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1. Introduction

p-Oresme numbers (see, for example, [3]) are defined by the recurence relation

1 1
On+2:0n+1*p*On7 00:0701 :57 p%o

2

The case p = 2, which is called the Oresme sequence, {O,,},>0, was introduced by Nicole Oresme (1320-

1382) in the 14-th century. Oresme obtained the sum of the rational numbers formed by the terms

14
0,2,23 4 5 6 5w+ These numbers form a second order sequence and are defined by the recurence

relation

1 1
Ont2 =Opq1 — zOn, 0p=0,0, = 3

In [4], Horadam presented a history and obtained an abundance of properties of these numbers. Oresme
numbers have many interesting properties and applications in many fields of science (see, for example,
[1,2,3,4,5,6]).

For 0 # p € R, a generalized p-Oresme sequence {W,},>0 = {W,(Wo, W1)}n>0 is defined by the
second-order recurrence relations

1
Wo = Waoy = 5 Wz (1.1)

with the initial values Wy = ¢o, W1 = ¢1 not all being zero.
1
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The sequence {W,, },,>0 can be extended to negative subscripts by defining
W_p =p*W_(no1) — P*W_(n_2)

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
Modified p-Oresme sequence {Gp}n>0, p-Oresme-Lucas sequence {H,},>o and p-Oresme sequence

{On}n>0 are defined, respectively, by the second-order recurrence relations

1

Gn—i—Q - Gn+1 - ?Gny GO = 07 Gl = 15 (12)
1

Hn-l—2 = Hn-{-l - FHna Hy=2,H1 =1, (13)
1 1

On+2 = On+]_ - ?Onv OQ = O7 O]_ = ; (14)

The sequences {G,, }n>0, {Hn}n>0 and {O,}n>0 can be extended to negative subscripts by defining

G_n = PG_(n-1)—P’G_(n_2),
H., = p°H_(4_1)—p H_(5_2),
O_p = P*O_(n_1) —P°O_(n_2),

for n = 1,2,3, ... respectively. Therefore, recurrences (1.2)-(1.4) hold for all integer n.For more information

on generalized Oresme numbers, see Soykan [7].

2. The Sum Formula }_;_, x"”'W,znkH

The following theorem presents sum formulas of generalized p-Oresme numbers (the caser = 1,5 = — pi)

THEOREM 1. Suppose that p*> # 4 so that p?> — 4 # 0. Let x be a real (or complex) number. For all
integers m and j, for generalized p-Oresme numbers (the case r = 1,8 = —p%) we have the following sum

formulas:

(a): If (1+ pz%me — Z'Hgm)(#fb —1) = (2% — p*™ Hopz + p*™) (x — me) p~ 6™ =£ 0 then

n
Q
k 2 1
Wikt = 2.1
27 Wikss = G0 7 B — ) — P Hamr 7 21
where
Q1 = (@ —p"" Hop)(z —p*™)(p—2)(p+2)z" W2, i+ (x—p*)(p—2)(p+2)a" ' W2, 1+

(.’IJ _ p2m) <p _ 2) p4m(p + 2)W]2 + <p2m _ .’I}) (p _ 2)(p + 2).Z‘Wj2_m + 2p—2mn+4m—2j+2 (H2mp2'rn _
2)(a" = p*") (Wi + s W5 — WilWo)z
(b): If (22 — p*™ Hapz + p*™) (z — p*™) = (. — a)(z — b)(z — ¢) = 0 for some
_ P Hoyp + /PP HS,, — 4pt pt Hyy — /PP HS,, — dpt

— b= — n2m C
a 9 s 5 ,C=1D S
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anda#b#c, i.e., t=a orx="> orx=c, then,

i kaQ o QQ
k=0 e (p - 2) (p + 2) (3$2 - 2p2m (pZmHQm + 1) T+ p4m +p6mH2m)

where
QQ = (p2 - 4)((1‘ _p4mH2m)mn+1 + (aj - me) ((n + 2) € _p4m (n + 1) HQm)xn)Wng»j + (p2 -
4)(n+2)z—pP™ (n+1))a" W2

mn—m-+j
2)(x"™ 4+ na" — p?™) (W32 + p%VVO2 - W1iWy)

(c): If p®™H3,, — 4p*™ = 0 and (2% — p*™xHap, + p*™) (x — p*™) = (. — a)*(x — ¢) = 0 for some

p4mH2m
a:T,c:me € C and a # c then if © = ¢ then

J

o Q
k2 3
x .=
kZ:o vt (p—2)(p+2) (322 — 2p>™ (p* Hoyy + 1) & + p*™ + pS™ Hy,y)

where

Qs = (p* —4)((z = p*" Hap )" + (z = p*™) (0 +2) & — p*™ (n + 1) Hap )z )Wy, + (07 —
4)((n+2)x_p2m(n+1))mnwgzn—m+7
2)(.’1’3" + nx" — pZmn)(WlQ + p%Wg _ WIWO)

and if x = a then

En Q
k172 N
W, L=
< T mk-+j 2(p — 2)(p =+ 2) (31‘ — p2m _ p4mH2m)

where

Q= (p274)((n+3)(n+2)x2fxpzm(nJrQ)(n+1)(pzmHQerl)+p6mn(n+1)H2m)x"’1W3m+j+
(12— )+ D2+ )" — p e YW,y = 2Ap? — AW, + 2l + 1) 2mtin- 242
(P*" Hom — 2)(WE + s WG — WilWo)a" !

Proof. Take r = 1,8 = —p% and H, = H, in Soykan [??, Theorem 2.1.]. Note that (z? — p*™xH,,, +

p*™) (z —p*™) = (z — a)® = 0 can not be possible for some a = p*™ € C, m # 0, i.e., z = a, because

4mH m
otherwise we must have p*™ H3, — 4p*™ = 0, pTQ = p?™ and
4m
e = P (PP Ham —2) =05 P Hay —2=0
1 2m
= p2mx2<) —2=0
2
p>2m
= (= -1=0
(5

in which the last equality doesn’t have any integer solutions m other than m = 0 (so x = p?™ = 1) for the

case p # 2.Here we used

2m
Hsy, = 2a2m=2<1> .

A+p4m (p2 *4)W2 _ (p2 74) (21.7p2m)Wj27m+2p72mn+4m72j+2 (meHQm _

4+p4m (p2 _4)W]2 _ (p2 _4) (Qx_p2m)Wj2_m+2p72mn+4m72j+2 (p2m H2m _



UNDER PEER REVI EW

4 YUKSEL SOYKAN

In this case (i.e. m =0,z = 1), we have Y, _(W? = (n+1)W}. O
Note that in the last theorem, the case p? # 4 so that p? — 4 # 0 is considered. The sum formulas for
the case p? = 4 so that p? —4 = 0 is given in Soykan [8, Theorem 2.1].

Note also that (2.1) can be written in the following form

Zkaslkﬂ’: — _ zmQG 2 _ . dm am
= (p—2)(p+2)(z — p*")(2? — p*™ Hypmx + p*™)
where
Q6 = (= 4) (@ —p*™) (& —p"" Ham )" W3, 4+ (07 = 4) (2 = p?™)2" Wy — (02— 4) (@ —p?™) (2~
PV Hop ) s W7 — (9% —4) (x —p ™ )W}, 4 2p~ 2 HAm =272 (g1 — p2mm) (92 [y, —2) (W 5 W5 — Wi Wo ).

As special cases of m and j in the last Theorem, we obtain the following proposition.

