1,---n and K(X) is a linear space, so > .., T; € K(X) By the proposition
6, (K(X) is an ideal in B(X) ) it follows that all the rest of the terms in the right hand side of
(5) represents compact operator and once again, using the fact that K(z) is a linear space the
expression on the right side of (5) represent a compact operator. Thus T' € K(X).

Proposition 7. Let X be a normed linear space of infinite Hamel dimensional and T € B(X). If
T is invertible then T cannot be compact.
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Proof. Since T is invertible, ™! exists in B(X) and T~'T = I. If T were compact, then since
T~! € B(X), so by proposition 6, T~'T must be compact, i.e. I must be compact, which cannot
be so since X is of infinite Hamel dimension. Hence T' cannot be compact. O

Remark 3. i) Every linear subspace of finite Hamel dimension in a normed linear space is closed

ii) Every bounded sequence in a normed linear space of finite dimension has a subsequence
which converges to a limit in the normed linear space.

Proposition 8. Let X be a normed linear space over K. Then X is of finite dimension if and only
if every closed and bounded subset of X is compact.

Proof. Let X be of finite dimension. If M is a finite set, then clearly every M is closed (finite
subsets of metric spaces are always closed). Also it is clear that every open cover for M has a finite
subcover.

Suppose M is infinite. Let (z») be any sequence of points of M. Since M is bounded so is (zn)-
By Remark 3(ii), (z») has a subsequence (zn,) converging to a limit say « € X. Clearly, x € M
(for (zn, € M for alln € N). But M is closed. So z € M.

Thus every sequence (z,) of points of M has a subsequence which converges to a limit in M. Thus
M is sequentially compact implies M is compact. Thus if X is of finite dimension, M is closed and
bounded implies M is compact.

Conversely, let every closed and bounded subset of a normed linear space X be compact. We
must show that X is of finite Hamel dimension. Hence the unit sphere S(z) = {z € X :
lzll = 1} must be compact (it is closed, bounded). Clearly, if we represent by N (z;3) the set
{ye X :|ly—=| <3 :|z| =1}. Then the family {N (z;1) : x € S(x)} is an open cover for S(X).
By compactness of S(X), there exists a finite subset {z1,...,2,} C S(X) such that

U.w (m %) > S(X)

Let M = [{x1, -+ ,xn}]. Either M = X or M is a proper linear subspace of X. Suppose the later,
that is, M is a proper linear subspace of X. Clearly, M is of finite dimension and hence M is closed.
Thus M is a proper closed linear subspace of the normed linear space X. Hence, by Riesz lemma,
we can find a y € X such that ||y = 1 and dist (y, M) > 2. Since [ly|| =1, so y € S(X). Hence

ly — il > R
3
since M = [(1, - ,%n)] ie. y ¢ N(zs,3) Vi =1,2,---,nand y € S(X). This gives a
contradiction!! since y is not covered by the finite subcover {N (xi; %) i=1,... ,n}.
Hence the supposition that M is a proper linear subspace of X is incorrect and hence unacceptable.
Therefore,
M=Xie X =[{z1,...,2,}] i.e. X is of finite dimension. O

Corollary 2. Let X be a normed linear space. Then X is of finite dimension if and only if S(X) =
{zeX:|z||=1or N(z) ={z € X : ||z|| <1} is compact.

Proposition 9. Let X,Y be normed linear space over K and T : X — 'Y be a linear operator.
(i) If T € B(X,Y) and dim Rt < +oo (i.e. T is of finite rank) then T is compact.
(i) If X is of finite Hamel dimension, then T is compact.

Proof. (i) Let M be any bounded subset of X. We must show that 7'(M) is compact. Since T is

bounded, and M is a bounded subset, so T (M) ) is bounded. Hence T(M) is bounded. Since T is
linear, R is a linear subspace of H. Since dim Ry < 400, so Rr is closed and T(M) C Rr. So

T(M) C Ry = Rr.
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We thus see that T'(M) ) is a closed bounded subset of a finite dimensional normed linear space
Rr. So T(M) is compact (by proposition 8). Hence T is compact.

