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Existence of positive solutions for the Kirchhoff type

equations involving general critical growth in RY

Abstract: In this paper, we consider the following nonlinear Kirchhoff type problem

- (a+ )\/ Vu|2dx> Au+V(z)u= f(u), xecRN,
RN

where N > 3, a is a positive constant, A > 0 is a parameter. Under some sufficient assump-
tions on V(z) and f(u), the existence of positive solution to the above problem is proved
by variational methods and Mountain Pass Theorem. Specially, with the aid of a cut-off
function and a monotonic trick, we obtain the boundedness of Palais-smale sequences. Our
results improve the previous results in the literature.
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1. Introduction

Consider the following Kirchhoff type problem

{ —(a+ A fon [Vul2dz)Au+ V(z)u = f(u), RN, (1.1)

u€ H'RY), u>0,

where N > 3, a is a positive constant, A > 0 is a parameter, F(t) = fot f(s)ds. V(x) is a positive continuous
potential. This type of equation is an extension of the classic d’Alembert wave equations for free vibration of
elastic strings, because it takes into account the effects of the strings’ length changes during vibration. For

the purpose of stating our statement, V(z) and f(u) are assumed to satisfy the following basic assumptions:

(V0) V(z) < liminf)y e V() := Voo < 00 for any x € RY.
(F1) f(z) € C(RT,RY), RT = [0,+00) and there exists C > 0 such that |f(t)] < C(|t| + [t[P~1) for all
t € RT and some p € (2,2*), where 2* = % for N > 3.

As problem (1.1) involves the term [ |[Vu|?dz, it is no longer a local problem, which causes some
analytical difficulties. Moreover, in recent years, in purely mathematical research and practical applications,
non-local operators have appeared in the description of various phenomena, such as physics and chemistry

[1], obstacle problems [2], optimization and finance [3], etc.
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If we consider problem (1.1) on a bounded smooth region 2 and A = b is a positive constant, then

problem (1.1) becomes to the following problem

{ —(a+b [, |Vul?dz) Au+ V(z)u = f(u), inQ, (1.2)

u =0, on 0f).

Problem (1.2) originally derived from the following problem

Ugt — (a+ b/ |Vu|2dx> Au = f(z,u), (1.3)
Q

which is a practical equation proposed by Kirchhoff [4] in the process of studying the classical D’Alembert
wave equation of the free vibration of the retractable rope. For more details of problem (1.3) in physical
aspects, please see [5, 6] and the references therein. The early classical research of Kirchhoff equations is
dedicated by Bernstein [6] and PohoZaev [7]. However, the Kirchhoff-type equation was greatly brought into
focus only after Lions [8] investigated problem (1.2) involving an abstract framework. For more researches
on Kirchhoff-type equations, please refer to the literature [9, 10] and the references therein. Under various
conditions on potential V(z) and nonlinearity f(x), the existence, non-existence and multiplicity of problem
(1.2) have been studied in the literature by variational methods. On unbounded domains, many existence
and multiplicity results are also obtained for problem (1.2). For example, in [11], Xie discussed problem
(1.2) with an asymptotically 4-linear nonlinearity f and the existence of a least energy nodal solution for
the problem was obtained by variational methods. With the aid of a monotonic technique and a new version
of global compactness lemma, Li and Ye [12] proved that problem (1.2) has a positive ground state solution
when f(u) = |u[P~!u with p € (2,5). Chen and Tang [13] obtained the existence of infinitely many high
energy solutions for problem (1.2) on R3 by using Symmetric Mountain Pass Theorem. Especially, they
introduced some new techniques to overcome the competitive effect of non-local terms. For more recent
results related to Kirchhoff equations, please see e.g. [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24].

Although the Kirchhoff-type Dirichlet problem have been extensively studied, as far as we know, there is
very little literature on Kirchhoff-type problems (such as (1.1)), which involved parameters. Very recently,

Xu [25] studied the following nonlinear Kirchhoff type equations

{ (@ + A fon |[Vul?da) Au + V(z)u = [ulP~tu, =€ RN, 14

uwe H'(RN), u>0,

where N > 3, a is a positive constant, A is a parameter, 1 < p < max{3, %} and the potential V' (z) satisfies
(Vo). We point out that they obtained the existence of at least one positive solution and nonexistence of
nontrivial solutions for problem (1.4) by using variational methods and a cut-off technique. Problem (1.4)
is the special form of the problem (1.1), in other words, problem (1.1) is more general than problem (1.4).
Hence, our results can be seemed as the complementary work of [25].

