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On Binomial Transform of the Generalized Fifth Order Pell Sequence

Abstract. In this paper, we define the binomial transform of the generalized fifth order Pell sequence
and as special cases, the binomial transform of the fifth order Pell and fifth order Pell-Lucas sequences will
be introduced. We investigate their properties in details.
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1. Introduction and Preliminaries

In this paper, we introduce the binomial transform of the generalized fifth order Pell sequence and we
investigate, in detail, two special cases which we call them the binomial transform of the fifth order Pell and
fifth order Pell-Lucas sequences. We investigate their properties in the next sections. In this section, we

present some properties of the generalized (r, s,t,u,v) sequence (generalized Pentanacci) sequence.

The generalized (r, s, t,u, v) sequence (the generalized Pentanacci sequence or 5-step Fibonacci sequence)
{Watnso = {W,,(Wo, Wa, Wa, W3, Wy; T, 8, t,u,v) }n>0
is defined by the fifth-order recurrence relations
Wyp=rWyh_1 4+ sW,_o+tW,_s+uW,_4+ oW, _5, Wo=a, Wy =bWoe=¢c,Ws=d,Wy=e€¢ (1.1)

where the initial values Wy, Wy, Wy, W3, Wy are arbitrary complex (or real) numbers and r, s, ¢, u, v are real
numbers. Pentanacci sequence has been studied by many authors and more detail can be found in the
extensive literature dedicated to these sequences, see for example [12,13,15,17,18]. The sequence {W,},>0
can be extended to negative subscripts by defining

u
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for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.

As {W,,} is a fifth order recurrence sequence (difference equation), it’s characteristic equation is

25 —rat —s2® —ta? —ux —v=0 (1.2)

whose roots are «, 3,7, d, A. Note that we have the following identities:

a+B8+y+d+A =
aff+ard+ay+BA+ad+ By + A+ B+ A +90 = —s,

af A+ afy+ ary + afd + add + Ay + ayd + BN+ Byo+ Ayd = ¢,
afAy + oA + affyd +ayd + fAyd = —u

afydr = .

Generalized Pentanacci numbers can be expressed, for all integers n, using Binet’s formula.

THEOREM 1.1. (Binet’s formula of generalized (v, s,t,u,v) numbers (generalized Pentanacci numbers))

pla” P25n

W, = + (1.3)

(a=PB)a=)(a=8a—=A) (B=a)(B=7)(B -8B~
p3y" p4d” psA”

TG0 -BG-0G-N B-aG-HB-NG-N " OG- @) —H -6
where
pro= Wa—=(B+v++NWH(BA+ By + My + 80+ A0+ )W o—(BAY + BAS + Byd + Myo) W +(BAy6) W,
p2 = Wi—(a+v+0+NWit(aA+ oy + ad + Ay + X0 + ) Wy—(aly + aXd + ayd + My W +(alyd) W,
p3 = Wi—(a+B+0+NWit(af +ar+ A+ ad + 56+ X)W y—(afX + afBd + aXd + SAO)W +(aBA) W,
ps = Wi—(a+B+v+NWit(af+ar+ay+ A+ By + A)Wy—(aBA + aBy + aly + BAY)W, +(aBAy) W,
ps = Wi—(a+B+v+6)Wit(af +ay+ad+ By + B6 +v0)Wy—(afy + afd + ayd + By6) W +(afyd)W .

Usually, it is customary to choose , s, ¢, u, v so that the Equ. (1.2) has at least one real (say «) solutions.

(1.3) can be written in the following form:

Wn = AlOén + Agﬁn + A3’yn + A4§n + A5An



UNDER PEER REVI EW

where

p1
S Py P T VR

A, = P23
B=a)(B=7)B—0)B-N)’

Ay = p3Y"
(v—a)(y=B) (v =)y =)’

A = pad”
(6 —a)(d=B)0—7)(6 =)

Ay = psA”

A=a)A=B)A=7)(A=d)

o0
Next, we give the ordinary generating function > W,z" of the sequence W,.
n=0

o0
LEMMA 1.2, Suppose that fw, (x) = > Wypa™ is the ordinary generating function of the generalized
n=0

oo
(r,s,t,u,v) sequence {Wy}n>0. Then, > Wya™ is given by
n=0

i W g Wot (W, —rWo)e + (W oy =1 W —sW o)z +-(W g—1W o —sW 1 —tW o)z +(W ,—r W 3—sWo—t W1 —uW)a*
e 1 —rx —sx? —te3 —uzrt —vzd '

(1.4)

We next find Binet formula of generalized (r, s, ¢, u,v) numbers {W,,} by the use of generating function

for W,.

THEOREM 1.3. (Binet’s formula of generalized (r, s, t,u,v) numbers)

" qB"

g1
Wn = + 1.5
@=Ba—Na=-9@a-x B-a)B-)0B-9E-N (5)
n q3y" . qa0” N g\
(y—a)(y=B)(v=0)(r=A) (=) =B) 0= —-A) A=a)A=B)A—=7)(A—0)

where
@ = Wodt+ (W, —rWo)a’ +(Wy—rW 1 —sWo)a +(Wy—1rWo—sW1—tWo)a + (W ,—rWz—sWo—t W —v W),
@ = WoBH (W, —rWo) B2+ (W —r W1 —sW o) B2+ (W =1 Wa—sW 1 —tW o) B + (W ,—rWs—sWoy—t W —v W),
@3 = Woy+(W,—r W)y +(Wy—rW1—sWo)y +(Wy—1rWo—sW 1 —tWo)y + (W, —1rWz—sWa—t W1 —v W),
g1 = Wb+ (W, =rWo)8* +(Wo—r W1 —sW )6 +(W g—1Wo—sW1—tW )8 + (W, —1W3—s3Wa—tW 1 —0Wo),

G5 = WX (W, —r WA +(Wy—rW 1 —sW )N+ (W y—rWa—sW 1 —tW o)A + (W ,—rW3—sWo—t W —vWo).
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Matrix formulation of W,, can be given as