PROPOSITION 2. Suppose that p?> # 4 so that p?> — 4 # 0. For generalized p-Oresme numbers (the case
r=1,s= —p%) we have the following sum formulas for n > 0:
(a): (m=1,5=0)
If (x —p?) (2> = p*(p* — 2z +p*) #0, ie.,

2(p? —2) 4+ /p%(p? — 4) p*(p* —2) — /pS(p? — 4)

p
x?é 2 ) 2 ’x#p2’

z#

then
i}

n . -
Zm R e ) [ ey e

where
® = (z—p*(p* — 2)(x —p*)(P* — " W2 + (x — p*)(p* — )" W2_ | + (. —p?) (p* -
Dp*Wg +p*(p* — 2)(p° —4)(Wo — Wh)z +2p5 727 ((p* = 2) = 2) (2™ —p*™)(WF + 5z W5 — WiWo)a,

and
if (x—p?) (z* = p*(p* — 2)z +p*) =0, i.e.,
2(p2 _ 9 6(p2 — 4 2(p2 —9) — 6(n2 — 4
SR o) e Vi Vo R V) iV i) RO
2 2
then
- A
kyis2
W =
kzzox " - 4)(32% - 2p2(p? — Dz +p(p? - 1))
where

A= =9z PP - 2)2"™ + (2 - p°) (n+2) 2 — (n+ p* (p° - 2))2")W7 + (p* —
4)((n+2)z —p*(n +1))a"Wp_y +p*(p* — HYW§ — p*(2z — p*)(p* — 4)(Wo — W1)? + 207" ((p” —
2) = 2)(z" + na” — p*") (Wi + W5 — WilWp).

(b): (m=2,5=0)
If (x = p*) (@ —p* (p* —4p* +2) 2+ p®) #0, i.e.,

pi(p! —4p? +2) + VO (p? — H(p* — 2)° pi(p! —4p* +2) — VPO (p? — H(»* - 2)°
2 ’ 2

x# Lz #pt,

z#
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ot

then
- )
k 2
kZ:O 2T = (@ —ph) (@ plp* — 4p? + 2)a +pd)

where
@ = (z—p'(p* —4p*+2))(x —p*) (p* = D)2 W3, + (x —p*") (p* = )2 T W3, 5+ (z —p*) (0~
OPPWG +(p* =) (p° = Dp* (° Wo = Wo—p* Wh) 2w+ 2p"2 = (p? —4) (2" —p*") (WF + s W5 = Wi W),
and if (x —p*) (2% —p* (p* —4p* + 2) z + p®) = 0 and p* # 2 i.e.,

Pt —4p? +2) + VPO’ — H(p* — 2)° pl(pt —4p? +2) — /PO (p? — ) (p? - 2)°
2

or T =p4,

Tr = or r =

2
(and p? # 2) then

n bo A
,;)x Vo = G B 2 (2 - D2 — Do+ P — D~ 3))

where

A= p*=4)((z—p*(p* —4p*+2))2" ' + (z = p*) ((n + 2) = p*(p* —4p® +2) (n + 1))2™) W3, +
(P? = 4)((n+2)z —p*(n+1))a"W3, 5 +p°(p* —4)WG — (p* — 4) (22 — p")p* (p°Wo — Wo — p*W1)* +
22— ) b ma — YW+ WE W),

and if (x —p*) (@® —p* (p* —4p* +2) 2z +p®) = (@ —4)(z +4)* =0, v # p* =4 and p* =2

i.e.,

Pt =42 +2) + VPP - (7 =2 _ pte! - 47 +2) - VPP - AP -2 _
2 2

Tr = B

and x #p* =4 (and p*> =2, i.e., p= —/2,p = V/2) then
n

S}
VT2 —
S (-4 W = o

k=0
where
© =64 (—4)""" (n? = 2) W3, +(—4)""" (n+ 1)* WZ,_,+16(Wo—2W1)2—n(n+1) (—4)" " 252"
(Wi + W5 — WiWo).
(c): (m=2,j=1)
If (z —p*) (2% — p* (p* — 4p* + 2) x + p°) £ 0, i.e.,

4 4_42 2 10(n2 _ 4 2 _ 9)2 4 4_42 2) — 10(p2 — 4 2 _ 9)2
x#p(p p+)+\gp (P-4 )w#p(p p? +2) \ép (P —4)(p ),x#p‘*,
then
" (0]
kyr 2
.'L'W = )
kZ:O LT (2 = 4) (@ — p) (22 — pi(p? — 4p? + 2)z + PP
where

® = (z—p*(p* —4p°+2))(x—p") (P* =42 W3, + (2 —p*) (p* —4) 2" T W3, + (z — p*) (p°—
pPWE + (0" = 2)(p® — p*(Wo — Wh)2a + 2p'0 4 (p? — 4)(a" — p*™) (W} + s W5 — WilW)z,



UNDER PEER REVI EW

6 YUKSEL SOYKAN
and if (:U —p4) (22 —p? (p4 —4p? + 2) r+p%) =0 and p* #2 i.e.,

d(pd _ 4p2 92 10(p2 — 4)(p2 — 2)2 d(pd _ 4p? 2 10 —92)2
Lo Pt =4+ )—&—\gp W -4*-2?2 0 -4+ \/p )(p* —2) S

(and p* # 2) then

n A
Z Rp2 o —
T Wokt1 = (p? — 4)(3x2 — 2p*(p? — 1)(p? — 3)z + p¥(p% — 1)(p? — 3))’

where

A = (P 4) (= (0~ 45242+ (& — ) (2 (0~ 4p42) (0 + 1)) Wy +
P =4)((n+2)z = p*(n+1)2" Wi,y +p*(p? = HWE — (p* — 4) (20 — p")p* (Wo — W1)? + 2p!0~*"
(07 — )+ na™ — P WP+ HWE — Wiy,

and if (x —p*) (@® —p* (p* —4p* +2)z +p®) = (@ —4)(z +4)? =0, v # p* =4 and p* = 2
i.e.,

Pt =49 +2) + VPO — (2 - 22 ppt — 4p” +2) \/;D10 )~ 2)?
2

and x #p* =4 (and p* =2, i.e..p = —/2,p = V2) then

- (C]
Z W2k+1 327
k=0

xTr =

= —4,

where
0 =64 (—4)""" (0% = 2) W3, 1 +(=0)" (n+1)> W3, +16(Wo—W1)?—n(n+1) (—4)" " 2727
(WE+ LW —wiwy).
(d): (m=-1,j=0)
If (pPx — 1)p~2(a® — (p° — 2)p‘2w +p ") #0, ie,

7A(p —2)p 2 +\/p— p—2 (p? —4)p~2

T #p 7

then
o
k 2
X W_ . = )
;] P - —p ) - (0 - 2p 2w +p )

where

® = (z—p*™)(p* — 42" W2,y (2= (= 2)p ) (@ —p ) (0P~ )2 W2+ (2 - p7?) (0P
Dp~ W5 + (p72 = 2)(p* — DaWi +2p*" 2 (p* — 4) (" —p~>")(WE + zW§ — WiWo)a

and if (p?x — Dp=2(2® — (p®> = 2)p 22z +p~*) =0, i.e.,

(p> —2)p % +/(p? — 4)p~2 (PP =2p2 = /(p? —4)p2 o

T = 5 orx = orx=p °,

then
A
IkWE = )
kzz;) 0?4322 =22 — V)p~ 2z + (P2 — 1)p )

where
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A=@=)((n+2)z—p2(n+1))a" W2, 15 + (° — 4" (n +3)2> —p?a(p? — 1) (n +2) +
(P* =2)(n+1))p~ 2" W2, +p~t(p? — WG — (p* —4) 2z —p )W + 2" 2 (p* — 4) (2" + na” —
PP (WP + W5 — WhilWg).
(e): (m=-2,j=0)
If (x—p™) (22 = (p* —4p* +2)p *w +p~%) £0, i.e,