(ii) If dimX < oco. Then dim7(X) = dimRr < oo. Since T is a linear operator on a finite
dimensional normed linear space, so T' is bounded. Hence by (i) T is compact. O

Proposition 10. Let X be a normed linear space and'Y be a Banach space and (Ty,) be a sequence
of compact operators on X into Y such that T, — T uniformly in B(X,Y), i.e. |Tn —T| — 0 as
n — oo (in the norm of B(X,Y). Then T is compact.

Proof. Since T is compact, if (z,) is any bounded sequence of elements of X, say |z.| < ¢V

n € N, then there exists a subsequence (xﬁf) of (z5) such that (71 (a:g)) converges strongly in Y.
Since T> is compact , there exists a subsequence (xg«?)) of (xﬁ,l)) such that (Tz(:}:f))) converges
strongly in Y. Continuing in this manner we get subsequences :cg) of (zn) such that for any

rseN r<s, (mg)) is a subsequence of (miﬁ). We can list these subsequences as below in

order
@) c@EP)yc@P)c - c@)c...

General picture:

)
1
2D o oD P

N R O I

RN RN

Consider the sequence consisting of the principal diagonal in the above array, i.e. the sequence
(mﬁl")) . This sequence is bounded since (z,) is bounded. Since T, — T uniformly, for each

n=1

e > 0 we can find an n. € N such that
T — T < = V¥n>ne.
3c

It is clear that each one of the T),’s converges strongly on the diagonal subsequence (:&”). In

particular, T'n. converges strongly on (rg)) i.e. there exists ng € N such that

T, ,xff) - T, xﬁ”

€
’< g,VnsZno

Now if r, 8 > ng

HTxgs) — T,

< HngS) — T 2’

|| Tneal Tl

+ HT" 27— 7

<7 = T | a4

€ T
+ 2T = T

<£c+5+£c*€
3¢ 3 3¢

Thus (T(Jrgl"))) is strongly Cauchy in Y and Y is a Banach space. Hence (T(x%"))) converges in
Y. Thus for each bounded sequence (z,) of elements of X, there is a subsequence (xn(")) such
that (Txﬁ”)) converges in Y. i.e. T is compact. O

Corollary 3. If X is a Banach space and (7},) is a sequence of compact linear operators in X such
that 7;, — T uniformly, then T is compact
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Remark 4. The result would not be valid if we replace uniform convergence by strong convergence
i.e. T, compact, T, —— T does not imply T is compact.

Counter Example:
Let H = ¢*(N) and for each n € N and = = (21,22, ...) € £*(N) define T, by
Thx = (1,22, ,Zn,0,0,...)

ie. z; =0 Vi>n. Each T5, has RT,, of finite dimension n. Also, for all z = (x,) € ZQ(N).

n oo
ITznll* =3 llail® < Nl = [l
=1 i=1

So each T, is bounded (||T,|| < 1). Therefore, each T, is compact by proposition 9(i). Also, for
each z = (z,,) € £*(N), we have

HT”II - I.ZEH = ” (1‘171‘2, < T, 0,0, .. ) - (1‘1932,. « Ty 41,y " ) ||

= ” (0303 .- -nyn+1;xn+2’ o ) H

[e%}

= Z |z:|*> = 0 as n — oo
i=n+1

for each 3 % |zi|* is the "tail” of the convergent series 3 °°, |x;|* - Thus 7, > I. But since
£2(N) is infinite-dimensional, the identity operator I is not compact. Thus the strong limit of (T},)
is not compact.

Example 4. Consider H = ¢*(N) and let T : H — H be defined by Te,, = Len Vn €N, given that
(en) is a complete orthonormal set in H. The matriz of T is the diagonal matriz

1 0

=
Wl
—~
(=2
=

NS

(1,

Solution

,1,-++ arein Po(T)). Show that T is compact.