W4 r s t u v Wy
Wits 1 0000 W3
Wiz | =1 0 1.0 0 0 Wo (1.6)
Wit 001 0 0 Wy
1478 00010 Wo

For matrix formulation (1.6), see [7]. In fact, Kalman give the formula in the following form

n

W, 01 0 0O Wy
W1 001 00O Wi
Wpee | =10 0 0 1 0 Wo
Whas 000 01 Wi
Wiaia r s t u v Wy

Next, we consider two special cases of the generalized (r, s, t,u,v) sequence {W,,} which we call them
(r,s,t,u,v) and Lucas (r, s,t, u, v) sequences. (1, s,t,u,v) sequence{G,, },>0 and Lucas (r, s, t, u, v) sequence

{H,}n>0 are defined, respectively, by the fifth-order recurrence relations

Gnis = 1Gpyg+ 8Gpiz +1Grio + uGni1 + Gy, (1.7)
Gy = 0,Gi=1,Gy=7r,G3=71>+5,Gs =1+ 2sr +1,

Huis = rHppa+sHpis+tHpio +uHp +vH,, (1.8)
Hy, = 5,H1:an:2s+r2,H3:r3+357"+3t,H4:r4+4r25+4tr+282+4u.

The sequences {G,,},>0 and {H,},>0 can be extended to negative subscripts by defining

U t s r 1

G, = ——G_ n—1) — -G_ n—2) — -G_ n—3) — -G_ n— -G_ n—5)
U1 T 22 = PG (n-3) T G-y T SG ()
U t s T 1

H., = *;H—(n—n - ;H—(n—2) - ;H—(n—iﬁ) - ;H—(n—4) + EH—(n—5)a

for n = 1,2,3, ... respectively. Therefore, recurrences (1.7) and (1.8) hold for all integers n.
For more details on the generalized (7, s,t, u,v) numbers, see Soykan [17].
Some special cases of (r, s,t, u, v) sequence {G,, (0, 1,7, 72 +s, 73 +2sr+t; 7, 5, t,u,v) } and Lucas (r, s, t,u, v)
sequence {H,,(4,7,2s + 12,73 + 3sr + 3t,r* + 4r?s + 4tr + 252 + 4u;r, s,t,u,v)} are as follows:
) Gn(0,1,1,2,4;1,1,1,1,1) = P,, Pentanacci sequence,
) H,(5,1,3,7,15;1,1,1,1,1) = Q,,, Pentanacci-Lucas sequence,
3) G,(0,1,2,5,13;2,1,1,1,1) = P,, fifth-order Pell sequence,
4) H,(5,2,6,17,46;2,1,1,1,1) = @, fifth-order Pell-Lucas sequence,
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For all integers n, (r,s,t,u,v) and Lucas (r, s, ¢, u,v) numbers (using initial conditions in (1.3) or (1.5))

can be expressed using Binet’s formulas as

an-i-?) IBn+3 ,77L+3
G, = - -
@—Ba-—N@-0@a-2 G-aB-NB-00F -2  G-a)m -0 -00-N
6n+3 )\n+3
=00 -0 -0 h—ar B -1 =10
Hn — an Jr 5n Jr’yn + 5'” + )\n’
respectively.

Lemma 1.2 gives the following results as particular examples (generating functions of (r, s, ¢, u,v), Lucas

(r,s,t,u,v) and modified (r, s,t,u,v) numbers).

COROLLARY 1.4. Generating functions of (r, s, t,u,v), Lucas (r,s,t,u,v) and modified (r,s,t,u,v) num-

bers are
> T
E Gz =
1—re—sx?2 —tad —uxt —vad’
n=0
oo
ZH n 5 — drx — 3sx? — 2ta® — uzx?
nZ =
1—re—sx?2 —tad —uxt —vad’
n=0
respectively.

The following theorem shows that the generalized Pentanacci sequence W,, at negative indices can be

expressed by the sequence itself at positive indices.

THEOREM 1.5. Forn € Z, for the generalized Pentanacci sequence (or generalized (r, s, t,u,v)-sequence

or 5-step Fibonacci sequence) we have the following:we have

W_y = 570 " (WoHp — AW, H3 +3Wo H3,, +12H2 W3y, —6Wo H2 Hay, — 6Wo Hyy — 8W,, Hay, — 12 Hgy, Way, —
24H, W3, + 24Way,, + 8WoH,, Hz,, + 12W,, H,, Hy,,)
= 07" (Wan — HoWsp, + 5(H2 — Hon)Way — § (H3 + 2Hsy, — 3Hon Hy )W, + o7 (Hjt + 3H3, — 6H2Hy,, —

6H oy + 8Hap H, ) Wo).

Proof. For the proof, see Soykan [18, Theorem 1.]. O

Using Theorem 1.5, we have the following corollary, see Soykan [18, Corollary 4].

COROLLARY 1.6. For n € Z, we have

1
H_, v (HY +3H2 — 6H?Hy, — 6Hy, + 8Hs, H,).

Y
Note that G_,, and H_,, can be given as follows by using Gy = 0 and Hy = 5 in Theorem 1.5:
n 1 1, ..
G—n = v (G4n - HnGSn + E(Hy% - HQn)GQn - E(HSL + 2H3n - 3H2an)Gn)7

1
H., = ﬂv*”(ﬂﬁ +3H3, — 6H2Hy,, — 6Hy, +8Hs, H,),
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respectively.
Next, we consider the case r = 2, s = 1,t = 1,u = 1,v = 1 and in this case we write V,, = W,,.
A generalized fifth order Pell sequence {V,}n>0 = {Vo(Vo, V1, Va2, V5, Vi) }i>o is defined by the fifth-order

recurrence relations

Vn = 2Vn—1 + VrL—Q + Vn—3 + Vn—4 + ‘/n—5 (19)

with the initial values Vg = co, Vi = ¢1, Vo = co, V3 = ¢3, V4 = ¢4 not all being zero.