(p* —4p* +2)p~* — /(> — 4 (> - 2)*p©
2

(' = 4" + 2p~ + V(0 = H((* —2)*p°

x# 2 ) 7‘%#[)74’

v #

then

ikaz k= ®
= -9 -p @ -0 -4+ 2t pd)

where

= (z-p )p® — 2" TIW2y, 1+ (= (0 = 4 + 2)p7 ) (@ - pTH(P? - D" T, +
(z—p™") (P =D~ W5 + (p~ " —2)(p* — D (= Wo +p*W1)p~* +2p" 4 (p? = 4) (2" —p~ ") (WF +
LWE — Wi Wo)e

and if (x —p~*) (2% — (p* —4p*> +2)p~ 'z +p~8) =0, and p* £ 2 i.e.,

4742 ) —4 2 _ 4 2 _ 9)2,—6 4742 2 —4 2 _ Y 2 _ 2)2p—6
L =4+ 2)p +\§(p W(p?—22p -4+ 2)p \g(p () T

(and p*> #2, i.e., p# —V2,p # V/2) then

- kii2 A
kzzom Woak = G - D = I ia + P D =3’

where

A== 9(n+ 2z —ptn+1)a" W2y, 1 + (* — (@ — (p' — 4p* + 2)p~ 2™ +
(= p™") ((n+2) 2= (p" —4p*+2)p~* (n + 1)2™)W2,, +p~ (p* — ) WG — (p*—4) (22 —p~*) (- Wo +
p?W1)2p~4 4 2p* =4 (p? — 4) (2™ + na™ — p~ i) (WP + p%WO2 — WiWh),

and if (x —p~*) (2 — (p* —4p* +2)p~ o +p¥) = LUz -4z + 1) =0,z #£p =1 and

p? =2 i.e.,

P =4 +2p VPP - -2 (' -+ 2 - VP - ) (P -2 1

2 2 4’

and x #p~* = % (and p* =2, i.e., p= —/2,p = \/2) then

where
O = —4 (=1 (n+ 1) W2yt d (1) (02 = 2) W2, +(Wy — 201 —n(n+1)2271 (= 1)" 7" (224
W2 — 20, Wy).
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(©): (m=—2,j=1)
If (m - p_4) (% — (p* —4p®> + 2)p~ 2z +p8) #£0, i.e.,

v+ (p* —4p> +2)p~* + \é(pQ —4)((p? — 2)2;0*6’30 ” (p* —4p> +2)p* — \g(pQ —4)((p? — 2)219*6795 —

then

Zkaz%ﬂ = 2 —4Y (2 (1)4 2 4 —8Y’
= (P* —4)(@ —p~*) (2% — (p* —4p> + 2)p~*x +p~®)
where
= (z—p P® 42" W2y, 5+ (2= (0" —4p* +2)p7 (@ —p ) (P® — 4" TIW2,, L+
(z—=p™") @ = Dp WP + (p7* = 2)(p* — Hp~ (- Wy — Wi + p*W1)%z + 2" O (p? — 4) (2" —
p (WP + WG — WhilWo)a,
and if (x—p~*) (#* — (p* —4p* + 2)p 2 +p~®) =0, and p*> # 2 i.c.,

Bt VA ol (ol R VAl VA (ol

2 2
(and p* # 2, i.e., p # —V2,p # V/2) then

Zkaz%ﬂ =2 2 2 2 A 4 2 2 —8Y’
— (p? —4)(3z2 —2(p* — 1)(p* = 3)p~*z + (p> — 1)(p* — 3)p~®)
where
A== 9(n+2z—ptn+1)a" W2y, 5+ (* — (@ — (p* — 4p* + 2)p~ 2" +
(@ —p ) ((n+2)z— ' —4p*+2)p~" (n + 1))z ) W2y, 1y +p~*(p° — YW — (p* —4) 2z —p~")p~*
(=Wo = Wi +p*W1)? + 2p*" 0 (p? — 4) (2" + na™ — p~*") (W] + ;W5 — WiWy),
and if (x—p~*) (2? — (p* —4p* + p~ o +p¥) = HFUr - 1)z +1)2 =0,z #£p =1 and

1
p? =2 i.e.,

I ) VA ()l Vet G ) VA (Ve
2 2 4’

and x #p~4 = i (and p*> =2, i.e., p= —/2,p = \/2) then

n 1 k /o)
> (-3) W=7

k=0

where

O=—4(-H"(n + 12 W2, 0t (1) (02 = 2) W2y, +(Wo — Wh) P —n(n+1)22"2(2IW 2+
W§ —2WiWo) (=)™

Note that in the last proposition, the case p? # 4 so that p?> — 4 # 0 is considered. The sum formulas
for the case p? = 4 so that p*> — 4 = 0 is given in Soykan [8, Proposition 2.1].
From the above proposition, we have the following corollary which gives sum formulas of modified p-

Oresme numbers (take W,, = G,, with Gy =0,G, = 1).

orr=p
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COROLLARY 3. Suppose that p® # 4 so that p?> —4 # 0. For n > 0, modified p-Oresme numbers have the
following properties:
(a): (m=1,j=0)
If (. —p?) (2 — p*(p* — 2)x +p*) #0, i.e.,

:c7,ep2(1’2—2) +2 p6(p2—4>7x7,gp2(p2—2) - P-4 e

then
P

n e
D iy oy e ey ey

where
® = (z—p*(p*—2))(x—p?)(P* —4)z" T G% + (x—p?) (p? —4)z" T GZ_, —p "M (p? —4) (p*" (z +

p?) — 2p%a")a,

and
if (x—p?) (22 = p*(p> — 2)x +p*) =0, i.c.,
PP =2 VPSR -4) PP -2 VP-4
T = orz = or T = p*,
2 2
then
n
A
kaGi ) 2 2012 17,2
=0 (p? — 4) (322 — 2p2(p? — )z + p*(p? — 1))
where

A= (P =4z -p(P* = 2)2"" + (2 —p?) (n+2)z — (n + 1)p* (p* - 2))2™)G} + (P* -
4)((n+2)z —p*(n+1)2"Gh_y +p 2" (p* — 4)(=p*"(2z + p®) + 2p*(n + 1)2").
(b): (m=2,3j=0)
If (x —p*) (@ —p* (p* —4p* +2) 2+ p®) #0, i.e.,

4 Pt —4p® +2) + \épm(p2 -4 - 2)2@ y pr(pt —4p® +2) - \épw(pQ —4)(p*—2)?

Lz #pt

then
(0]

k2
G5, =
kz::()x - (- p)(a? — pip* - 42 + 2z + )

where

D = (z—p*(p* —4p* +2))(z — p")(p? — 2" ' GE, + (x —p*)(p* —4)a" T GE,_, —p (P
4)(p*"(z + p*) — 2p*a™)z,

and if (x —p*) (22 —p* (p* — 4p* +2) z +p®) =0 and p* # 2 i.c.,

PO -4 PP et 4P+ 2) - O - DR - 2)
2 2

T = orx:p4,

(and p? # 2) then

~ ko2 A
kZ:Ow B e g Y o ] e P g ] o)
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where

A= @ =4)(z—p*(p* —4p* +2))z" " + (z = p*) (n + 2) 2 —p*(p* —4p* +2) (n + 1))2")G3,, +
(P* =4 ((n+2)x —p*(n +1))z"G3,_o +p "3 — 4)(—p™ (22 + p*) + 2p*(n + 1)2")),

and if (x—p4) (xz—p4(p4—4p2+2)x+p8) =@—4)(r+4)?%=0,2#p* =4 and p*> =2

i.e.,

Pt =4 +2) + VPO - -2 ptpt - 407 +2) — VPR -4 - 2)? _4
2 2

Tr = B

and x #p* =4 (and p*> =2, i.e., p= —/2,p = /2) then

n

S
— k2 = —
> (—4)"G3, 3

k=0
where

0 =64 (—4)""" (0% = 2) G3,+(—4)"" (n+1)* G3,_o+16(Go—2G1)?—n(n+1) (—4)" " 282"