N[ =
Wl

)

If £ = (zn)22, € £°, then

X2 T3 T4
T :( 7777777"')
Tty
{For
Tx=T n€n = nT n — n—n: on n =
f(m T2 I3 )
- 1, 23 33
o0 oo 1
Note§|mi|2 < +o0 = 2;“%\2 < 0.
(1‘17E7"') GKQ(N)}
2
Define for each n € N; operators T, by Tnz = (xl, 2., %ﬂ0,0,), for 2 = (zx) € £*(N). Each

T, € B (42 (N)) and has finite dimensional range. Therefore, each T;, is compact.
Now || T — T|| = sup {||(Tn — T) z| : € £*(N) and ||z|| =1} and

To T xTo x T 1
= {sup{H(ml,3,...7%70,0,...) — (l’h?,..., 7:7”7:1)}
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Tn+1 Tn+2
= : =1
sup { [ (0.0,0++ Zmr Zeer ) o =1

:sup{ Z i—2|m|2

i=n+1
2 2 2
, where >0 |z:|* =1} < sup {ﬁ ot il 20 |l = 1}

1 . 1
< — |CL‘Z‘ = -
DCESIE ; (n+1)?

If we let n — 400, we get, ||T, —T|| — 0. ie. T, — T uniformly. Each T}, is compact.
Therefore, T is compact (by proposition 10).

Proposition 11. Let X be a Banach space and Dr be a linear subspace of X. Suppose T'= Dr — X
is compact. Then its closure T is compact. (If T is closable and compact, then its closure T is
compact).

Proof. We can extend T by continuity to all of Dr (If x € D7, () is any sequence of points of D

and such that z,, = x, then we define the extension T of T by T, = strong limit Tx,. Moreover,
IT|| = ||T||. So DF = Dr. Moreover, T is closed). Let () be any bounded sequence in Dr = Dr.
Hence for each n € N, we can find a y, € Dr such that ||y, — zn|| < % Clearly, (y») is bounded;
since (zy) is bounded. Indeed,

[ynll = [1(yn = zn) + 2l

< lyn = @all + llzn]|
1

< ol
n

Therefore (y,) is bounded. Since T' is compact, and (y,) is a bounded sequence in Dy so there
exists a subsequence (yn, ) of (yn) such that (T'yn, ) converges strongly in X to y, say.
Consider the corresponding subsequence (z,x) of (o). Then

Txnk —y= T:cnk - Tynk +Tynk -y
Therefore HT.CL‘»,% — y” <NEN@ny = yng |l + | Tyne — y”

1
< TN — + 1 Tyx — vl
Nk .
Therefore Tx,, R N y

This shows that for any bounded sequence {z,} there is a subsequence {wn,} such that {Tzy, }
converges strongly in X. So 7' is compact. O

Definition 8. Let X and Y be normed linear spaces and 7' : X — Y a linear operator. We say
that T is of finite rank m (where m € N) if the Hamel-dimension of the range Rz of T is m.

Proposition 12. Let H and K be Hilbert spaces and T : H — K be a bounded linear operator. T
is of finite rank m if and only if there exists linearly independent subsets {x1,22,...,Zm} C H and
{y1,92,---,Ym} C K such that

m

Tz = Z<.’,Uj7l‘j>yj VaxeH.
j=1
Then Ty =377 (y5,y5) @ and [T < 3270, @]l [lyill, T is of rank m if and only if T is of rank
m. We can without loss of generality, take {x1,x2, - ,Tm} or {y1,Y2,...ym} to be an orthonormal
system.
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Proof. Take {y1,...,ym} to be an orthonormal system in Ry. Then for any € H, we have

j=1
Z (2, T"y5) ys
j=1
Put T"y; = z; foreach j =1,...,m so
=3t
j=1
We need to show that {z1,..., 2z} is linearly independent. Assume the contrary then without loss
of generality, we may suppose that x; is a linear combination of z2, ...,z say x2 = Z;nzg ajx; for

scalars a; € C, therefore

Z (x, z;) (z,z1) Y1

j=2

(z, ;) < Za]x]>y1
(z,z;) (Zaj T, T )