In [26], Li et al. considered the following nonlinear Kirchhoff type equation

(a + )\/ |Vul|?dx + )\b/ u2dx> [~Au+bu] = f(u), inRY, (1.5)
RN RN

where N > 3, X is a parameter, a, b are positive constants. When the nonlinearity f is subcritical, the
existence of at least one positive radial solution was proved in [26] for A > 0 is small, by using variational
methods and a cut-off functional.

Motivated by the above mentioned literatures, we consider more general nonlinear Kirchhoff type elliptic
problem (1.1) in this paper. The main purpose of this paper is to obtain the existence and multiplicity of pos-

itive solutions for problem (1.1) when f is subcritical. To prossess this, we must overcome the following three
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main difficulties: (I) Due to the emergence of the term [,y [Vu|?>dz, problem (1.1) is a non-local problem,
which means that equation (1.1) is not a point-wise identity. This causes some mathematical difficulties and
makes the study of (1.1) more interesting; (II) The second main difficulty comes from subcritical growth. We
should show the boundedness of Palais-Smale ((PS) for short) sequences without the Ambrosetti-Rabinowitz
((AR) for short) condition. Indeed, it is not easy to verify the existence of bounded (PS) sequences. In order
to overcome this difficulty, we shall adopt the technique used in [26]; (IIT) We need to get the convergent
subsequence of the bounded (PS) sequence. Since V(x) is non-constant, the method used in [25] cannot be
applied to our results. We will make some assumptions on VV'(z) and use some tricks to solve this problem.

In this paper, due to focusing on the positive solution of (1.1), we assume that f(s) = 0 when s < 0.

Moreover, we shall make the following assumptions.

(V1) (VV(z),z) € L*RY), (VV(2),2) < &% for x € RN, where (-,-) denotes the usual inner product,
6 e (0,1).
(F2) tim, qs £

Y —o.
(F3) limy o % = 00.

Our main results are given in the following.

Theorem 1.1. Assume that N > 3, a is a positive constant, X > 0 is a parameter. If the conditions
(V0)-(V1) and (F1)-(F3) hold. Then there exists Ao > 0 such that for all X\ € [0, \g), problem (1.1) has at

least one positive solution.

When A =0, V(z) = b, the problem (1.1) reduces to
—alAu+bu = f(u), in RY, (1.6)
Then we have the following corollary.

Corollary 1.2. Assume N > 3 and b is a positive constant. If the conditions (F1)-(F3) hold, then problem

(1.6) has at least one positive solution.

Theorem 1.3. Under the conditions of Theorem 1.1 and N > 3, there exists A1 > 0 such that problem

(1.1) has no nontrivial solution when A > \;.

Remark 1.4. In this paper, we considered the existence and multiplicity of positive solutions for the more
general Kirchhoff type problems than the work in the literature. We must point out that the authors in [25]
and [26] both considered the general nonlinearity f which only involves subcritical growth. Compared to [26],
the nonlinearity f(u) in our results is more general. Besides, since V(x) is not a constant, the methods used
in [25] is not suitable for problem (1.1). So we use a "monotonic” trick and make assumption on VV (z)
to obtain our results. In Section 2, the condition (V1) guarantees that for enough large T > 0, there exists
Ao > 0 such that fRN |Vun|2 < T? for any 0 < X\ < Ao in Lemma 2.9. It is pointed out that our results

extend the mentioned results to a certain extent.

The rest of this paper is organized as follows: in Section 2, some framework are demonstrated. In Section
3, the proofs of the main results are given. In section 4, the conclusion is given. In the following, C; denotes

different positive constants in different spaces.

