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Exact analytical solution of Ivancevic options
pricing model or Schrédinger’s equation via

ADM and SBA methods

Abstract

This paper is devoted to the study of the general equation of Ivancevic
or Schrodinger and to determine its anytic solution via the methods of

numerical analysis ADM and SBA.
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1 Introduction

In this paper, we are interested in the determination of the analytic of the general
equation of the Ivancevic [7] or Schrodinger model in quantum mechanics. It is

about the equations:

ow (¢ 0w (t
(B): wé{x) e Qgi;x) +qlw (t,2)[ w(t,z) = 0;p € N*
w(0,x) = Betr®

Ow (t, 0%w (t,x .
(F):q " é()t e 8;2 ) o (t2) + gl (1,2 w (t,2) = 03p € N
w(0,z) = Bete®

where € > 0,4 > 0 and ¢ > 0.
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2 Description of numerical Method ADM and
SBA

2.1 Numerical method ADM
Consider the functional equation below :
Fu = f (1)

where F' is an operator defined in the Hilbert space H in H, f is a given
function in H and w is the unknown function. Let us decompose as follows

F=L-R-N (2)

Where L is the linear part of inverse L™!, R the linear remainder and N the
nonlinear part, (1) becomes :

Lw—Rw—Nw=f (3)
Applying L~ to (3), we get the Adomian canonical form :

w=0+L 1 'f+ L 'Rw+ L 'Nw (4)

where
Lo =0.

Let us determine the solution of (1) in the form of a convergent series

and
+oo
Nw = Z A, < +oo
n=0
where the

An = An (w07wla [x3) wn)

are Adomian polynomials [2,3,4,5]. We get the following Adomian algo-
rithm :
wo = 0+ L_lf
Wpe1 = LTYRw, + L71A,;n > 0.
2.2 The Adomian polynomials
Definition :The Adomian polynomials are defined by :
AO = N(’wo)

1 dr =
_ - k .
A, = T lN (;})\ wk>]A0.nZ 1
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Theorem 1 The Adomian polynomials are calculated using the formula :

d" & k d" - k
k=0 A=0 k=0 A=0

2.3 Numerical method SBA

Consider the functional equation below :

Fu=f (5)

where F' is an operator defined in the Hilbert space H in H, f is a given
function in H and w is the unknown function. Let us decompose as follows

F=L-R-N (6)

Where L is the linear part of inverse L™!, R the linear remainder and N the
nonlinear part, (1) becomes :

Lw—Rw—Nw=f (7)

Applying L™ to (3), we get the Adomian canonical form :

w=0+L'f+ L 'Rw+ L 'Nw (8)

where
Lo =0.

Equation (5) is the Adomian canonical form [1]. Using the successive ap-
proximations [7], we get:

wh =0+ L7 (f) + LTHRW") + LTHN (@ ) k=1 (9)

This let’s to the following Adomian algorithm :
wh =0+ L7Y(f)+ LY (N(wF 1))k >1 (10)
wk = L7Y(R(wk_,)),n > 1

n n—1

The Picard principle is then applied to equation (7): let w® be such that
N(w®) =0, for k = 1, we get:

wh =0+ L7 ) + L (N (") "
wy, = L7H(R(wy,1)),n > 1
If the series (Z w) | converges, then w! = Z w)
n=0 n>1

For k = 2, we get:

HR(wyy)),n =1

n—1
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o o0
If the series ( E w,%) converges, then w? = E w?
n=0 n>0

This process is repeated to k.

oo oo
If the series (Z w,’i) converges, then w® = Z wk

n=0 n>0

Therefore w = . lim w* is the solution of the problem, with the following
— 400

hypothese at the step k : N(w") =0,k > 0.
Theorem 2 Consider the following Cauchy problem :

(p) : { Liw(t,z) = eAw(t, z) + pw (t,2) + Nw (t,2), (t,z) € Q
"1 w(0,2) = h(z)