(@) (m=2j=1)
If (z—p*) (2% —p* (p* —4p* +2) 2+ p®) #0, i.e.,

Pt —4p” +2) + VPP - H(? - 22 pr0t = 4p° +2) — VPO (? - 4 - 2) "
v # 4 @ # / @ #
then
Zkangrl = 2 )
= (p? —4)(z — p*)(2? — p*(p* — 4p® + 2)z + p®)
where
® = (z—p'(p' —4p>+2))(z —p") (p? — )" ' G3, y + (@ —p") P —4)2" G, —pT (PP -
4)(p* (2 = 2p*a + 2p% + p¥) — 2p0a" ),
and if (J; —p4) (2 —p* (p4 — 4p? + 2) r+p8) =0 and p* # 2 i.e.,
P AP+ 2) VP - (0 - 2)? _ P AP+ 2) - VPO - 4 - 2)° _ .4
T = 5 orx = 5 orx =p°*,
(and p* # 2) then
zn:kagk 1= A
= T - 4)(82? = 2pt(p? — D) (P? - 3)z +pS(p?2 — ) (p? - 3))’
where
A= =4)((z—p*(p* = 4p?+2))2" + (2 — p*) (0 +2) 2 —p*(p* —4p*+2) (n + 1))2") G, +
(P* =) ((n+2)z —p*(n+1))2" G5,y +2p~ " (p? = 4)(p* (—z — p° + p*) + p°(n + 1)2™),
and if (x —p*) (@® —p* (p* —4p* +2)z +p®) = ( —4)(z +4)? =0, v # p* =4 and p*> =2
i.e.,
. p4(p4 _ 4p2 + 2) T \/plo(p2 _ 4)(p2 _ 2)2 _ p4(p4 _ 4p2 + 2) _ \/plo(p2 _ 4)(172 _ 2)2 _
2 2 ’
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and x #p* =4 (and p* =2, i.e.,p = —/2,p = V2) then
>4 s = o
2k+1 )
P 32
where

O = 64 (—4)" " (n2 —2) Gy +(—)"" (0 + )2 B3,y +16(Go—Ga)2—n(nt1) (—4)" 272

(@2 (m=—1,j=0)
If PPz — 1)p~2(2* — (p* — 2)p‘2x +p ) #0, ie,

7A(p —2)p~2 +\/p - (p* —2)p (p2—4)p‘2’x¢p,2’

then
i}

k2
D Ve e ey P

where

o= (z—p?)p* - 42"GZ, 0 + (x— (0 = 2p ) (@ - pH)(p® — 2" TG, + (P -
p2(2p* ™ — pPr — L)z

and if (p?x — Dp=2(2® — (p*> = 2)p 22 +p~*) =0, i.e.,

R e 2 _9)p2 _ S = Dp
L P =2)p +2 2 —4p=2 =2 . W =p=
then
Zka%k: 2 2 2 A 2 2 1)’
= (p* —4)(32? = 2(p* — L)p~2z + (p* — L)p~*)
where

A= =)((n+2z—p2(n+1)2"G%, 1, + (p° — )P (n+3)2* — p*a(p® — 1) (n+2) +
(p? —2)(n+1)p~*2"G?,, + (p? — 4)p~2(2p*"(n + 1)a™ — 2p*x — 1)
(€): (m=-2,7=0)
If (z—p™*) (@® — (p* —4p* +2)p Yz +p %) #0, i.c.,

(r! —4p* +2)p~* + /(0* — ) ((p* - 2)*p~© (r! —4p* +2)p~* — /(p* — ) ((p* - 2)*p~©
2 ’ 2

r# x# aAp

then

o
Z kaz—Qk = )
= (p? —4)(z —p~*)(2? — (p* — 4p*> +2)p~ "2 +p~¥)
where
D= (z—p ) (p?—4)z" TGy, o+ (x— (p* —4p* +2)p ) (@ —p ) (p? — D)z TGy, + (p? -
Qp~*(2p*a” —ple — 1)z
and if (x —p~*) (2% — (p* —4p*> + 2)p*z +p~8) =0, and p*> # 2 i.e.,

_ (p4 —4p? + 2)p‘4 + \/(pz —4)((p> —2)2p~© v — (p4 — 4p? + 2)p_4 _ \/(pZ —4)((p% —2)2p—6 or = p
2 2
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(and p*> # 2, i.e., p # —/2,p # \/2) then

S PTE A
kzzox R VR Py o o P e o y e P

where
A== 9((n+2)z—pin+1)2"Gy, 1 + (0 — (@ — (" — 4p* + 2)p~ 2" +
(z—p ) ((n+2)z—(p' = 4p* +2)p~" (n +1))2")G2,, + (p° — )p~*(2p"" (n+ D)a" — 2p'z — 1)
and if (33 —p_4) (22 — (p* —4p®> + 2)p~*z +p~8) = 6%1(433 — DAz +1)2=0,2#p*= i and

p? =2 i.e.,

(P —4p* + 2 + V(P - ) (P - 2% % _ (' —4p* +2)p" — /(P — ) ((p* —2)%p " 1

2 2 4’

and x #p~* = i (and p*> =2, i.e., p= —\/2,p = /2) then

n

k
> (1) a7
k=0
where
O=—4(-1)" (n+1)° G2y + ] (‘%)nil (n® =2) G2,, +4(n(n+1)2°" (=1)" + 1)
(£): (m=—2,j=1)
If (x=p7*) (@ = (0" —4p” + 2p~*a +p~%) # 0, e,

(" —4p* +2)p~* + /(p* — H)((p* — 2)%p~° (p* = 4p* +2)p~" = V/(* — 4 ((»* - 2)*p~F
2 : 2

£ p Y

T # T #
then
~ )
k2
G =
gx_WI@LMWwﬂW—W—W+W%HVW

where
D= (z—p )p* - 4)a"G, 5+ (@ — (' = 4p? +2)p7 ) (@ —p~H)(P* — D" TGy, +
(P* = Dp~2(=p*(p = 1)*(p + 1)%2® + p' (p" — 4p* + 2)z + 2p"" 021 — 1)
and if (x —p*4) (22 — (p* —4p®> + 2)p~*2 +p8) =0, and p* # 2 i.e.,
(' —4p* +2)p~" + /(P* — 4 (P> - 2)%p~F (' =40 +2)p™" = /(P* — 1) ((P* - 2)*p~S 4

T = orxr = orzxr =
9 9 p

(and p*> #2, i.e., p# —V2,p # V2) then

i: kaQ — A
ST I (g2 —4) (322 = 2(p% — D(p? = B)p~ iz + (02— D(p? - 3)pY)

where

A= —4(n+2z—ptn+1)a"Gy, 5 + (0° — 4)((z — (p! — 4p® + 2)p~ 2" +
(z—p) (n+2)z—(p* —4p* +2)p~* (n +1))2")G2,, 11 + (0° = Hp~ 3 (=2p*2z(p — 1)*(p+1)* +
2p4" 2 (n 4 1)z + p* — 4p? + 2)
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and if (z—p~*) (* = (' —4p* +2ptz+p B = LUz —1)(dz+1)* =0,z #4p ' =1 and
p? =2 i.e.,

(P = 4> + 2 + V(P - ) ((* - 2% % _ (' —4p* +2)p* — /(P — ) ((p* —2)%p " 1

2 2 4’

and x # p~* :i (and p* = 2, i.e., p= —\/2,p = /2) then

n

1\* e
> (-5) Can=3

k=0
where

O=—4(-1)" (412 Popis+ 1 (-1 (12 =2) G2y + 20 (n+ 122 (1) 41,

Note that in the last corollary, the case p? # 4 so that p?> — 4 # 0 is considered. The sum formulas for
the case p? = 4 so that p? — 4 = 0 is given in Soykan [8, Corollary 2.2].
Taking W,, = H,, with Hy = 2, H; = 1 in the last proposition, we have the following corollary which

presents sum formulas of p-Oresme-Lucas numbers.