2. Preliminaries

In this section, we first introduce some marks. Let H := H'(R") be the usual Sobolev space equipped
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with the inner product and norm
(u,v) gy = / (VuVv + uwo)de, ||Jullg = (u,u)?.
RN
We define the working space by

E= {u €EH: V(x)uldz < +oo}
RN

endowed with the inner product and norm
(1, v) = / (@VuVo + V(z)uv)dz, |ull = (u,u)?.
RN

The norm of the usual Lebesgue space LP(R") is denoted by || - ||,. Since V() satisfies the condition (V}),
|| - || is equivalent to the standard norm ||u||gz on H'(RY). Since the embedding E < LP(RY) is continuous

for p € (2,6), there exists , such that
lullp < pllull, Vu € E.

From [27], we can know that the continuous embedding E < LP(RY) is compact for p € (2,6). In this
paper, we consider the existence of positive solution of problem (1.1), so we suppose that f(s) = 0 for s < 0.
Obviously, assume that the conditions (F1)-(F3) hold, then, weak solutions to problem (1.1) are the critical
points of the functional I (u) defined in H'(RY) by

Iw) = /RN (@|Vul2 + V(z)u2)dz + % (/RN |Vu|2dx)2 _ /RN Fu)da. (2.1)

By the condition (F1), it is easy to examine that I, € C'(E,R) for all A > 0, and

(I (u),v) = <a+)\/ |Vu|2dx>/ Vquder/ V(z)uvdx — (w)vdx, w,v € E. (2.2)
RN RN RN RN

Firstly, we shall show that I has the mountain path geometry when A is small.
Lemma 2.1. For A > 0 small, the functional I satisfies the following conditions.

(i) There exists a« > 0, p > 0 such that I(u) > « for ||ul| = p.
(i) There exists an e € Bg(0) such that Ix(e) < 0, where B,(0) is a ball centred at origin with radius p.

Proof. (i) From the Sobolev embedding H'(RY) < LP(RY) for 2 < p < 2 and the condition (F1), we

obtain

1 C C
() 2 To(w) = 5l = Sl — =l

where C' > is a constant. Let {e;} is an orthogonal basis of E and define X; = Re;,

m o0
Yn=@BX;, Zn= P X;, mei
j=1 j=m+1
Set
Nm(8) = sup lulls, VmeN, 2<s<?2".

UE Ly, ||ul|=1

Due to the result of [27], since the embedding E < LP(RY) is compact for p € (2,6), there holds

Nm(s) =0 as m — oo. (2.3)
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Then we have

1 C C
In(u) = Sllull® = S g @) ul® = —nf, () |ull”
2 2 P
By (2.3), there exists an integer M > 1 such that
n? (2)<L and 7P (p)<£ Ym > M. (2.4)
mee =20 m T 4C” -

Hence, we can take some p € (0,1) with ||u|| = p such that
1 _
I(u) > L llul*(1 = ull~?) = a >0,

(ii) Take e € H'(R™) such that Iy(e) < 0, Obviously, e € BS(0). Then for 0 < X < 3(&;8&%,

In(e) = In(e) + 2 (/RN |Ve|2dx)2 < 116e) <.

w

O
Lemma 2.2. When N = 4 with X large or when N > 5 with A > 0, I is bounded from below in H'(RY).
Proof. By (F1) and (2.1), we have
a 1 A C C
B 2 §1vulg+ 5 [ Vs + 319ul - Shuli - il (25)

From Holder’s inequality, we have

fulp < Julslul'ss, w e L2(RY) N L¥52 (RY), (2.6)
where 5 + % = %. From Sobolev imbedding Theorem, there exists a constant d > 0 such that
lull 2x, < dllVull2, ue H'@®RY). (2.7)
From (2.6) and (2.7), we have
2N+(2-N)p N(p—2)
[ e < il Val, L we HURY), (28)
RN

2N+(2—N)
2

Since p € (2,2*), we have 0 < P < 2, then from Young’s inequality and (2.8), for any € > 0, there

exists a constant d(¢) > 0 such that

N
/ |u|Pde < 6/ lul?dz 4 d(e) </ Vuzdx> . (2.9)
RN RN RN

By (2.3), we can choose € such that (pcgijcs)n,%(Q) < %, then from (2.5) and (2.9), we have

a 1 A C Ce €
e = Svge g [ Ve jieu - (§ + %) g - 49

> SlulP + 39t - (§+ 5 e - p”nv 17
Cd( )

vV

1 A
lull? + Z1IVullz [9ull (2.10)

When N = 4, if % > CC;(E), then Iy(u) > 0 for all w € E. When N > 5, we have % < 4, then when