The sequence {V,,},>0 can be extended to negative subscripts by defining

Ve ==V = Vome2) = Vonosz) = 2V_(n_ay + V_(nos)

for n =1,2,3,.... Therefore, recurrence (1.9) holds for all integer n. For more information on the generalized
fifth order Pell numbers, see Soykan [16].

The first few generalized fifth order Pell numbers with positive subscript and negative subscript are given
in the following Table 1.

Table 1. A few generalized fifth order Pell numbers

n Va V_,

0 Vo Vo

1 Vi Vo -Vi-V2=-2xV3+V)
2 Vs —Vi+3Vs =V,

3 V3 —V3+3Va -1,

4 Vi —Vo+ 3V =V

5 2Vi+Vs+Vat+Vi+ 1) Vi +2V3 + Vo + 41

6 oVy + 3Vs + 3V5 4 3V1 4+ 2V} 4V, — 9V — 2V, — 3V — 4V
7 13Vy + 8V3 +8Va + 7TV; 45V} -4V, + 12V — 5V + 2V + V)
8 34V, + 21V5 + 20V, 4 18V + 13V} Vy—6V3+ 11V, — 6V + V)

9 89Vy + 54V5 + 52Va + 47V; + 34V, Vi—V3 =TV5+10V; =7V
10 232V4 4 141V3 + 136Va + 123V7 + 89V, —TVy+ 15V +6Va 4+ 17V,

(1.3) can be used to obtain Binet’s formula of generalized fifth order Pell numbers. Generalized fifth

order Pell numbers can be expressed, for all integers n, using Binet’s formula

B pra” paf" psy"
" = A a—0)a- N T B-aB-nB-0B-N -at -0 -0 -V
n pad” n psA”
G—E-BB-N0 -2 =)A= B —7A—03)
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where

p1 = Vi—(B+7+ 0+ AN)V+BA+ By + My + B+ A +70)Vo—(BAy + BAG + Svd + My0)V  +(BII)V

p2 = Vi—(a+7+ 5+ NVi+(ar+ay+ad + Xy + A +70)V,—(ady + aXd + ayd + M)V +(ayd)V,,
p3 = Va—(a+B8+5+N)Vit+(af+ar+ A+ ad + 56+ X))V ,—(aBA + afd + ald + LAV +(aBAO)V ,
pa = Va—(a+B+7+AN)Vi+(af+ar+ay+ BA+ By + M) Vy—(aBA + afy + aly + BAy)V +(aBAy)V,
ps = Va—(a+pB+v+0)Vi+H(af+ay+ad+ By + 6+ 70)Vy—(afy 4+ afd + ayd + By0)V+(aBy)V .

Here, «, 3,7,6 and A are the roots of the equation
2° =22t 2 2 —x—1=0. (1.10)

Moreover, the approximate value of «, 3,7y, and A are given by

o = 2.6083299

8 = 0.28269438 — 0.794 694211
v = 0.28269438 + 0.794 694213

0 = —0.58685934 — 0.44099162¢
A = —0.58685934 + 0.44099162¢

Note that we have the following identities:

at+B+y+5+A = 2
af+art+ay+rA+ad+8y+ Ay +Bo+A0+y0 = -1,

aBA+ afy+ary+aBd+aXd+ Ay +ayd + A+ By +Ayd = 1,
aBNy + afAS + aBys + aXyd + B = —1

afyén = 1.

Now we consider two special case of the sequence {V,,}. Fifth-order Pell sequence { P, },,>o and fifth-order

Pell-Lucas sequence {Qy, }n>0 are defined, respectively, by the fifth-order recurrence relations
Pois =2Puis+ Povs+ Poio+ Posy + Py,  Py=0,P,=1Py =2 Py=5 Py =13, (1.11)
and
Qnts =2Qnta + Qnis + Qni2 + Qni1 + Qny, Qo =4,Q1 =2,Q2=06,Q3 =17,Q4 = 46. (1.12)
The sequences {P, },>0 and {Q, }n>0 can be extended to negative subscripts by defining
P = —P_(u1y— P_(n_2)— P_(n—3) = 2P_(—a) + P_(n_5),

n = Q1) —Q_m—2) — Q_(n-3) = 2Q_(n—a) T Q_(n_5),
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for n = 1,2,3, ... respectively. Therefore, recurrences (1.11) and (1.12) hold for all integer n.
Next, we present the first few values of the fifth order Pell and fifth order Pell-Lucas numbers with
positive and negative subscripts in the following Table 2:

Table 2. A few fifth order Pell and fifth order Pell-Lucas Numbers

n 0 1 2 3 4 5 6 7 8 9 10 11 12
P, 0 1 2 5 13 34 89 232 605 1578 4116 10736 28003
P, 0 0 0 O 1 -1 0 0 -1 4 —4 1 1
Q. 5 2 6 17 46 122 315 821 2142 5588 14576 38018 99163
Q., b -1 -1 -1 -5 14 -7 -1 3 —28 54 —-34 1
For all integers n, usual fifth order Pell and fifth order Pell-Lucas numbers can be expressed using Binet’s
formulas
n+3 n+3
P, = = + 4
(a=B)la=7)(a=d8)(a=2)  (B-a)B-7)B-06(B-2A)
,yn+3 5n+3 )\n+3
+ + -
(Y—a)(y=B)v=0)(v=A)  (0—a)6=B)00—-70—-A)  (A-a)A=B)A—=7)(A-10)
and
Qn — Oén +57L +7n + 5’” + )\TL
respectively.

o0
Next, we give the ordinary generating function Y. V,z™ of the sequence V,.
n=0

o0
LEMMA 1.7. Suppose that fy, (x) = > Vya™ is the ordinary generating function of the generalized
n=0

fifth-order Pell sequence {V;,}n>0. Then, > Vya™ is given by

n=0

SV = Yot (o = Voot (Ve = 2Vi = Voja? + (Vi — 206 — Vi — Vo)a + (Vi = 2V = Va = Vi — Vo)
= (1—2z — 2% — 23 — i _ 47) :