I
Ms

2

.
[|

I
Ms

<.
Il
N

I
<M3

|
)

(z,25) (y; + ajy1)

j
= linear combination of (m — 1) vectors {yz + G2y1,ys + a3y2, ..., Ym + Gmy2}
which implies dim R is at most (m — 1), a contradiction since

RT:m

Hence {z1,...,Zm} cannot be linearly dependent. Therefore, {x2,..., 2z} is linearly independent.
It is clear that
Rr € [{yr, - ym}]

Since {x1,...Zn] is linearly independent;
z1#0and z1 ¢ [{2,...,Zm}]
so x1 € [{z2,..., xm}]J‘
Hence we can find an 21 € H such that 21 1 x1 and 21 L z2,...,Zm.

This can be done in general, that is for any k& € {1,2,...,m} we can find a 2, € H such that
(zk,zk) # 0 and (z,x;) =0 V j # k. Putting x = 25, we get

n

Jj=1

which implies that y, € Rr and this is true for k =1,2,...,m. Thus Ry = [{y1,..-,ym}]-

Also from .
w= (z,7;)y
=1
we get

IT= < E z,25)lys |l < ell Y lls s
j=1 j=1
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which shows that

m

1T < D Ml s
j=1

Forally e K

Ty, x) = (y, Tx) = < i (25 >y, > i<{w fffy}> Y, Y;)

Jj=1

(v, y5) (5, @ <Z (W, y5) Tj, @ >
Jj=1 =1

As this is true for all x € H, we get
Z (Y, y5)
=1

and rank T = m.
Conversely, if rank 7" = m, we may assume that zs are orthonormal and show that 7" is of rank
m i.e. T is of rank m. O

Proposition 13. Let (X, p) be a metric space. If a subset A of X is totally bounded, then A is
separable.

Proof. Since A is totally bounded, for each € > 0, there exists a finite ¢ — net N. for A. (i.e. for
each # € A there existsy € N. such that ||z — y|| < e. Let ¢ = £ where k € N and let k run
through N. Let N = [J,y N%. Clearly, N is at most countable and dense in A. For if z € A,

and € > 0 choose a k € N such that 1+ < e. Then there exists y € Ny such that ly—z|| < £ <e.
So N(zx;e€) has a point y € N% C N. Thus N is an atmost countable set which is dense in A. Thus
A is separable. O

We have seen earlier in proposition 1 that:
Let (X, p) be a metric space and A C X. Then A is relatively compact (i.e. A is compact) if and
only if every sequence (z,) of points of A has a convergent subsequence (It’s limit need not be in
A ). We now show:

Proposition 14. Let (X, p) be a metric space and A a subset of X which is relatively compact.
Then A is totally bounded.

Proof. Assume the contrary i.e. suppose A was not totally bounded. Then there exists an € > 0

for which A does not have a finite € in X. In particular, A does not have a finite e-net in A.
(i.e. consisting of points of A). Choose z1 € A. Then there exists a points x2 € A such that

p (z1,22) > ¢ for if no such point x existed in A then p(z,y) < € Vy € A which means that {z:1} is
n (finite) € — net for A, a contradiction!

There exists a point z3 € A such that p(z3,z1) > € and p(x3,22) > ¢, for if no such point =3
existed, it would mean that {z1,z2} is a finite € — net for A in (A), a contradiction!

Proceeding in this manner, we get a sequence (z,) of distinct points of A such that p (x;,z;) > €
for all ¢ # j. This sequence (x,) of points of A clearly has no convergent subsequence. Hence A
cannot be relatively compact. Thus A is not totally bounded implies A not relatively compact. A
is relatively compact implies A is totally bounded. O

Proposition 15. Let (X, p) be a metric space and A be relatively compact. Then A is separable.