[Vull2 > (%)2%__287 we can get I\(u) > 0. Hence, it is obvious that I is bounded from below when
N > 5 for all A > 0. O
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It is crucial to obtain the boundedness of (PS) sequences for the associated functional I. However, the
standard arguments is not available for proving the boundedness of the (PS) sequences. In order to overcome

the difficulty, following the idea of [28, 29], we use a cut-off function ¢ € (R, |0, 1]) satisfying

p(t) =1, telo,1

0<o(t) <1, te(l,2)
p(t) =0,  te2,0)
0<¢(t)<2

For any T > 0, we modify the original functional I to a new functional I{ ;. defined by

1 1 2
I)T’H(u) = 5Hu||2 + ZAhT(u) (/]RN |Vu|2dx> — M/RN F(u)dx, ue€kE. (2.11)

It can be verified that I){# is of class C' and for any u,v € F,

(%) (w),v) = aJr)\hT(u)/RN |Vu|2dx+%hép(u) (/RN |vu2dx>2] /RNVqudz

+/ V(z)uvdx — p (u)vdex, (2.12)
RN RN
where
v | Vul?dx
e

Since Az (u) ([on |Vu|2da:)2 < 4T*, the functional Iiu has a mountain path critical level for any fixed T > 0.
Actually, for T > 0 sufficiently large and A > 0 sufficiently small, we can find a bounded (PS) sequence
{un} of I{M such that [;y [Vu,[2dz < T2 for all n large, which is also a (PS) sequence of I. We recall the

following result. The ”monotonic trick” introduced in [30, 31] is the core of the following Theorem.

Theorem 2.3.[30, 31] Let (X,|.||) be a Banach space and J € Rt be an interval. Consider the family of
C! — functional on X

oap(u) = A(u) — pB(u), Ve J,
with B nonnegative and either A(u) — 400 or B(u) — +00 as ||u|]| = oo and such that ¢y ,,(0) = 0.

For any p € J, we set

Iy ={y€C([0,1], X) : 7(0) = 0,05, (7(1)) < 0} .

If for every p € J, the set I',, is nonempty and

— inf #)) > 0,
O = jnf max oxu(v(1))

then for almost every p € J, there is a sequence {un} C X such that

(i) {un} is bounded;

(ii) ‘P)\,#(un) — Cxps
(iii) @)\ ,(un) — 0 in the dual X* of X.

In our case, X = F,
Lowa 1 2 )
A(u) = Z||ull* + =Ahr(u) |Vul*dz | , B(u)= F(u)dz.
2 4 . .

6



UNDER PEER REVI EW

In the following, we will prove that I /\T ,, satisfies the conditions of Theorem 2.3.

Lemma 2.4. T', # 0 for all p € J = [0,1], where 6 € (0,1) is a positive constant.

Proof. For any p € J, a radial function w € E can be chosen with w > 0 and [y [Vw|?dz = 1. By (F2) and
(F3), we have that, for any C; > 0 with (uCy — %) [pn |w|>dz > a, there exists Cy such that

F(s) > Cy|s]* — Cq, VseRT. (2.13)

For any t > 2v/T, from (2.13), we have

1 1
I (tw) = fat2/ |Vw|?dz + 7/ V(2)t?wida
s 2 RN 2 RN
1. ([t fon [Vw|?d ?
—|—1)\<p (W) (/ |Vtw|2dx> —/L/ F(tw)dx
RN RN

< 1atz—&—l/ Ve t%ﬂdm—i—l)\ ﬁ / |Vitw|?dx 2— / F(tw)dx

=3 2 Jan 19\ 12 )\ an .
1 1

< —at®+ fVOOtQ/ widx — ,uC'th/ |w|?dz + pCs. (2.14)
2 2 RN RN

Hence, (2.14) implies that I{ . (tw) <0 for ¢ sufficiently large. The proof is completed. O

Lemma 2.5. For any p € J, there exists 0 > 0 such that cy ;, = inf,er, max,c(o, I/\T’M(*y(t)) >60>0.