Associed to the problem (p), the SBA allorithm is given as :

f wk(t,x) = h(z )—i—L* N 1t (t,z)| ;k>1
(Ps5a) { whyy (t,2) = [eAw[ a0 x>+uwn]<, Jin>0

(Hy): There is w® (t,x) at the step k = 1,such as Nw® (t,z) = 0.
(Hs): At the step k = 1,w! (t,z) is the solution of :

{ wg (t, ) = h(x)

whay (62) = L [eAwh(t,2) + paok (6,2)] ; m > 0.
(H3) : At the step k = 2, Nw! (t,2) = 0.So the algorithm :

fowh () = h(z) + Lt [N (8 2)] sk > 1
(pSBA)~{ w%+1(t,$)=Lt_1 [sAw[( )+uw}( z)] ;n>0

is convergent for k > 2 and we obtain : w! (t,z) = w?(t,z) = ... = w*(t,z).
From which the unique solution of the problem (p) is

w(t,z) = lim wk(t,z).

k—-+4oco

Proof. At step k = 1, we have the following algorithm:
(p) wo(tx)—h()
DV why (t2) = Lt [cAwh (@) + o, (4,2)] 02 0
according to hypothesis (H;) and (Hs),the solution of (p1) is w! (t,z) =
+o00
Z w} (t,2). According to the hypothesis (H3) ,at step k = 2, Nw! (t,2) =0
n=0
we get the following alorthm :
(P) wo(tx)*h()
P wig (t7) = Lt [eAwp(t ) + pwy, (8,2)] 51> 0
Thus, we obtain the same al
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gorithm as in step k = 1, then w?(t,z) = w! (¢,2) . Thus, in a recursive way
it will be for each step k > 2, w* (¢t,7) = w?(t,v) = w? (t,z) = ...
Then the solution of the problem (p) is w(t,z) = i 1i141_1 wk(t, ).
o

Suppose that the problem (p) has two distinct solutions w(t,x) # v(t, ),
and consider their difference (¢, x) = w(t,x) — v(t, ).

For each solution, we have :

{ wk (t,2) = h(z) + L' [N(wF ! (t,2)] ;
wh iy (t2) = Lyt [eAwk(t, x) + pw} (

and { vf (t,x) = h(z) + L; ! [N ("1 (¢,

Uﬁ—&-l (t,I) = Lt_l [sAva(tvx) + KUy (t,CC)] i n 2 O

Vk > 1, N(w*=1 (t,z) = 0 and N(v*~! (¢,2) = 0,50 we obtain :
wy (t,x) = h(z) sk >1

{ wk oy (t,2) = L' [eAwk(t, 2) + pwk (t,2)] ;n >0

EaRS

and

ob (t,2) = h(x) 1k > 1
{ va_H (t,x) = Lt_1 [eAvﬁ(t, z) + pok (t,x)] :n>0
For the difference we get :
{ ok (t,x)=0;k>1

(pfz+1 (t,CC) = Lt_l [5A¢i€z(taz) + ,L“Picz (tvm)] ;>0
from which

9015 (t7$) =0

‘p]f (t7 x) =0

ok (t,z) =0,Yn >0
“+oo
Thus ¢F (t,7) = ngfl (t,z) = 0 and w(t,x) = v(¢,x) which contradicts
n=0
our hypothesis. Therefore the problem (p)has a unique solution w(¢,z). m

3 Resolution via numerical method ADM
Consider the following equation

Ow (t, ) n 0%w (t, )

(B):3 " ot S o
w(0,z) = Ber*®

+qlw (t, )P w(t,z) =0

Let us determine the canonical form of Adomian, the equation
ow (¢ 0w (t
Dulta) | Owit)
ot Ox?

is equivalent to

+qlw(t,2)|* w(t,z) = 0;p € N*

ow (t,xz) ; 0w (t,x)

+ig |w (¢, )" w (¢, )

ot T 02
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from which we obtain the canonical form :

0%w (z,x)

w(t,x) =w(0,2) + ic 92

dz +iq/ lw (z,2)[* w(z,z)dz.

o—__

Thus, we obtain the Adomian algorithm :

wo (t,2) = w (0, x)
t82
Wp1 ( zs/ dz+zq/A (z,2)dz;n >0
0

Let’s calculate the polynomials: : Ag, A1, Ao, ...