Proof. A is relatively compact implies A is totally bounded which implies A is separable. O
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Proposition 16. Let X and Y be normed linear spaces and T : X — Y be compact. Then the
range Rr of T is separable.

Proof. Denote an open neighborhood of 0 of radius n by N(0;n). Then

T = U N (0;n)

neN

Clearly, z 2 U,,cy N(0;n). On the other hand, if z € X, then ||z is a non-negative real. Hence
Ino € N such that ||z]| < no i.e.

x € N (0;n0) C U N(0;n) ie. X C U (0,n).
neN neN

Now Rpr =T(z) =T (UngN N(0; n)) = UneN T(N(0;n)

(Note:The last step would not be true if we had an intersection of a family of set.) Since each
N(0 : n) is bounded and T is compact, so T(N(0;n)) is relatively compact and hence separable.
Thus Rr being a countable union of separable sets is separable.

O

3 Compact Operators in Hilbert Spaces

We now investigate the action of a bounded linear operator on weakly convergent sequence. We
shall work with Hilbert spaces as our main interest lies in these spaces.

Proposition 17. Let H be a Hilbert space and T € B(H). Let (x,) be a sequence of points of H
such that T, — x. Then Tz, — Tz

Proof. Since T € B(H), T* € B(H). Also z, = x implies limn—co (Tn, T*y) = (x,T*y) Vyc
H.ie. limy—oo (Txn,y) = (Tz,y) Yy € H, which implies Tz, — Tz O

Remark 5. The result goes through if T" € B(H, K)( then T* € B(K, H)). We also know that strong
convergence implies weak convergence but weak convergence does not imply strong convergence.

Example 5. Consider (*(N) and take (e,) to be the orthonormal basis.
en =(0,0,...,0,1,...)(n € N)

Now |len —em||> =2 VYV n # m. So p(en,em) = V2 Y m # n. So (e,) cannot be strongly
convergent. For every x € £* we have
=3, cn (T en)en and [|lz]* = 3200 | (a, en)|? (Parseval’s equality)

So 3 [z, en)]? < 00 e Y onen |, e,)|? is convergent in R and hence

lim [(z,en)| =0 te lim (x,e,) =0.
n—o0 n— oo
Thus
lim {(e,,z) = (0,2) Vz € H.ie e, —>e

n— oo

Hence in example 1, for T € B(H), Tz, — Tx does not imply strong convergence i.e. (Tzy)
is not strongly convergent. In distinction to this, we get a surprising result:

Proposition 18. Let H and K be Hilbert spaces and (xr) be a weakly convergent sequence in H.
T € B(H, K) is compact if and only if T maps every weakly convergent sequence in H to a strongly
convergent sequence.
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Proof. Let x, — x. So (z,) is bounded (earlier result). Consider the set M = {Tz, : n € N}.
This is bounded and also relatively compact. If (T'z,) is not strongly convergent, then there exist at
least two subsequences (z,), (z7,) of (z,) such that (Tz},), (Tz;) converge to distinct limits y’,y"
respectively. Now Vo € H

<y/,x> = <s.n1L11;10 Tm;“x>

{ Reason: Since z,, — x (note the weak limit is unique) so (x,), (z)) being subsequences of (z,)
also converges weakly to z, i.e.
lim, o0 {(Th, y) = (z,y), limnooo (zn,y) = (z,y) etc. }. Thus

! T 7 *\ s "
<y ,a:> = nlLIgo <xn,Tx > = nl;ngo <Tx ,x>

= <5. lim Tasg,r> ="z
n—o0

That is <y/,x> = <y”,x> Ve e H.

Thus (y —y",z) =0 Veec H

Therefore, y' —y" L Hie. y —y” =0.

. / 1" . .
i.e. y =y ! a contradiction.