(1.13)

The previous Lemma gives the following results as particular examples: generating function of the fifth

order Pell sequence P, is

o0
x
= P’ﬂ n— - =
fr, () 7;) v 1—2z—22— a3 — a4 —2b

and generating function of the fifth order Pell-Lucas sequence Q.,, is

> 5 — 8z — 3x% — 2% — 2*
— n __
fq.(z) = nEfo: Qna" = 1— 9% — 22 — 23 _ 41 _ 45
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2. Binomial Transform of the Generalized fifth order Pell Sequence V,,

In [10, p. 137], Knuth introduced the idea of the binomial transform. Given a sequence of numbers (a, ),

its binomial transform (a,,) may be defined by the rule

n

n
a, = Z (?) a;, with inversion a, = Z (?) (—1)””@,

i=0
or, in the symmetric version
an = i (n) (=1)"ta;, with inversion a, = i (n) (—1)"a,.

; . ’ ; i

1=0 i=0
For more information on binomial transform, see, for example, [5,6,14,26] and references therein. For recent
works on binomial transform of well-known sequences, see for example, [2,4,8,9,11,19,20,21,22,23,27,28,29].

In this section, we define the binomial transform of the generalized fifth order Pell sequence V,, and

as special cases the binomial transform of the fifth order Pell and fifth order Pell-Lucas sequences will be

introduced.

DEFINITION 2.1. The binomial transform of the generalized fifth order Pell sequence V,, is defined by

n

oS

=0

The few terms of b,, are

1
1
o= D, )Vi=W+

by = Vi=Vo+3V1 +3V2 + V3,

by =

7

()
()
b= (v,
()
(

)V,-ZVO—I—4V1—|—6V2+4V3—|—V4.
i=0

Translated to matrix language, b,, has the nice (lower-triangular matrix) form

bo 100 00 Vi
by 1100 0 Vi
by 12100 Va
b | | 133 1 0 Vs
by 1 4 6 4 1 Vi
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As special cases of b,, = \7,“ the binomial transforms of the fifth order Pell and fifth order Pell-Lucas sequences
are defined as follows: The binomial transform of the fifth order Pell sequence P, is
~ n
and the binomial transform of the fifth order Pell-Lucas sequence @, is
~ " /n
%=%()e
LEMMA 2.2. For n > 0, the binomial transform of the generalized fifth order Pell sequence V,, satisfies

the following relation:
n

b= (?) (Vi + Vigr).

=0

Proof. We use the following well-known identity:

(=) ()
) () ma (2)

n+1
+1
n+ )%

bpi1 = VO+ZZ(

B ()
(S
- SO

=0

Note also that

Then

n

= > (T;) (Vi + Vig1)-

=0

This completes the proof. [

REMARK 2.3. From the last Lemma, we see that
n+1*b +Z< ) 1+1-
=0
The following theorem gives recurrent relations of the binomial transform of the generalized fifth order
Pell sequence.The following theorem gives recurrent relations of the binomial transform of the generalized

fifth order Pell sequence.
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THEOREM 2.4. Forn > 0, the binomial transform of the generalized fifth order Pell sequence V,, satisfies

the following recurrence relation:

bpss = Thpia — 1Tbpss 4+ 20b,40 — 11by41 + 3by,. (2.1)

Proof. To show (2.1), writing

bn+5 =171 X bn+4 + 81 X bn+3 —+ tl X bn+2 + up X bn+1 —+ v X bn

and taking the values n = 0,1, 2, 3,4 and then solving the system of equations

bs = 11 Xbg+ 81 Xbz+ty X b+ up X by + vy X by
bg = 11 Xbs+ 51 xXby+t; X bs+up Xby+ vy X by
by = 11 Xbg+ 81 Xby+1t1 Xby+uy Xbg—+ v Xby
bg = 11 Xby+81 Xbg+t1 Xbs+us Xbyg+ v Xbs
bg = 11 Xbg+s1 Xbyr+1t1 Xbg+uy Xbs—+ v Xby

we find that r; = 7,571 = —17,t; = 20,u; = —11,v; = 3. O

The sequence {by, },>0 can be extended to negative subscripts by defining

11 20 17 7 1
bon = Fb_n-1) = Th-(m-2) + Tb-(m-3) = 30-(m-0) T 3b-(n-5)
for n = 1,2,3,.... Therefore, recurrence (2.1) holds for all integer n.

Note that the recurence relation (2.1) is independent from initial values. So,

Pois = TPuys—17P, 34 20P, 5 — 11P, 1 + 3P,,
C/2\714-5 = 7©n+4 - 17@n+3 + 20@n+2 - 11©n+1 + 3@71

The first few terms of the binomial transform of the generalized fifth order Pell sequence with positive

subscript and negative subscript are given in the following Table 3.

Table 3. A few binomial transform (terms) of the generalized fifth order Pell sequence.

9Vo + 15V + 24Vs + 29V5 4- 32V, % (4045Vh + 7212Vy — 7154V5 4 18 375V3 — 6487V,

n b, b_n

0 Vo Vo

1 Vo+W 1(2Vh — 3V4 + 2V — 3V3 + V)

2 Vo+2Vi+V, —5 (5Vo + 15V; — 10V + 30V5 — 11V)

3 Vo+3V1+3Va+ Vs — 5= (T6Vp + 30V4 + Vo + 150V3 — 61Vy)

4 Vo +4Vi +6Va +4V3 +V, — o5 (392V — 138V + 305V; + 309V; — 164V/)

5 Vo4 6Vi 411V + 11V + 7V, — 5k (814Vp — 1590V; + 2143V5 — 1578V5 + 362V4)
6

7

41Vo + 56Vy + 71V, 4 85V3 + 125V, le (47318Vp + 9501V; + 4220V; + 86088V5 — 35183V,)
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The first few terms of the binomial transform numbers of the fifth order Pell and fifth order Pell-Lucas

sequences with positive subscript and negative subscript are given in the following Table 4.