Ay = |B|2pw
Ay = wy (wow)? + pwo (w1 + Wrwe)? !

Ay = 2 (awp)? wy + 2p (awy + bwo)p_l (w1))+p(p—1)(2(aws + bw; + cuwy))

Let’s calculate the terms: wyg (¢, x), w1 (¢, ), ...
we obtain thus :

wo (t,z) = feia®

wl(t,m):ﬁit( ea +q|ﬁ|2p>e
B{it( ea? —H]W )}

it (e +qw|2”)}

ws (t,x) =

ws (t,x) =

N 1 a0

e
n!

Therefore, the solution of problem (E) obtained by the ADM method is :

x) = fwn(t,a:) = fexp [z ((—€a2 + q|6|2p) t —&—ax)} .
n=0

Consider the following equation

Ow (t,x) 0w (t,x)

(F):3 " ot C T a2
w(0,z) = e’

+ pw (8, 2) + qlw (& 2)|*Pw (t,2) = 0

Let us determine the canonical form of Adomian, the equation

P72 (wp)
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Ow (t, ) 0w (t,x)
o T o

is equivalent to

+pw (@) + g w ()P w (t,z) = 0;p € N7

ow (t,z) . 0w (t,x)
or T ox?

from which we obtain the canonical form :

+ipw (8, @) + iq [w (£, 2)[* w (¢, z)

¢ ¢ t
2
%dz#m/w (z,) dz+z'q/ lw (z,2)|*" w(z,z) dz.
x

0 0 0

w(t,x) = w(0,x)+ic

Thus, we obtain the Adomian algorithm :
wo (t,2) = w (0, z)

¢
0wy, (z,7)

t
Wyt (L) = is/Tz’dz—Fiu/wn (z,) dz—!—iq/An (z,2)dz;n >0
0 0 0

t

Let’s calculate the polynomials : Ag, A1, Aa, ...

Ag = |8 w

Ay = wy (wowo)” + pwo (w1Wg + Wrwe)”™

Ay = 2 (Wowo)” wa + 2p (Wowy + wrwe)” ™ (w1) 4+ p (p — 1) (2 (Wows + wi w7 + Wawg))*~

Let’s calculate the terms : wy (¢, ), w; (¢, 2) ,ws (t,2), ..
we thus obtain : .

Wo (t7 ) Beiaz

wy (t,2) = ﬁzt(uﬂsa +q|5|2p) giax

12 £.2) :B{it (u—sa +q|ﬁ\ )]

ws (t,z) =B {it (,u 7 €a3+ ¢ WQP)]

[it (u —ea’® +¢q IB\%)} .
wy (t,x) =0 ' erar
n!
Therefore, the solution of problem (FE) obtained by the ADM method is : :

= +§wn(t7x) = Bexp [z ((,u—aaQ +q\ﬁ|2p)t+a$)} :

? (wo)
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4 Resolution via numerical method SBA
Consider the following equation
t 2w (t
Jwte) 0wt z)

(E): ot S oa?
w(0,z) = fer*®

+Q|w (t,l‘)‘Qp’LU(t,I) =0

Let us determine the canonical form of Adomian, the equation

Ow (t,x) 0w (t, )
T T o

2
+qlw(t,o)[Pw(t z) =0
is equivalent to

ow (t,z) . Pw(tz) | 2p
5 g2 +ig|w (¢, )| w (¢, x)