Hence the assumption that (T'z,) is not strongly convergent is unacceptable. Hence (Tx,) must
converge strongly.

Conversely, let () be a bounded sequence of elements of H. Then (z,) has a subsequence (2, )
which convergent weakly to H [9]. By hypothesis, (T'zn,) converges strongly in K. Thus every
bounded sequence (z,) of elements in H has a subsequence (z,) such that (Tx,,) converges
strongly in K. Therefore, T is compact. (By proposition 2)

Proposition 19. Let H, K be Hilbert spaces. Let T : H — K be compact. If x, — x then
Tz, — Tz.

Proof. Since T € B(H, K) we have already seen by proposition 17 that

zn —> 2 implies Tx, — Tx. Now since T is compact, () is weakly convergent implies (Ty,)
is strongly convergent, say to y € K. Thus Tz, — y. But strong convergence implies weak
convergence, so Tz, — y implies Tz, — y. By uniqueness of weak limit (of a weakly convergent
sequence) we have

Txn, =5y, Ten — Tz implies Tz =y
Therefore, Tz, LN y=Tz

ie. Tz, i) Tx
O

Proposition 20. Let H and K be Hilbert spaces and T € B(H, K). The following statements are
equivalent.

(i) T is compact
(i) T*T is compact
(i) T* is compact.

Proof. (i) < (it)
T € B(H,K) implies T* € B(K,H). T is compact and T*T is meaningful. T is compact, T" is
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bounded implies T*T is compact.

(i)  (3)
Let (z) be a weakly convergent sequence in H such that z, — 2. Since T*T is compact we
have by proposition 19 T*Tx,, — T*T, i.e. T*T is strongly Cauchy in H. Since (z,) is weakly
convergent, (z) is bounded, hence there exists ¢ > 0 such that ||z,]| <¢ VneN.

Now for all m,n € N,

| Tz — Txm||® = (T (€0 — 2m) , T (2n — Zm))
={T"T (T, — Tm) , (Tr, — Twm))
=TT (zn — m), (Tn —zm))| (- T°T >0)
<SNT*T (20 — @m) | |20 — 2|

Since T*T is strongly Cauchy in H, ||T*T (zn — Zm) || — 0 as both m,n — oco. Since ||zx| <
cVkeN, so|zn—xm| < |zn| + ||zm]| < 2¢. Therefore, ||Tzn — Tam|| — 0 as both m,n — oo
i.e. (Txy) is strongly Cauchy in K. But K is strongly complete. Therefore, T'x,, converges strongly
in K. So T maps weakly convergent sequences to strongly convergent sequences. Therefore, T is
compact.

Since T is compact and T* € B (K, H), so TT*(€ B(K)) is compact i.e. (T™*)T* is compact. From
(i) < (i), we conclude, T™ is compact. Now T € B(H) and (T™)" =T. So T™ is compact = (T™)*
is compact = 1" is compact O

Proposition 21. Let H be an infinite dimensional Hilbert space. If T is compact, then 0 € o(T).

Proof. Since T is compact and H is infinite dimensional so T is not invertible (by proposition 7).
{For if T7! existed in B(H) then T7'T would be compact i.e. I would be compact which is not
possible when H is infinite dimensional}. i.e. T'— 01 is not invertible. Therefore, 0 € o(T). O

Proposition 22. Let T : H — K be compact. Then nF is separable.

Proof. Let {eq : z € A} be an orthonormal basis for n7. For any sequence (eq,) from {e : a € A]
with eq, # €a; if ¢ # j, we know that eq; S 0ie. (eai)?il converges weakly. Since T is compact,
(Tea, )52, converges strongly to 0.

Hence for each real € > 0 there can be at most a finite number of o € A such that
ITea]| > <.