COROLLARY 4. Suppose that p* # 4 so that p*> — 4 # 0. For n > 0, p-Oresme-Lucas numbers have the
following properties:
(a): (m=1,5=0)
If (x —p?) (22 — p*(p* — 2)z +p*) #0, i.e.,

P*(p* —2) + /po(p? — 4) p*(p* —2) — /pO(p? —4)
2 ’ 2

x # @ # @ # p,
then
(0]

n R
,;Ox = D@ P 2z + )

where
® = (z—p*(p* - 2)(x - p*)P* — 42" H? + (x — p?)(p* — 2" T HE_ + p 2 (p? —
4) (P (p*(3x — 4) — z(z +4)) — 2(p® — 4)z™H1),

and
if (x—p®) (2% = p*(p* = 2)x +p*) =0, i.e,
2(p2 _ 9 6(p2 — 4 2(p2 —92) — 6(p2 — 4
x:p(p )+ VP )orxzp(p ) P )orx:pQ,
2 2
then
n A
k172
" Hi =
I;) P - 49322 = 2p* (2 — Dz + p(p? — 1))
where

A= (=4 ((x—-p*(p* —2)2" " + (z —p?) (n+2)z — (n+ 1)p? (p* — 2))z")H2 + (p* —
) ((n+2)z —p*(n+1)a"H2_; +p 2" T4 (p? — 4)(p*"(—2x + 3p* — 4) — 2(n+ 1) (p* — 4)a™).
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(b): (m=2,5=0)
If (x = p*) (@ = p* (p* —4p* +2) 2+ p®) #0, i.e.,

p(p" — 4p° +2) + /PP (p? — 4)(p® — 2)? p (" — 4p° +2) — /P (p? — 4)(p® — 2)?

x # 5 T # o #pt
then
P
k72
H =
kzzox 7 2 = D)@ — ph) (@2 — pi(p" — 4p? + 2)z + pY)
where
® = (z—p*(p* —4p® +2))(x —p")(p? — )" HE, + (x —p*) (p* — 2" HE,_,+p " H(? -
4)(p*"(4p%a® — pta® — 4a? + Spty — 12p%x + 3pBx — 4p®) — 2p0(p? — 4)a" 1)
and if (x —p*) (z? —p* (p* —4p* +2) z +p®) =0 and p* # 2 i.c.,
At — 4p2 4+ 2 10(p2 — 4)(p2 — 2)2 4t — 4p? 4+ 92) — 10(p2 — 4)(p2 — 2)2
Lo Pt =4+ )+\gp P-4 -2? -4’ +2) \ép -9 -2
(and p? # 2) then
ZkaZQk = A
prs (p? —4)(32% = 2p*(p? — 1)(p? — 3)x +p*(p? — 1)(»* — 3))
where
A== ((@—p'(p" = 4p*+2))a" + (z — p') (0 +2) 2 —p' (p* —4p*+2) (n + 1))2") H3,, +
(P* = H((n + 2)z — p*(n + 1))a" Hs,,_5 +p~ "4 (p* — 4)(p*" (—8z + 8p’x — 2p*x + 8p* — 12p° +
3p°) — 2p°(p® — 4)(n + 1)2")
and if (x—p*) (@* —p* (p* —4p* +2)z+p®) = (z —4)(z +4)> =0, z # p* =4 and p*> =2
i.e.,
. Pt =4’ +2) + VPO - 4)(? - 27 pt(pt — 4P +2) — VPO (2 — 4)(p? - 2) 4
2 9,
and x # p* =4 (and p* = 2, i.e., p= —/2,p = V/2) then
- G)
H =
k=0
where
© = 64 ()" (n2 = 2) HE, + (—0)" " (n+ 1P H3, 0+ 1) 22055 (—4)"!
(c): (m=2,j=1)
If (z —p*) (2* = p* (p* —4p? +2)  + p®) £0, i.e.,
4 4_42 2 10(p2 _ 4 2 _ 9)2 4 4_42 2) — 10(p2 _ 4 2 _ 92)2
o PP AP ) + VP —4)(p* - 2) O i ) VPP (p? —4)(p Iy

2 )

then

RS v
S LT (2 — 4) (2 — ph) (2 — pr(p? — 4p® + 2)z +p8)

where
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© = (z—p'(p" —4p*+2)) (@ —p")(p* = 42" "1 H3, 1 + (@ —p")(p® —4)a" T HE,  —p~ " H(p® -
4)(p*"(2® + 6p'a — 2p% + p%) + 2p" (p? — )2 )
and if (a: —p4) (22 —p* (p4 —4p? + 2) r+p8) =0 and p* # 2 i.e.,

dind _ 4p2 1+ 92 10(p2 — 4)(p2 — 2)2 4t — 4p? 2) 10(p -9
L P p+)+\gp - -22 -4 \/p W2 =22

(and p* # 2) then

k172 _ A
kzzox H2k+1 - (pz _ 4)(3x2 _ 2p4(p2 _ 1)(]92 _ 3)x +p8(p2 _ 1)(172 _ 3))a

where
A = (pP*—4)((x—p*(p* —4p*+2))z" T+ (z — p*) ((n + 2) z—p* (p* —4p*+2) (n + 1))z")H3,,,  +
(P* = 4)((n+2)x —p*(n+1)a"H3,_, —2p~ "4 (p® — 4)(p*" (z + 3p* — p°) +p*(p* — 4)(n + 1)z")
and if (x—p4) (2% — p* (p4—4p2+2)m+p8) =@—4)(r+4)?%=0,2#p* =4 and p*> =2

i.e.,

Lo P ) VPP - P 22 pte 47+ 2) - VPP - P -2
2 2 ’

and x #p* =4 (and p* =2, i.e.p = —/2,p = V2) then
n
> = =
where
©=64(—4)"""(n®—2) H3 py + (—4)"" (0 + 1)* HZ,_, +27274(22" 4 2n(n + 1) (—4)").
(@: (m=—1,j=0)
If (pPx — 1)p~2(a® — (p° — 2)p‘2w +p ") #0, ie,

7A(p —2)p 2 +\/p— p—2 (p? —4)p~2

T #p 7

then
®
krr2
X H_ - )
kZ:O - —p )@ - (p? - 2)p 2w+ p )

where

= (z—p?)p* — 4" H2 o+ (o= (0P - 2p ) (@ - p )P - " HE, — (07
Dp~O(p°a? + 4p?x — 3pta + 2p?" 2 (p? — 4)an ! + 4)

and if (p?x — Dp=2(2® — (p® = 2)p~ 22z +p~*) =0, i.e.,

(p> —2)p 2 +/(p? — 4)p~2 (PP =2p2 = /(p? —4)p2 o

T = 5 orx = orx=p °,

then
A
§ **H?, = ;
) P -6 =20 — Dp 2+ (p2 — LpY)

where
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A= —4((n+2z—p2(n+1)2"H2,  + (0> — 4P (n+3)2® — p’z(p® — 1) (n+2) +
(p* =2)(n+1)p~a"H?, + (p* — )p~*(—2p*"(p* — 4)(n + 1)z" — 2p*z + 3p> — 4)
(e): (m=-2,5=0)
If (1 —p™) (22 — (p* —4p* + 2t +p~%) £0, i.e,