Table 4. A few binomial transform (terms).

n 0 1 2 3 4 5 6 7 8 9 10 11
P, 0 1 4 14 49 174 624 2248 8111 29274 105649 381249
2 1 2 11 115 488 448 8998 72038 266911  _ 35579 6338387
-n 3 9 27 81 243 729 2187 6561 19683 59049 177147
@n 5 7 15 46 163 597 2184 7938 28723 103717 374255 1350290
@ 11 1 190 1223 3574 5698 125990 712945 1731212 5823314 _ 82199161
-n 3 9 27 31 243 729 2187 6561 19683 59049 177147

(1.3) can be used to obtain Binet’s formula of the binomial transform of generalized fifth order Pell

numbers. Binet’s formula of the binomial transform of generalized fifth order Pell numbers can be given as

C107 Co0%
S 0021 00)6 08— 05) (B 01)(8— 03)(6: 08— ) )
.\ 07 . C,07
(03 = 01)(05 — 02)(05 — 04)(03 — 05) (04— 01)(04 — 02)(04 — 03)(04 — 05)
o

05 = 01)(05 — 02)(05 — 03)(05 — 0s)°
where

Ci = bys—(O2+05+64+ 95)b3+(9295 + 0205 + 0503 + 0204 + 0504 + 0304)),
(020503 + 02050, + 02050, + 050504)b, +(0205050,)b,.
Co = by—(01+ 03404+ 05)bs+(0105 + 0103 + 0104 + 0505 + 0504 + 0304)b,
— (010505 + 010504 + 010304 + 050304)b,+(010503604)b,,,
Cs = by—(01 402+ 04+ 05)b;4+(0102 + 6105 + 0205 + 0,104 + 0204 + 0504)b,
— (010205 + 010204 + 010504 + 020504)b,+(01020504)b,,,
Cy = by— (01402 + 05+ 05)b;+(0102 + 6105 + 0105 + 0205 + 0203 + 0503)b,
—(010205 + 010203 + 010505 + 929593)1?14-(91929593)50;
Cs = by— (01402 +05+04)b;+(0102 + 0105 + 0104 + 0203 + 0204 + 0304)b,

— (016205 + 010204 + 010304 + 020304)b;+(0160203604)by,.

Here, 64, 05,05,0, and 05 are the roots of the equation

2® — 72t +172% — 2022 + 11z — 3 = 0.
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Moreover, the approximate value of 01,02, 03,04 and 05 are given by

01 3.60832992251682

0y = 1.28269437867436 + 0.794694205695784%
03 = 1.28269437867436 — 0.7946942056957841
0, = 0.413140660067231 + 0.440991619401373¢
05 = 0.413140660067231 — 0.440991619401373¢

Note that

01 +602+4+05+04+05

0102 + 0105 + 0105 + 0205 + 0104 + 0205 + 0503 + 0204 + 0504 + 0304

010205 + 010203 + 010503 + 010204 + 010504 + 020505 + 010304 + 020504 + 020304 + 0503504
01020503 + 0105050, + 01020304 + 01050304 + 02050304

01602036405

17

20

11

For all integers n, (Binet’s formulas of) binomial transforms of fifth order Pell and fifth order Pell-Lucas

numbers (using initial conditions in (2.2)) can be expressed using Binet’s formulas as

B (61 —1)%07 N (62 — 1)363
" (01— 02)(01 — 03)(01 — 04)(01 — 05) (02 — 01)(02 — 03)(02 — 04)(02 — 05)
. (65— 1)%63 N (64 —1)°0}
(03 —01)(03 — 02)(03 — 04)(03 — 05) (04 — 01)(04 — 02)(04 — 03)(04 — 05)
+ (65 — 1)%05
(05 —01)(05 — 02)(05 — 03)(05 — 04)
and
Qn =07 + 00 + 6% + 07 + 67,
respectively.

3. Generating Functions and Obtaining Binet Formula of Binomial Transform From

Generating Function

The generating function of the binomial transform of the generalized fifth order Pell sequence V,, is a

power series centered at the origin whose coefficients are the binomial transform of the generalized fifth order

Pell sequence.

[e ]
Next, we give the ordinary generating function f, (x) = > b,z™ of the sequence b,,.
n=0
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o0
LEMMA 3.1. Suppose that fi, (x) = Y bpa™ is the ordinary generating function of the binomial trans-
=0

form of the generalized fifth order Pell seq_uence {Viln>o. Then, fu, () is given by

o, (%)

Vo + (Vi — 6Vp)x + (11V) — BVi + Va)a? + (6V4 — 9V — 4Vh + V3)z® + (2V) — 3V4 + 2V5 — 3V3 + Vi)a*

Proof.

fo, (x) =

where

1— 72+ 1722 — 2023 + 1124 — 325
(3.1)

Using Lemma 1.2, we obtain

bo + (bl — ’/‘bo)x + (bg —rby — Sb()).%‘2 + (b3 —1rby — sby — tbo)$3 + (b4 — rbg — sby — tby — ubo)lA
1—rz—sx? —txd — uxt — vad
Vo + (V1 — 6V0)£L' + (11V0 — 5V1 + VQ)Z'Q + (6V1 — 9% — 4‘/2 + V3)£L’3 + (2V0 — 3V1 + 2‘/2 — 3V3 + V4)x4
1—7x+ 1722 — 2023 + 11z* — 32°

bp = W,

by = Vo+ Vi,

by = Vo+2Vi+ Vs

bs = Vo+3Vi+3Va+ Vs,

by = W+4V1 +6Vo+4Vs+ V.