Proof. For any u € E and pu € J, by (F1) and (F2), for any € > 0, there exist C'(¢) > 0 such that

1 1 ?
H0) 2 gl + M) [ | (9ule) = eull - colul

> 5 llull® = ellull3 = Ce)lully.

1
2
Similar to the proof of Lemma 2.1 (i), there exists p € (0,1) such that I ,(u) > 6 > 0 for any p € J and
u € E with 0 < ||u|| < p. By the continuity of v and the definition of I',, we have ||y(1)|| > p, then there
exists t, € (0, 1) such that ||y(t,)|| = p. Hence, for any p € J,

- T
Cap = wlenl“fu tren[aaﬁ] I ,(v(t) =6 >0.

The proof is completed. O

Lemma 2.6. For any p € J and 4\T? < 1, each bounded (PS) sequence of the functional I)j\—:# admits a

convergent subsequence.

Proof. Tt is easy to see that A(u) — 400 as ||u]| = +oo. From (F2), we have B(u) — 400 as |lu]| — +oo.
From Theorem 2.3, Lemma 2.4 and Lemma 2.5, we know that there exists a bounded sequence {u,} C FE.
Without loss of generality, for any u € J, let {u,,} be a bounded (PS) sequence of I} , that is, {u,} and

IT

A are bounded and (Iiu)’(u) — 0 in E*. Up to a subsequence, assume that there exists u € F such that

U, =~u in F,
un —u in LP (RY), (2.15)

Up = u  a.e. in RN
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By (F1) and (F2), for any € € (0, 3), there exists C. such that
If()] < elt| + CotP~t, teR. (2.16)

Hence, by (2.16), we have

[ ) = s, ~wde < [ 1) = f@lun ~ uldo
RN RN
< [ )+ 17Dl — ulds
<

e / (It + )t — uldz + C- / (el + JulP ™ foam — uldc
RN RN
< e(lunlla + full2)n — ul2 + Ce(llunlZ + B ftn — 2l

< (lunll? + lul®) = wll® + Celllunllp™ + llullp ™) lun — ullp- (2.17)

It follows from (2.15) and (2.17) that
/ (f(up) — f(w)(up —u)de — 0, as n— co. (2.18)
RN

Then, by (2.11) and let X7 (u) = 555¢’ (M) (Jw~ [Vul?)?, we have

(X0 (un) = (I5,) (), un — w)
= a/RN IV (y, —u)|*dz + /RN V(2)|wn — ul|?dz 4+ Mor(uy,) (/RN |Vun|2dx> /]RN IV (u,, — u)|?dx

+XT (un) /RN IV (un — u)|?de + [XT (un) — X7 ()] - VuV (up, — u))dz

—Ahr(u) (/RN |Vu|2dx) /]RN VuV (uy, — u)dz + M (uy,) (/]RN |Vun|2d:£> - VuV (u, — u)dz
i [ () = F@) = o

Y]

|t — ul|* — <)\hT(u) /]RN \Vul?dz — Mhp(u,) /RN |Vun|2dx> /]RN VuV (u, — u)de

X ) = XF )] [ FuT e w)de =g [ () = F )~ )i (2.19)
RN RN

Hence, from (2.19), we have

lun —ul* < ()\hT(u) /RN |Vu|*dx — Ahr(us,) /RN |Vun|2d1;> VuV (uy, — u)dz

RN

X ) = X)) [ VaP, =)o+ [ () = ), = )

H(UIR,) (un) = (I3 ,) (), un — w). (2.20)
In the following, in order to obtain our result, we should discuss fRN VuV (u, —u)dz. Define a functional

H,:E—Rby

H,(v) = VuVudzr, VYveeE.
RN

It is clearly that H, is a linear functional on E. Since

[ H.u(v)] S/ [Vuvoldz < lul[[o],
RN
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we have that H, is bounded on E, i.e., H, € E*. Therefore, lim, o Hy(u,) = Hy(u) if up, = u in E,

hence, we have

/ VuV(u, —u)dr -0 as n — oo. (2.21)
RN
Since {u,}, X¥ and hr are bounded, from (2.20), we have,
()\hT(u)/ |Vu|>de — )\hT(un)/ |Vun2dac> VuV (u, —u)dr — 0, asn — oo, (2.22)
RN RN RN
and
[(XT(u) — X (un)] VuV(u, —u))dz — 0, asn — oc. (2.23)
RN

It is obvious that (I} ) (un) — (I% ) (u), un —u) — 0 since (I3 ,)'(u) — 0 and u, — u in E. Consequently,
from (2.18), (2.20), (2.22) and (2.23), we have

lwn — uH2 — 0.