En posant
Nuw (t,x) = iq|w (t, 2)|*" w (¢, )

from which we obtain the canonical form :

w(t,x) =w(0,z) + ic
0

t t

0w (2, )

sz + /Nw (z,2)dz.
0

Applying to (*) the method of successive approximations, we obtain :

t t

. [0*wF (2, )
w” (t, ) = wk (0, z) —I—ZE/T
0 0

We thus obtain the SBA algorithm [1,6,7,8,9,10,11] :

¢
wk (t,7) = w* (0, 2) —I—/ka_l (z,2)dz , k>1
0

¢
92 k
wh (t,z) :ig/%dz in>0

0

Let’s apply Picard’s principle to (17), at step k = 1, Nuw® (t,z) =

w (t,z) = 0, hence

¢
w (¢, x) = Bele® +/Nw0 (zyx)dz , k>1
0

¢
82 1
w) 4 (t, ) :ie/%d:z im>0

0

dz—I—/ka_l (z,2)dz, k> 1

(15)

0, si
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Therefore we have

w(l) (t, ) Bewx

wi (t,x) = —zaQBete“”

w% (t, 1‘) 4t266261am

wi (t,x) = za6t3ﬁa3 iaz
—e1a“t .

wk (t,z) = [37( o ) e n >0

from which at step k£ = 1, we obtain :
1 . ) (—ma t)
w (t,x) _ pkglooﬂezaa:z T = ﬂexp [ (ax —E&a t)]

p=0
Then let’s calculate Nw! (¢, )

Nuw' (t,z) = iq|w’ (t,m)|2pw1 (t,z) —igB*Pw' (t,z) #0

therefore, we modify problem (F) into an equivalent problem :

Ow (t, ) N 0%w (t, )

(B):3 " ot S o
w(0,z) = fe'®

+q 8P w(t,z) + Nw (t,z) =0

where B
Nuw (t,z) = qlw (t, )] w (t,z) — q|B]*" w (t, )

Therefore, we obtain:

ow (t,xz) 02w (t,x) a2p S
T +qi |8 w(t,z) + iNw (¢, x)

then the canonical form of Adomian

t { ‘
) _
8“57(?“7)6134-(11\ﬁ|2p/w(z,at)dZ—H/Nw(z»x)dz
xXr

0 0

w(t,z) = B + i
The new algorithm is then :
wi(t,x)) = Bele® + i/]vwkfl (z,2)dz; k> 1

t
2, k
w,’j+1(t,m))=si/8w”7(z’x)dz+q|6|2pi/ E(z,2)dz;n >0
0

0z2
0
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Let’s determine w! (¢, )

w} (¢, x) = Bela®
wh(t.a) = Bi ((q18 — a%e) t) cios
o))
w%( , — ﬂ 5 etaz
3
(i(alo™ —ae)t)
wi (t,x) = T erar
2p 2
ilglB)|™* —a%e)t)
w’,ll (t,ﬁ[; — ( ( ' ) ) etax
n!
hence
e (i(als - ) )"
w' (t,x) = Be'*” Z — = Bexp {7, ((q |6|2p - a25) t+ a:c)}
n=0 ’
We thus obtain Nw! (t,z) = 0
Recursively we have:
w! (z,2) = w? (z,2) = ... = w" (2, 2)

so the solution of problem (E) is :

w(t,x) = Bexp [z ((q|ﬁ|2p - a25) t+ax>] .

Consider the following problem :

ow (t, 0%w (¢,
(F): "wétx)“ gizm)+uw<t,x>+q|w(t,x>|2”w<t,x>=o

w(0, 1) = Beia”

We obtain the following Adomian algorithm:
t o t t
w(t,z) = w(0,z) +ic %dz—i—m/w (z,z) dz—i—iq/Nw (z,z)dz (18)
0 0 0
where
Nuw (t,z) = |w (t,2)]*" w (¢, z)
Let us apply the method of successive approximations to (18),
t
2,k
wk(t, ) = wk (0,z) + ie/awaim(;’x)dz+
L (19)
iu/wk (z,2)dz + iq/ka_l (z,2)dz, k> 1
0 0