Note that P. Barry shows in [1] that if A(z) is the generating function of the sequence {a,}, then

n
is the generating function of the sequence {b,,} with b,, = > (?) a;. In our case, since

A(x)

we obtain

S(x) =

=0

‘/()+(V1—2‘/E))$+(V2—2V1 —V0)1'2+(V3—2‘/2—Vl—V0)$3+(V4—2V3—‘/2—‘/1 —Vo):L'4
(1—-2x — 22— a3 —a* — 25) ’

see Lemma 1.7,

1 T
l—xA(l—as)

Vo + (Vi —6Vo)z + (11Vy — 5V; + Va)z? + (6V1 — 9V — 4Vs + V3)a3 + (2Vy — 3Vy + 2Va — 3V5 + V)t
1— "7z 4+ 1722 — 2023 + 1124 — 325 '

The previous lemma gives the following results as particular examples.
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COROLLARY 3.2. Generating functions of the binomial transform of the fifth order Pell, fifth order Pell-

Lucas numbers are

x — 3z% 4+ 323 — 24
1—Tx+ 1722 — 2023 + 1124 — 325’

00
Z f’nac" =
n=0

o ~
Z Qnmn =
n=0

5— 28z + 5122 — 4023 + 1124
1—Tx+ 1722 — 2023 + 1124 — 325’

respectively.

4. Simson Formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {F,}, namely,
Fn+1Fn71 - Fg = (_1)n

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well. This
can be written in the form

Fy,
Fn—l

Fn+1
E,

=(-1)™
The following theorem gives generalization of this result to the generalized Pentanacci sequence {W,,}.

THEOREM 4.1 (Simson Formula of Generalized Pentanacci Numbers). For all integers n, we have

Proof. (4.1) is given in Soykan [24, Theorem 3.1]. O
Taking {W,,} = {b,} in the above theorem and considering b, 15 = 7b;+4—17b;3+20b,12—11b,,11+3by,

r="7s=—17,t =20,u = —11,v = 3, we have the following proposition.

Wois Wiis Wars Wair W W W, W, Wi W
Wois Wiia War Wi W Ws We W, W, W
Wiio Wisr Wo  Wuoy Weo [=0" | Wy W, W, W_o; W, (4.1)
Wpyr W, Wog Wh_o W,_3 Wy Wy W_1 W_o W_j3
Wn Wiy Wiho Wiz Wiy Wo W_1 W_o W_3 W_4

PROPOSITION 4.2. For all integers n, Simson formula of binomial transforms of generalized fifth order

Pell numbers is given as

bnta bngs bng2 bpp1 b bs bs b2 b1 bo
buts bnt2 bnt1 bn b b3 by b1 by b
bpto  bpt by bp—1 bp_o | = 3" by by bo b_1 b_g
bnt1 b1 bpn_2 bp_3 bi by b_1 b_o b_3

bn  bn—1 bn_2 bp_3 bp_s bo b_1 b_2 b_3 b_4

The previous proposition gives the following results as particular examples.
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COROLLARY 4.3. For all integers n, Simson formula of binomial transforms of the fifth order Pell and

fifth order Pell-Lucas numbers are given as

)

~ ~

Pn+4 Pn+3 Pn+2 PnJrl

3

Pn+3 Pn+2 Pn+1 Pn
Pn+2 Pn+1 Pn

~

P,
Pn+1 Pn Pnfl Pn72
n

|
-

3%—4

|
w

~

Pn ﬁnfl Pn72

L
gm S't» Tw :m

|
W

O
S

Qnia Quis Quiz Qni
Qnis Quiz Quit Qn  Quot
Quiz Qni1 Qn  Quot Qnoz | = 31409 x 3771,
Qi1 Qn Quot Qunoo Qs
Qn Qu-1 Qno Qu-sz Qus

respectively.

5. Some Identities

In this section, we obtain some identities of binomial transforms of generalized fifth order Pell, fifth order

Pell and fifth order Pell-Lucas numbers. First, we present a few basic relations between {b, } and {P,}.

LEMMA 5.1. The following equalities are true:

(a): 9b, = (29by —254b1 +320by — 160bs+25bs) P, 16— (128bg — 1532b; +1994by — 1015b3+160b4) P,y 4 5+
(13by — 2686b; + 3772by — 1994bs + 320b4) Py 4 + (380bg 4 1573by — 2686b5 + 1532b3 — 254b4) P, 5 —
(443by — 380by — 13by + 128b3 — 29b4) P, 5.

(b): 3b, = (25by — 82by + 82by — 35bs + 5by) Poys — (160by — 544by + 556by — 242bs + 35b4) Pyyg +
(320by — 1169b; + 1238by — 556b3 + 82by) Pty — (254by — 1058by + 1169by — 544bs + 82by) Pys +
(29by — 254b; + 320by — 160bs + 25b4) P4 1.

(): by = (5bg — 10by 4 6by — bs) P ys — (35bg — T5by + 52bo — 13bs + by) Py + (8200 — 194by + 157by —
52bs + 6b4) Py yg — (8209 — 216by + 194by — T5bs + 10b4) Py 41 + (25bo — 82by -+ 82by — 35b3 + 5by) P,
(d): by, = (5by — 10by + 6b3 — bs) P45 — (3bg + 24by — 55by + 35bs — 6by) Py o + (18by + 16b; — 74by, +

55bs — 10b4) P,y 1 + (—30bg + 28by + 16by — 24bs + 5bs) Py, + 3(5bg — 10by + 6by — b3) P,y

(€): by, = —(3bg — 11by + 15by — Ths + by ) Py + (18bg — 69b; +96by — 47bs +Tbs) Py 1 — (30bo — 128b; +

184by — 96bs + 15b4) Py, + (15by — 85by + 128by — 69bs + 11by) P,y + 3(5by — 10by + 6by — by) P,

Proof. Writing

bn:a><]3n+6—|—b><137L+5—|—c><ﬁn+4+dxﬁn+3—|—ex]3n+2
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and solving the system of equations

by = a><136+b><135+c><]34+d><133+e><132
by = axPr+bxPs+cxPs+dxPyi+exDPs
by = ax]38+b><ﬁ7+c><]36+d><135+e><134
by = a><139+b><}38+c><]37+d><}36+ex]35
by = a><1310+b><]39+cxﬁg+dxﬁ7+e><ﬁ6

we find that 9a = (29bg —254b; +320b2 — 16003 +25b4), 90 = —(128bg — 153201 +1994bs — 101503+ 160b4), 9¢ =
(13bg — 2686by + 3772bg — 1994b3 + 320b4), 9d = (380bg + 1573b; — 2686b2 + 1532b3 — 254by), 9e = —(443by —
380b; — 13by + 128b3 — 29b,).