(p" —4p* + 2)p~ " + V/(p? — (> — 2)°p~° (p" —4p* + 2)p~* — /(P* — (> — 2)°p~°

T # 3 T F 5 o #p Y,
then
" P
mkH2 _ ,
kg() T (-4 (@ —p ) (- (pt - 4p? + 2p iz 4 )
where
P=(z—p P-4z " H2,, o+ (x— (p*—4p* +2)p ) (x —p~*) (p* — 4" T H2,, + (p* —
Dp~2(=p°(p* — 2)%2% + p* (3p* — 12p° + 8)z — O (p* — 4)2"F! — 1)
and if (x —p~*) (2% — (p* —4p*> +2)p~*z +p~8) =0, and p*> # 2 i.e.,
4 —4p? +2)p? 2 —4)((p2 —2)%p~6 A —dp? +2)pt — 2 —4)((p2 —2)%p~S
L (Pt =4+ 2)p +\é(p (> =2Pp° (' —4p’+2)p é(p () Y
(G/fld p2 7é 27 i'e'; p 7& _\/§7p 7& \/5) then
zn:kaZ 2k = A
=T (PP =46 =2 - 1)(p? = 3)p e+ (PP - D(p? - 3)pF)’
where
A= (@ =4)((n+2z—pHn+1)a"H2y, 0 + (p° — (& — (p* — 4p* + 2)p~ )™ +
(z—p™*) (n+2)z—(p* —4p* +2)p~* (n + 1)) HZ 5, + (p* — 4)p~*(=2p°z"p** (p* = 4)(n+ 1) —
2p*(p? — 2)%x + 3p* — 12p? +8)
and if (x —p~*) (2 — (p* —4p* + Qptx+p ®) = HFUz - )4z + 1)? =0,z #£p~* = 1 and
p? =2 i.e.,
_ @ -2t VP - (@2 -2 0 -2t - VP - (P -2 L
2 2 4’
and x #p~* = i (and p* = 2, i.e., p= —\/2,p = /2) then
n k
1 (C]
<_4> HEQk = 9
k=0
where
n n—1 n n—1
0= —4 (=) (1 1 Bl + 3 (1) (02 =2) 23— n 1) 2 ()
£): (m=-2,7=1)
If (x—p™) (22— (p* —4p* +2)p *w +p~%) £0, i.e,
4 2 —4 2 2 20—6 4 2 —4 2 2 20—6
p—4p+2)p~" + +/(p* —4)((p* — 2)°p p —4p”+2)p~" —/(p* —4)((p* — 2)*p -
x#( ) V( )(( ) 33#( ) V( )(( ) At

2 ’ 2
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then
n
Zkag%H =2 1) (.2 (I)4 2 1 8)’
= (P? —4)(z—p~*)(a® — (p* —4p* + 2)p~tx +p~®)
where

®=(x—pH)(P* - 42" H2,, 5+ (x— (p* —4p* +2)p ) (z — p ) (p? — 4" H2,,  +
(p* = Dp~ 2 (=p*(p* = 3)°2% + p' (p" — 4p® + 2z — " H(p? — 42" F! 1)
and if (x —p~*) (2% — (p* —4p*> + 2)p*z +p~8) =0, and p*> £ 2 i.e.,

4 4p2 4 9)p—4 2 _ 4 2 _ 9)2,—6 4 4p2 £ )4 — 2 _ 4 2 _92)2p—6
L (Pt =4+ 2)p +\é(p (> =2Pp° (' —4p’+2)p é(p () R,

(and p*> # 2, i.e., p # —/2,p # \V/2) then

i: .'EkH2 — A
ST LT (2 — ) (322 = 2(p% — 1)(p® = 3)pta + (02 — 1)(p? — 3)p~®)’

where

A= = ((n+ 2z —pn+ 1)a"H2y s + (0° — (@ = (p* — 4p* + 2)p~ )"+ +
(z—p7*) (n+2)z—(p*—4p* +2)p~* (n + 1)) H2 5, 1 + (07 —4)p~ 5 (=2p™" (p* —4) (n+ 1)2" —
2p* (p? —3) &+ p* — dp? + 2)

and if (z—p~*) (2*— (' —4p* +2ptz+p?) = LUz —1)(dz+1)* =0,z #p ' =1 and
p? =2 i.e.,

(P = 4> + 2 + V(P - ) (P - 2% ° _ (' —4p* +2)p* — /(P — ) ((p* -~ 2)%p " 1

2 2 4’

and x #£p~* = i (and p* =2, i.e., p=—\/2,p = /2) then

n k
1 (C]
> (3) Han=3

k=0

where

O=—4(—1)" (n+ 1)’ H2 s + 5 (-5)" (07 = 2) H25p g+ (04 12204 ()

n

+ 1.

Note that in the last corollary, the case p? # 4 so that p?> — 4 # 0 is considered. The sum formulas for
the case p? = 4 so that p? — 4 = 0 is given in Soykan [8, Corollary 2.3].
From the above proposition, we have the following corollary which gives sum formulas of p-Oresme

numbers (take W,, = O,, with Oy = 0,0, = %)

COROLLARY 5. Suppose that p> # 4 so that p?> —4 # 0. Forn > 0, p-Oresme numbers have the following
properties:
(a): (m=1,35=0)
If (x —p?) (22 = p*(p* — )z +p*) #0, ie.,

P*(p* —2) + /pO(p? — 4) p*(p* —2) — /PO (p* — 4)

2
x;ﬁ 9 ’ 92 ,Jf#p,

z#
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then

where
= (x —p*(p* = 2))(z — p*)(p* — 42" T 0% + (z — p*)(p* — 4)a" T 0%, —p 2" T2 (p* — 4)
(p*"(z + p*) — 2p*a™)z

and
if (x—p?) (2% = p*(p* — 2)z + p*) =0, i.e.,
2(p2 _ 9 6(p2 — 4 2(p2 —9) — 6(n2 — 4
x:p(p )+ VP )orx:p(p ) P )orx:pQ,
2 2
then
2 A
k)2
O =
kzzox P (p? - ) (B2 - 2p2(p? — Dz +p(p? — 1))
where

A==z -p*@* - 2)z"™ + (z—p?) (n+2)z — (n+ 1)p* (p* - 2))2™)0; + (»* —
4 ((n+2)z = p*(n+1))2"0%_; +p 2" 2 (p* — 4)(—p*" (22 + p?) + 2p*(n + 1)2")
(b): (m=2,j=0)
If (x = p*) (2% = p* (p* —4p* +2) 2+ p®) #0, i.e.,

pt(p* — 4p? +2) + /p0(p® — 4)(p® — 2)2 pt(p* — 4p? +2) — /p0(p® — 4)(p? — 2)2
2 : 2

x # @ # ',

z#

then
i)

kN2 __
kzzom o = (p? —4) (@ — p*)(2? — p*(p* — 4p® + 2)x +p®)

where

© = (z—p'(p* — 4p* +2)) (@ —p")(p* = 4)2" 103, + (x —p*) (p* — 42" 1 O3, 5 —p~ " HO(p? -
4 (p'"(z +pt) - 2p'a")z

and if (x —p4) (22 —p? (p4 —4p? + 2) r+p%) =0 and p® #2 i.e.,

pi(p" —4p? +2) + VO (p? — H(* — 2)° pi(p" —4p* +2) — VPO (p* — H(p* - 2)°
2

Tr = or r =

2
(and p* # 2) then

or T =p4,

~ A
kN2 _
,;f % = DB 2 DGR Bt P - DGE 3)

where

A= @ —4)((x—p*(p* —4p* +2))z" " + (z — p*) (n + 2) 2 —p*(p* —4p* +2) (n + 1))2") 03, +
(P* =) ((n+2)x —p*(n+1))2" 03, 5 +p~*"T(p* — 4)(—p**(2x +p*) + 2p* (n + 1)z")

and if (a:—p4) (xQ—p4(p4—4p2+2)x+p8) =(x—-4)(r+4)?2=0,z#p* =4 and p* =2
i.e.,

. p4(p4 _ 4p2 + 2) T \/plo(p2 _ 4)(p2 _ 2)2 _ p4(p4 _ 4p2 + 2) _ \/plo(p2 _ 4)(172 _ 2)2 _
2 2 ’




UNDER PEER REVI EW

A STUDY ON THE SUM OF THE SQUARES OF GENERALIZED P-ORESME NUMBERS

and xz # p* =4 (and p* = 2, i.e., p= —/2,p = V/2) then

n

G
_NkO2
S (-0, = o

k=0

where

19

0 =64(—4)""" (n? =2) 03, + (~4)""" (n +1)° 03, _, +p2272"10(22" 4 n(n + 1) (-4)")