Hence, for any u € J and 4\T? < 1, each bounded (PS) sequence of the functional If’ ., has a convergent

subsequence. The proof is completed. O

Lemma 2.7. Let 4\T? < 1, then for almost every u € J, there exists u* € E\{0} such that (I){#)’(u”) =0,

and (I}\:H)(u“) =cCap-

Proof. By the definition of A(u) and B(u), we can see that A(u) — oo asn — oo and B(u) is nonnegative.
According to Lemma 2.1 and Theorem 2.3, for almost p € J, there exists a bounded sequence {u#} such
that

(If’”)’(uﬁ) =0, and Iiu(uﬁ‘l) = Cx -

By Lemma 2.6, we can conclude that there exists u* € E such that uff — w". Therefore, (I ,)'(u*) = 0,

and (I:{#)(u“’) = ¢y From f(s) =0 for s < 0 and the Lemma 2.5, we have u* € E\{0}. O

From Lemma 2.7, there exists {u,} € J with p, — 1~ and a sequence {u, } C F such that

( T

)\Ml)’(u”) =0, and I;\:Mn (Un) = ey -

Next, we will introduce the following PohoZaev identity, which is crucial to obtain that [; |Vu,|?dx < T?.

So we give the following Lemma.

Lemma 2.8. Let 4\T? < 1 and N > 3, if u € H is a weak solution of

A Jan [Vul? 2
2 (IR 2
a+ Mhr(u) /RN |Vu|*dx + 572 % < T2 ) (/RN [Vu| dx)

then, u satisfies the following PohoZaev identity

Au+V(z)u=puf(u), =RV,

Nu F(u)dx — 1/ (VV (x), z)u’dx
RN 2 Jgn

= E/ |Vu|?da a+)\hT(u)/ |Vu|*dx
2 RN RN

A, fRN |Vu|2 2 ?
+ﬁcp (T2 /RN |Vu| dx

+ g /RN V(x)u’dz. (2.24)
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Proof. Similar to Lemma 2.2 in [32], we can prove the above conclusion. Here, we omit the details of

proof. O

The following Lemma implies that [,y [Vu,|?de < T2, which is the core of this paper.

Lemma 2.9. Let {u,} be a (PS) sequence of If,, ~at level ¢y, , then for T > 0 sufficiently large, there
exists Ao > 0 with 4\gT? < 1 such that for any X € [0, \g), fRN |Vu,|?dz < T? for all n € Z.

Proof. We will discuss by contradiction. Assume that there exists no subsequence {uy, } such that [y |Vu,|*dz
is bounded by T'. Then we can suppose [gx |Vup[*dz > T2
Firstly, since (I/\T,un),(u") =0, by (2.24), {uy} satisfies the following PohoZaev identity:
1
Nun/ F(uy)dx — f/ (VV(z), 2)uidx
RN 2 Jrn

N -2
= 7/ |V, |2dz {a—l—)\hT(un)/ |V, |2dz
2 RN RN

A / fRN |Vu”|2 2 ?
taree () ([, et

Since Iy, (un) = i p,, we have

+E/ V(x)uldz. (2.25)
2 ]RN

N N 2
N = 0 /]RN (a|Vun|? + V(x)ud)dz + /\ThT(un) (/]RN |Vun2da:> — punN /]RN F(uy,)dx (2.26)

Then, according to (2.25), (2.26), (V1) and Hardy inequality, we can get that

YV, |*d 2
a/ |Vu,[2de < a-i-)\hT(un)/ |Vun\2dm+i<p' M / |V, |?d / |V, |?dz
RN RN 2T2 T2 RN RN
N S|
= o N+ Ay (uy) (/ |Vun|2d$) + */ (VV(x),z)udx
4 RN 2 RN
NA | { fon [V 2dz s\
+ 7P <T2 /RN IV, |da
N 2
< CA,MNJFZAhT(un) (/ |Vun|2dm) +9a/ |V, |[2dx
RN RN
NX |, [ Jan [Vun[?dz 5 \?
- 2 - 2.2
tome® < T2 /RN |V, |*dz (2.27)
From (2.27), we have
N > N ~ [V, |2d 3
(1—9)@/ |V, |*dz < Ney, + —Mhr(up) / |V, |?dx + =5 leiW / |Vun|?) .
(2:28)