The other equalities can be proved similarly. [

Now, we give a few basic relations between {b,} and {Q,,}.

LEMMA 5.2. The following equalities are true:

(a): 40383b, = —(32348by — 150599, + 168251by — 79423bs + 12103b4) Q46 + (190127by — 953408b; +
1086296by —518461b3+79423b4) Q45— (311647bo— 1876657b; +2225215by — 1086296b3+168251b4) Qs+
(142207by — 1472866b; + 1876657by — 953408b3 + 150599b4) Q13 + (95969b0 + 142207by — 311647b; +
190127bs — 32348b4) Q1.

(b): 13461b, = —(12103by — 33595b; + 30487y — 12500b3 + 1766b4) Qs + (79423by — 227842b; +
211684b; — 87965b3 + 12500b4) Q4 — (168251by — 513038b; +496121by — 211684bs +30487b4) Qi3+
(150599b5 — 504794b; + 513038by — 227842b3 + 33595b4) Qi — (32348by — 150599b; + 168251b, —
79423b;3 + 12103b4) Q1.

(c): 448Tb,, = —(1766by — 2441b; + 575y + 155b3 — 46b4) Qi + (12500by — 193591 + 7386by — 272bs —
155b4) Q3 — (30487bg — 557020y + 32234by — 7386b3 + 575b4 ) Qn 12 + (33595b — 729821 + 557025, —
193593 + 2441b4)Qrs1 — (12103by — 33595b; + 30487by — 12500b3 + 1766b4) Q.-

(d): 4487b, = (138by — 2272by + 3361by — 1357bg + 167bs)Qnys — (465by — 14 205b; + 22 459by —
100213 + 1357b4)Qpo — (1725by + 24162b; — 44202by + 2245965 — 3361b4)Qns1 + (7323by +
6744b; — 24 162by + 14 205b3 — 2272b4)Qn — 3(1766bg — 2441by + 575by + 155b3 — 46b4)Qr_1.

(e): 4487b,, = (501by — 1699b1 + 1068b; + 522bs — 188b4)Qrs2 — (4071bg — 14 462b; + 12 935y — 610bs —
522b4) Q1+ (10 083by — 38 696by +43 058by — 12 935b3 + 10684 ) Q,, — (6816by — 32 315b; +38 696by —
14462bs + 1699b4) Q1 + 3(138by — 2272b; + 3361by — 1357bs + 167bs)Q—o.

Next, we present a few basic relations between {Q,,} and {P,}.
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LEMMA 5.3. The following equalities are true:

403838, = —35300ns6 + 250490, 15 — 60358Q 14 + 65401043 — 27655012,
134610, = 113Qni5 — 116Qp1a — 1733Q 15 + 3725Q 12 — 3530Q 41,
4487P, = 225014 — 1218013 + 19950, 10 — 1591041 + 1130,
4487P, = 357Qni3 — 1830Qn 12 + 2909Q, 11 — 2362Q, + 675Qn_1,
4487P, = 669Q, 12 — 3160Q, 41 + 4778Q, — 3252Q,_1 + 1071Q, 2,
and
9Q, = —118P, ¢+ T84P, 5 — 1721P,,4 + 1691P, .5 — 521P, -,
3Qn = —14P, 5+ 95P, 4 —223P, 3+ 259P, 5 — 118D, 1,

Qn = - An+4 + 513n+3 - 7ﬁn+2 + 12ﬁn+1 - 14?"’

—2Pni5+10P, 5 — 8P, 1 — 3P, —3P,_1,

3
Il

. —4Py 0+ 26D, 1 — 43P, + 19P,_, — 6P, _».

6. On the Recurrence Properties of Binomial Transform of the Generalized Fifth Order Pell

Sequence

Taking r = 7,51 = —17,t; = 20,u; = —11,v; = 3 and H, = @n in Theorem 1.5, we obtain the

following Proposition.

PROPOSITION 6.1. For n € Z, binomial Transform of the generalized fifth order Pell sequence have the
following identity:

bon = 237" (boQ2 —4b,Q3 +3byQ3,, + 1202 bz, — 6b0 Q% Q2 — 660 Q1 — 86, Q3 — 12Qonboy, —24Q, b3y, +
24bay, + 8b0QnQ3n + 126,QnQ20)

= 37" (ban — Qubsn + 3(Q2 — Q2n)b2n — %(@i +2Q35 — 3Q2,Q)bn + = (QL+3Q3, — 602 Qon — 6Qun +
8Q31Qn)b0)-

Using Proposition 6.1 (and Corollary 1.6), we obtain the following corollary which gives the connection
between the special cases of binomial transform of generalized fifth order Pell sequence at the positive index
and the negative index: for binomial transform of fifth order Pell, fifth order Pell-Lucas numbers: take
b, = P, with Py = 0,P, = 1,P, = 4, P; = 14, P, = 49, take b, = Q,, with Qp = 5,Q1 = 7,Q> = 15,Q3 =
46, @4 = 163, respectively. Note that in this case we have H,, = @n Note also that G,, # }3n

COROLLARY 6.2. For n € Z, we have the following recurrence relations:

(a): Recurrence relations of binomial transforms of fifth order Pell numbers (take b, = ﬁn in Propo-

sition 6.1):
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1 ~ ~ ~ o~ A
7( L:’L + 2Q3n - 3Q2’ILQ7L)P7L)'

~ RPN ~ ~ 1 ~ ~ ~
P—n:3 (P47L_Q7LP37L+7( i_QQ’n)PZ’n_ 6

2
(b): Recurrence relations of binomial transforms of fifth order Pell-Lucas numbers (take b,, = @n mn
Proposition 6.1 or take H,, = @n in Corollary 1.6):

1o nas oA SN ~ A
=3 ( ;ll + 3@%7; - 6Q2Q2n - 6Q4n + 8Q37LQTL)'

Q\—n = 24

7. Sum Formulas

7.1. Sums of Terms with Positive Subscripts. The following proposition presents some formulas

of binomial transform of generalized fifth order Pell numbers with positive subscripts.