10
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We are looking for the solution of (F) in the form of a series

+oo
wh(t,z) = Z wk(t, )
n=0

At each step k > 1, we have the following algorithm :

t
wh(t,z) = w* (0,7) + iq/Nw’“_1 (z,z)dz
0

t t
2.,k
wha(to) = ie [T ED e b i [f o) dzin > 0
xr

0 0

Let’s calculate the terms of the series

400
wh(t, ) = Z wk (t, )
n=0

At step k = 1, for w°(¢,z) = 0, we have Nw®(t,z) = 0 and we obtain ::

w(t, x) = fete® ‘
wi(t,z) = Bi (p — a’e) te'o” )
w%(t .%‘) — 6 (7’ ((,U, — CL2E)) t) ez’am
’ 2!
1 1 —a%e))t o
0= 20 )
w}z(t,x) =3 (7’ (('u’ _nci 6)) t) etaz

therefore

X (i (1 —a2e)) )"
wl(t’m):ﬁeiazz (Z(('u ))t)

n=0
Calculate Nw!(t,z), we have :
Nuw! (t,z) =¢q |w1 (t,x)fpwl (t,z) =q |ﬂ|2p w' (t,2) #0
We then modify problem (F') into an equivalent problem:

Ow (t,x) N 0w (t,x)

(F):3 " ot C T a2
w(0,z) = pe'*®

+ pw (t,2) + q |8 w (t,x) + Nw (z,2) = 0

(20)

11
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where B

Nuw (z,z) = qlw (¢, 2)[w(t,z) —q|8* w (¢, z)
we have the following canonical form :
t

t t p
) -
%dz—kiﬂ/w (z,7) dz+qi | B /w (2,) d2+i/Nw (z,2) dz
xr
0

0 0 0

w(t,x) =w(0,2)+i

Let’s apply the method of successive approximations to (19),

t

2,k _
w*(t, z) = w* (O,x)+z'e/8w87(2)dz+z u+q\6|2p /w’“ z,1) dz+z'/ka‘—1 (z,2)dz, k> 1
0 0

Thus, at each step k > 1,the following algorithm is obtained :

t
w (t,z) = w* (0, ) —&—i/]vwk_l (z,2)dz, k> 1
0

62 k ; )
wh (1) = is/%dﬂz +i(u+alg™) /wii (z,2)dzin > 0
0 0

Let’s calculate w!(t,z) at step k = 1
w(t, ) = wk (0,2) + i/]vwo (z,z)dz

1 — 82 (2, 2) 2p
Wy (t,x) = e sz+z(p+q|ﬁ\ (z,2)dz;n >0

0 0

for w%(t,x) = 0 we have : Nw®(¢,z) = 0, hence

wy(t,z) =

k0,
wl ( t ¢
w4 (t ) = / g = dz—l—m/ Lz, @) dz + qi |87 / s (z,2)dz;n >0
0 0 0

12
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wi(t,z) = peia®

wi(t,z) = ﬁit( —a €—|—q|ﬁ|2p)e
o) = ﬁ(zt(u—a 5+q|5|2p))
)

Wy 51
wh(t,z) = B (it (u—e E; a1t )
w}L(t, )= f (it (/i _ GQZ?— 1 |6|2p)>n elax

the solution at step k =1 is

- 2 2p\\"
i (it (p—ate+qlB]
axr

n!

w' (t,x) Be

n=0
Bexp {Z (( —a28—|—q|ﬁ|2p> t—|—aaj)}

We thus obtain :
w! (t,z) = w? (t,z) = ... = wF (t,2) = Bexp {z ((u - a25+q|6|2p> t+ a:c)} .
Thus the solution of problem (F') :

w(t,z) = kEI—QI—loowk (t,x)

= fexp {z ((u —ad’c+q |5|2p) t+ a:c)]

4.1 Conclusion

We have successfully generalized the optional Ivancevic or Schrodinger price
model to quantum mechanics via the ADM and SBA methods.
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