By Lemma 2.5 and (2.13), we have

C/\7Hn S mtaX I/,{:Hn (tw)
1, 1 1 ?
= max<{ —t* 4 ~t? V(z)wdr — u, F(tw)dz p + max < = Ahp(tw) / |Vitw|® | dx
t 2 2 RN RN t 4 RN (2 29)

1, 1 2 2 2 2 1 t? 4
§mtax{2t +§Voot /RNw dxr — p,Cqt RNw dx + p,Co +mfux Z)\ga T2 t

=C5+ Al(T)

10
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If ¢ > +/2T, then @(%) = 0. Hence, we obtain

AL(T) < AT (2.30)
We also get that
N 2
ZAhT(un) (/ |Vun|2dx> < ANT?, (2.31)
RN
and , 5
NA Vu,|?d
ety (fRNTZ'x) </sz |Vun|2dx> < AANT, (2.32)
From (2.28)-(2.32), we have
1
/N |Vu,|?dr < m(NCg +6ANT?). (2.33)
. Z

Since we suppose [ [Vuy|?dz > T2, n € N, then from (2.33), we have

1

T° < =g

NC3 + 6ANT?),

which is not true for T large and 4\T* < 1. So we can choose \g = ﬁ. The proof is completed. O

3. Proof of the main results

Proof of Theorem 1.1. We define T' and Ag as in Lemma 2.9. And let {u,} be a sequence for Iiﬂn. Then

by Lemma 2.9, we have
/ |V, |2de < T?,
RN

and

1 1 2
() = gllnl?+ g7 ([ 19uPds) o [ Flun

(I (un),v) = (I3 ,.,) (un), v) —(1—Mn)/ F(up)dz.

RN

Hence, we have

Consequently, when p,, — 1, {u,} is also a bounded (PS) sequence of I). According to Lemma 2.6, {u,}
has a convergent subsequence, we may assume u, — ug. Thus I}(up) = 0. According to Lemma 2.5, we
have that I (ug) = limy,—eo Ix(ty) = limy, 00 I{M (upn) > 6 > 0. And the condition (F1) implies that wug is

a positive solution. The proof is completed. O
Proof of Corollary 1.2. By Theorem 1.1, it is obvious that Corollary 1.2 holds. O

Proof of Theorem 1.5. Assume that N > 4 and v € H}(Q2) is a nontrivial solution of the problem (1.1).
Multiply (1.1) by u and integrate by parts, we obtain

aVully+ [ Viewd +AIVall = [ Fude.

Similarly, by (F1) and (2.16), there exists e; and C., such that

/ F(u)dz < & l|ul3 + Ce, [Vl
RN N-—-2

11
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Now, we can choose €1 = %‘/0. Then, we have that
v
alVul + [ Vio)ldn+ Ml < Pl + Coy [VulP,.
RN N—2
Since N > 4, then, 2 < % < 4. We can easily use Young’s inequality to obtain that

Ce,IVulP s, < allVull§ + Cal| Vull
Consequently, we get -
|, v+ Alul} < Pl + Cal vl

If we choose A > C4, we have
[Vullz = [lullz = 0.

Hence, when N > 3 and for enough large A\, problem (2.3) has no nontrivial solution. The proof is completed.
O

4. Conclusion

In this paper, we first proved that the energy functional I, has the mountain structure. Secondly,
we defined a cut-off functional ¢ and established a modified functional I)T, 4~ We showed that I;C . has a
bounded palais-smale sequence {u,}. Then, we proved that there exists Ag such that for any 0 < A < Ag,
fRN |Vun\2dx < T2, which implies the critical value of I ; u is also the critical value of Iy. Finally, we deduce
our results by the variational method. Obviously, our results are more general. We hope our results can be

widely used in the Kirchhoff system as discussed in [27].
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