(¢): (m=2,j=1)
If (x = p*) (@ = p* (p* —4p* +2) 2+ p®) #0, i.e.,

v Pt —4p® +2) + \épm(p2 (Gl ” p(p* — 4p® +2) \/p”’ ) -2? .y
then
ZxkngH =2 (2 (1)4 1 2 J
= (»? —4)(z — p*)(2? — p*(p* — 4p* + 2)x + p¥)
where
© = (z—p'(p' —4p*+2))(x —p")(p* = 4)a" 103, 11 + (2 —p") (p* = )2 "1 O3,_, —p~ "2 (p* -
4)(p*" (p° + 2p°z — 2p*a + 2%) — 2p02" ),
and if (x —p*) (2% —p* (p* —4p* + 2) z + p®) = 0 and p* # 2 i.e.,
Lo Pt 442+ \éplo(P2 LGl ORI et ) Bl i Vs |t AUNNS
(and p* # 2) then
sz03k+l = A )
= (p* = 4)(32% = 2p*(p* — 1)(p® — 3)z + p*(p* — 1)(p* — 3))
where
A= (@ —4)((z—p' (P —4p*+2))2" ' + (2 — p*) ((n +2) 2 —p* (p* —4p?+2) (n + 1))2™) 03,1 +
P = 4)((n+2)z —p*(n +1))a"03, 1 + 2p~ "2 (p* = 4)(p*" (2 — p° + p*) + p°(n + 1)a"),
and if (a:—p4) (mQ—p4(p4—4p2+2)x+p8) =(x—-4)(r+4)?2=0,z#p* =4 and p* =2
i.e.,
Lo P = )+ VPO - D7 27 0t -4t 4 2) VPO - -2

2
and x #p* =4 (and p*> =2, i.e..p = —/2,p = V2) then

- (C]

k2 _Z
(4 Ohs = o
k=0

where

7

0 =64(-4)""" (n? = 2) 03,1 +(—4)"" (n+ 1)* 03, _, +272+H1p=2(22" +- 2n(n+ 1) (—4)")).

(d): (m=-1,j=0)
If (pPz — V)p~2(a® — (p* = 2)p~ 2w+p*4)#0 i.e.,

7é(p —2)p 2 +\/p— p—2 (p? —4)p~2

L #p 7
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then
- )
E: k2
x 07 = )
=0 P-4 —p ) (- (p® - 2p Pz +p )

where

= (2 —p ?)p* —42"0%, (o= (P = 2p7 ) (@ — p)(* — 42" 0%, + (0
Hp~i(2p*ta” —pPr —

and if (p?x — Dp=2(2® — (p*> = 2)p 22z +p~*) =0, i.e.,

) e VA Vi) S k)| VA )]
o or x = orx=p -,
2 2
then
n A
k2
x"0%, = )
22% FT 02— (322 —2(p% — Dp~ 2z + (P2 — Lp )
where

A= @ =4((n+2)z—p2(n+1)2"0%, 1y + (* — )P (n + 3)2? — p*a(p® — 1) (n +2) +
(p? —2)(n+1))p~ 4202, + (p* — )p~*(2p*(n + 1)2"™ — 2p?z — 1)
(e): (m=-2,j=0)
If(z—p™) (@® — (p* —4p* + 2)p Yz +p~ %) #0, i.c.,

(p* —4p* + 2)p~* + /(p> — ) ((p®> — 2)?p~F (p* —4p? +2)p~* — \/(p> — ) ((p? — 2)>p~F
2 ’ 2

x # x#p Y

x#

then
- P
§ : k2
X 07 = )
P BT - —p (@ - (pt - 4P+ 2)p - pd)

where

O =(z—p )P 42" 0%y, o+ (2 — (0" = 4p* +2)p™ ) (@ —p~ ) (P — 42" 02y, + (P —
p~°(2p*a” —ple -

and if (x —p~*) (2% — (p* —4p*> +2)p~*z +p~8) =0, and p*> £ 2 i.e.,

(r! =4 +2p~* + /(0* — 4)(r* — 2)*p~© (r" —4p* + 2)p~* — /(P? — (P> — 2)*p~©

Tr = or r = orxTr =p

2 2
(and p*> # 2, i.e., p # —/2,p # \/2) then

n o B A
,;x O = (p? = 4)(32% —2(p> — 1)(p* = 3)p~*z + (p*> — 1)(p* = 3)p~5)’

where
A= @ =4(n+2z—ptn+1)a"0%, 1 + (0 — H((z — (p" = 4p* + 2)p~ 2" +
(z=p™") (n+2)z—(p' —4p> +2)p~* (n + 1))2") 02, + (p* — 4)p~°(2p™" (n+ 1)2" — 2p'z — 1),
and if (x —p~*) (* — (p* —4p* + 2)p Y +p~®) = 6%1(433 — 1Az +1)2=0,z#p =1 and
p? =2 i.e.,

P =4 +2p~ + V(2 - (@2 2% ¢ ' -4+ 2pt — V(P - (- 2)%p " 1

2 2 4’

—4

9
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and x #p~4 = i (and p*> =2, i.e., p= —/2,p = \/2) then

where
O=—4(-1)"(+ 12 0%, 5+ (-1)" (n?=2) 0%y, + 4722 n(n+1) (-1)" +1).
(f): (m=-2,j=1)
If (—p~) (2® — (p* —4p> +2)p " +p~%) #0, i.e,

4 (p* —4p> +2)p~* + \é(pQ —4)((p? — 2)2p*67x 2 (p* —4p?> +2)p* — \g(pQ —4)((p? — 2)21?*67:6 —

then
- xko? — @
kEZO —2k+1 (p2 _ 4)(x _ p*4)($2 _ (p4 _ 4p2 + 2)p*4x +p78)’

where

D= (x—p Y)(p*—4)z"O0%, 3+ (x — (p* —4p® + 2)p~ ") (z — p ) (P — 42" T O, 1 +
(P* = Dp~ (=P (p = 1)*(p + 1)%2® + p' (p* — 4p* + 2)z + 2p"" 02" — 1),

and if (m —p*4) (22— (p* —4p?> + 2)p~ 42 +p8) =0, and p* # 2 i.e.,

4742 ) —4 2 _ 4 2 _ 9)2,—6 4742 2 -4 2 _ Y 2 _ 2)2p—6
L =4+ 2)p +\g(p (p? -2 -4+ 2)p \g(p () T

(and p* # 2, i.e., p# —\/2,p # V/2) then

- A
k2 .
; O-okt1 = (B2 22 D@ 3 L P D@ 3’

where

A== 4)((n+2z—ptn+1)a"0%, 5+ * — (@@ — (' — 4* + 2)p~ 2" +
(z—p7*) (n+2)z—@*—4p*+2)p~* (n + 1)2") 0% 5, 11+ (p* = 4)p~ 0 (2p*" P (n+1)a" —2p* (p—
12(p+1)%z +p* — 4p* + 2),

and if (x - p_4) (22 — (p* —4p* +2)p~tx +p8) = é(llx — 1Az +1)2=0,z#pt= 7 and
p? =2 i.e.,

@' =4+ 2p + V@ -2 -2 ¢ @ 4P+ 2p 7t — V(2 - (- 2)%p 6

1
r = -
2 2 4’

and x #p~* = i (and p*> =2, i.e., p= —\/2,p = /2) then
n _1 k02 _9
k=0

where
0 =~ (1) (11 02543 (1) (17 = 2) Oy 49 (a4 D2 (<) 41)
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Note that in the last corollary, the case p? # 4 so that p? — 4 # 0 is considered. The sum formulas for
the case p? = 4 so that p? — 4 = 0 is given in Soykan [8, Corollary 2.4].

Taking = 1 in the last three corollaries we get the following corollary.