(For if {ao € A :||Teq,|| > €} is of infinite cardinality, then we would select from this bounded
sequence {eq;] a subsequence {e'ai} which converges weakly to 0; therefore Te,,, —~25=10 (for T is
compact) and this is a contradiction! since ||Teq,|| > Vi€ N.
It now follows that the set

{a € A:||Teaq| > 0}

is at most countable. To see this, put € = % and let £ run through N. Then

1
{o €A |Teal > 0} = (J{oi s |Tea | > £}
keN

Hence the orthormal basis spanning 77% is at most countable. This shows that 77% is separable.

We use: A normed linear space X is separable if and only if there exists an atmost countable family
F of linearly independent elements of X such that [F] = X. (For if Q = {a € A : | Teq| > €} is
of infinite cardinality We would select a sequence (a,) of elements of @ and for this sequence we
would have (as already above) T,,, —0 which contradicts the condition ||Tes| > ¢V a € Q O



UNDER PEER REVI EW

Proposition 23. Let T € B(H). Then T is compact if and only if there is a sequence (Ty,) of
elements of B(H) which are of finite rank such that T, M) T i.e. T, converges to T uniformly.
Proof. By proposition 10 we have seen that: If (T5,) is a sequence of compact linear operators in
H and T, — T in the norm of H, then T is compact. If each T;, € B(H) is of finite rank, then we
have, seen that T}, is compact and then we apply proposition 22 to conclude the proof of the given
theorem in one direction.

Conversely, let T be compact. Hence, by proposition 22, n+ is separable. Let {en : m € N} be an
orthonormal basis for . Let P, be the orthoprojector on H onto M, = V7, {ei} and let P be
the orthoprojector on H onto V§2; {e;} = n%‘. Let T, =TP,Vn €N, ie. Th,z=TP,xVx € H.
So domain of T}, is M, = Rp, and is of orthogonal dimension n and hence dimension of R, is at
most n. (Note that

Thx = Z (z,e;)Te; Ve H
i=1

Therefore, Trhx = TPrx =T (Phx)

=T (Z (@, ei) ei> for Rp, =M, =Vi {e}

i=1

n
= Z (z,ei) Te;
=1

SinceMngMn+2 vV neN. So PnSPn+1<P Vn € N i.e. P1§P2§§Pn<§P
Hence P, — P.

Consider the operators T—T;, € B(H). There exists a sequence (z,,) of element of H such that ||z,| =
1 and

1

(T = To)znll 2 ST~ Tul (7)
(for | T — Th|| =sup{|(T = Tn) z|| : € H} and ||z|| = 1).
For all y € H, we have {((P — Pp) %n,y) = (xn,(P— Py)y) — 0 as n — oo since P, > P =
Py — Py ie. (P, —P), —0.
Therefore ((P — P,,) zn,y) = 0= (0,y) VYye€ H
ie. (P—Py)x, 0.
Since T is compact,

T(P—P)z, -0 (8)
Now from (7)
1T = Tull < 21T = To)anll = 21T — Tawall = 2 | T — TPaznl|

Noting that (by projection theorem), we can write each z,, as z, = x, + =, where z;, € 77% and
x € nr, we have

Tan =Tz + Txl =T,
since z!! € nr, so Tx!! = 0. But ), = component of x, in n3 = range P. So a}, = Px,. Therefore
Tz, = TPz, ie. Tx, = TPx,. Hence ||T — Ty|| < 2||TPzs — (Przy)|| = 2||T(P — Po)zx|.
By (8) T(P — P,)x, — 0 and thus we obtain lim, e ||T-Tx| =0
i.e. T, — T uniformly. O

Lemma 6. Let T be a compact operator in H and (en) be any infinite orthonormal sequence in H.
Then limy,— oo {|Tatn, en|) = 0.

Proof. For e, — 0 and T being compact Te,, — 0.
Now by Cauchy-Bunyakovsky-Shwarz inequality,

[(Te1,en)| <|Tenllllenll = | Tenll Vn €N
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But Te, — 0, therefore, _
[Ten|| — (0] =0

thus lim [(Ten,en)| =0

n—00
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