COROLLARY 6. Suppose that p> # 4 so that p> — 4 # 0. For n > 0, modified p-Oresme numbers and

p-Oresme-Lucas numbers and p-Oresme numbers have the following properties:

(1) modified p-Oresme numbers:

(a): If p? # 1 then

n . s
2= @ D

where

= (—p"+2p° +1)(1-p*)(P* —4) G} + (1—-p*) (P> —4)G5_, —p~ 2" T (p* —4) (p*" (1 4+p*) — 2p*)

and if p* =1 then

Zcﬂ: (2G2 +G?_, +2n—1).

(b): If p* # 1 then
(0]

ZG DA P D@ -2 D)
where
O = (—p®+4p° —2p* + (1 —p")(p* —4)G3,, + (1 —p") (p* —4)G3,, o —p~ "3 (p* =) (p* (1 +
p*) —2p*)

and if p? =1 then
S 1
> Gh =306, + G5,y +2m— 1),
k=0
(c): If p* # 1 then

®
ZG%JA DA —pH (22 + 1) (2p* — 2%+ 1)

where
P = (—p*+4p° = 2p* + ) (1-p") (P> = 4)G3,, 1, +(1-p") (P> —4) G5, —p~ " T4 (P> —4) (p* (1 -
2p* 4 2p° + p®) — 2p°)
and if p* =1 then
Z Gopyr = 2G2n+1 + G5, +2n).

(d): If p* # 1 then

2= i @ T

where
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P=(1-p P> -G, +2p 21 —p )P’ -G, + (p* —4p 2 (2p*™ —p* - 1)

and if p* =1 then
” 1
(e): If p*> # 1 then

)
2 _
E—:OGLZk @=L —p (1= (pt —4p? +2)p~t +p )

where
D= (1-p HP*—4)G? g, 0+ (1= (p*—4p* +2)p ) (1—p ) (p* —4)G2 5, + (p* —4)p*(2p*" —

pt—1)
and if p® =1 then

202%_70 omio + 2G5, +2n —1).
(f): If p* # 1 then

P
2 _
Z G72k+1 = (pg — 4)(1 _ p—4)(1 _ (p4 — 4p2 + 2)p—4 —|—p—8)

where
d = (1-pP° -G, 5+ (1 — (" =4 + 2p (1 —pH(P* - )G%,, 1 + (0* —
Op~ 2 (=p*(p — 1)%(p +1)> + p*(p* — 4p* +2) + 2p""70 - 1)
and if p? =1 then

ZG 2%+1 = G 2 onts +2G% 5,00 + 204 1),

(2) p-Oresme-Lucas numbers:

(a): If p® # 1 then
[0}
ZHk DI PR D)

where
o=’ -1)(p*—4)(p*—2p* 1) H2+(1—p*)(p* —4)H2_ | +p~ " T4 (p* —4)(8—2p*> —p*" (p*+5))

and if p* =1 then
ZHk = 2H2+H2 L+ 6n+3).

(b): If p* # 1 then

P
> _
kz—;OHZk (-4 -pH (L - pipt - 4p? +2) + pd)

where
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= (1-p*(p"—4p*>+2))(1—p") (p* —4)H3, + (1—p") (p* —4)H3,, _o+p~ " (p* —4) (p"" (—p® -
12p° + Tp* + 4p* — 4) — 2p%(p?® — 4))
and if p* =1 then

" 1
> Hj = §(2H22n + HEZ, o+ 6n+3).
k=0

(c): If p* # 1 then

2 PR T (= ph) (A - pA (ot — 42+ 2) + )

where

© = (1-p(p* —4p*+2)) (1 —p") (p* — ) H3, 1 +(1—p") (p* — ) HE, _, —p~ " (p? = 4) (p*" (1 +
6p* — 2p° + p®) + 2p* (p* — 4))

and if p* =1 then

- 1
Z Hipy = §(2H22n+1 + H3,_y + 6n).
k=0

(d): If p* #1 then

n - B
e )

where

o= (1-p?)p* —4H2 11 + 2721 —p2)(p* —4HZ, — (0 = p°(0° + 4p* - 3p* +
207" (p? — 4) +4)

and if p* =1 then

- 1
d H?, = g(HEn+1 +2H?, 4 6n+3).
k=0
(e): If p*> # 1 then

= (P =41 —p)(L = (p* —4p*> +2)p~* +p~¥)

where

D= (1-p NP —HH25, 5 + (1 — (p* —4p” + 2p~H (1 —p ) (p* — HH2,, + (p° -
4)p~ 2 (=pP(p® — 2)* + p*(3p* — 12p* 4 8) — 2p*"*0(p® — 4) — 4)

and if p* =1 then

= 1
> H?, = g(HEzn+2 +2H2,, +6n+ 3).
k=0

(f): If p*> # 1 then
D

H? i1 =
kz:(:) P -1 —pH(A -t —4p? + 2~ +p7Y)

where
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= (1-p NP -H?, 5+ (1 - (' =4 + 2p (1 —pH(P* — HYH2,, 1 + (0 -
4)p—12(_p8(p2 _ 3)2 _|_p4(p4 _ 4p2 + 2) _ 2p4n+4(p2 _ 4) _ 1)
and if p* =1 then

Z H?pph = H onts +2H2 5,40 + 60— 3).

(3) p-Oresme numbers:

(a): If p? # 1 then
o
ZO’“ “DI - A1)

where
= (—p'+2p° +1)(1-p*)(p* —4)O} + (1—-p*)(p* —4)0; _, —p~ "2 (p* —4) (p*" (1 +p*) — 2p*)
and if p* =1 then

ZOk— (202 + 0%_, +2n —1).
(b): If p*> # 1 then

o
ZO% p? =41 —p")(1 = p*(p* — 4p* +2) +p°)

where

® = (1-p*(p* —4p* +2))(1 —p")(p* =403, + (1 —p*) (P> = 4)03,_, —p
p*) —2p*)

and if p* =1 then

—4n+6(p2 _4)(p4n(1 +

1

(c): If p* # 1 then
i)
2 _
Z;)O%-H = (p? — 4)(1 = p*)(1 — p*(p* — 4p® + 2) + p°)

where

= (1-p*(p* —4p* +2))(1 - p")(p* = 4)03, 11 + (1 —p")(p* —4)03,_; +p*(p* — 4)(2p"p"" —
2p6 an p8p4n _ p4n + 2p6)p—4n

and if p* =1 then

Z 031 = 202n+1 + 03,1 +2n).

(d): If p*> # 1 then

2O = i @ T Y

where
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P=(1-p2)P*-4)0%, 1 +2p (1 —p2)(p* — 402, + (p* —4)p~*(2p*" —p* - 1)
and if p* =1 then

n

1
Yy 0%, = g(oin+1 +20%, +2n—1).
k=0

(e): If p*> # 1 then

T (2 =) (L - p (1 - (p — A2+ 2)p i 4 pE)

where
= (1—p N (Pp*—4)02 5,0 +(1—(p* —4p* +2)p~ ) (1—p~ ) (p* —4) 025, + (> —4)p~*(2p*" —
pt—1)
and if p? =1 then
- 1
Z Ong - 5(02,2”4,2 + 203271 + 2n — 1)
k=0

(f): If p*> # 1 then

2 LT (2 (1 —p (1 — (pt — 4p2 + 2)p—t 4 p8)

where

®=(1-pHp* 402, 5+ 10— @' —4p>+2p A - p P> - 49)0%,,,, + (P -
Ap~(=pPp — 1) (p + 1) + p*(p* — 4p® +2) + 210 — 1)

and if p* =1 then

- 1
E 02541 = g(O%QnJrS +20%,, 1 +2n+1).
k=0

Note that in the last corollary, the case p? # 4 so that p?> — 4 # 0 is considered. The sum formulas for
the case p? = 4 so that p? — 4 = 0 is given in Soykan [8, Corollary 2.5].
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