ProrosiTioN 7.1. If r = 7,s = —17,t = 20,u = —11,v = 3, then for n > 0 we have the following

formulas:

(@): S0 bk = byys — 6bya + 110, 13 — by 2 + 2by i1 — by + 6bs — 110y + 9by — 2bp.

(b): Y7 obor = 25(29b2,40 — 173bani1 + 371ba, — 243ba,—1 + 90b2y—o — 29by + 173b3 — 312by +
243b; — 31by).

(€): Y0 o bors1 = 25 (30ban s — 122bo, 41 + 337Tbay — 229bo,, 1 + 87bap—o — 30bs + 181bs — 337hy +
288b; — 87by).

Proof. Take r = 7,5 = —17,t = 20,u = —11,v = 3, in Theorem 2.1 in [25].
From the last proposition, we have the following corollary which gives sum formulas of binomial transform

of fifth order Pell numbers (take b, = P, with Py =0, P, = 1, P, = 4, Py = 14, P, = 49).

COROLLARY 7.2. For n > 0 we have the following formulas:
(a): ZZ:O ﬁk = ﬁn+5 — 6ﬁn+4 + llﬁn+3 — 9ﬁn+2 + Qﬁn+1.
(b): Sp_o Por = 25(29Pans0 — 173Poy i1 + 371 P, — 243Ps, 1 + 90Ps,,_o — 4).
(€©): 27— Pt = 25(30Poys0 — 122Psy 41 + 337Pay, — 229Ps, 1 + 87Pay_o + 4).

Taking b, = Qn with @0 =5, @1 =7, @2 = 15, @3 = 46, @4 = 163 in the last proposition, we have the

following corollary which presents sum formulas of binomial transform of fifth order Pell-Lucas numbers.

COROLLARY 7.3. For n > 0 we have the following formulas:
(a): ZZ:O @k = Q\n+5 - 6@71—&-4 + 11@n+3 - 9@n+2 + 2@n+1 + 1.
(b): 7 Qar = £(29Qan12 — 173Qan+1 + 371Q2, — 243Qan—1 + 90Qa,—2 + 97).
(€): Yo Qars1 = 25(30Q2n42 — 122Qon+1 + 337Qan — 229Q2,—1 + 87Q2n—2 — 38).
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7.2. Sums of Terms with Negative Subscripts. The following proposition presents some formulas

of binomial transform of generalized fifth order Pell numbers with negative subscripts.

ProPoOSITION 7.4. If r = 7,s = —17,t = 20,u = —11,v = 3, then for n > 1 we have the following

formulas:

(a): ZZ:I b_k = 7b_n+4 + 61)_71_;'_3 — 11b_n+2 + 9b_n+1 - 2b_n + b4 - 6b3 + 11b2 — 91)1 + 2b0
(b): ZZ:I b_op = %(—30b72n+3 + 181b,2n+2 — 337b72n+1 + 288b_9, — 87b_9,_1 + 29by — 173b3 +
312by — 243b1 + 31bg).

(C): ZZ:l b_2k+1 = %(—29()_2'”_5_3 + 173b_2n+2 — 312b_2n+1 + 243b_9,, — 90b_5,,_1 + 30by — 181b3 +
337by — 288b1 + 87by).

Proof. Take r =7,s = —17,t = 20,u = —11,v = 3, in Theorem 3.1 in [25].
From the last proposition, we have the following corollary which gives sum formulas of binomial transform

of fifth order Pell numbers (take b,, = }3" with ]30 =0, ﬁl =1, ]32 =4, }35 = 14, ﬁ4 = 49).

COROLLARY 7.5. Forn > 1, binomial transform of fifth order Pell numbers have the following properties.

(a): 0 P = —P iy +6P py5—11P 0+ 9P 1 —2P .
(b): ¢, Poop = 25(—30P 0,13 + 181P o, 40 — 33TP_2, 41 + 288P_2, — 87TP_g, 1 +4).
(C): ZZ:l k41 = 5%)(—29ﬁ_2n+3 + 173ﬁ_2n+2 — 312ﬁ_2n+1 + 243ﬁ_2n - 9()?_2,”_1 — 4)

Taking b, = Qn with @0 =5, @1 =7, @2 = 15, @3 = 46, @4 = 163 in the last proposition, we have the

following corollary which presents sum formulas of binomial transform of fifth order Pell-Lucas numbers.

COROLLARY 7.6. For n > 1, binomial transform of fifth order Pell-Lucas numbers have the following

properties.
(a): ZZ=1 @—k’ = *@—n+4 + 6@—71—&-3 - 11@—71—0—2 + 9©—n+1 - QQ—n - L
(b): 37, Qor = 5(—30Q 2043 + 181Q 2,12 — 337Q_2n+1 + 288Q 2, — 87Q_2,—1 — 97).
(c): >hia Q_op1 = %(—29@—2n+3 +173Q anio — 312Q _9n i1 + 243Q o, — 90Q 2,1 + 38).
8. Matrices Related with Binomial Transform of Generalized Fifth Order Pell Numbers

We define the square matrix A of order 5 as:

7T —17 20 -11 3
1 0 0 0 0
A=10 1 0 0 O
0 0 1 0 0
0 0 0 1 0
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such that det A = 3. From (1.1

by 7 —17 20 —-11 3 bpis
by 1 0 0 0 0 byso
bn+2 = 0 1 0 0 0 bn+1
bri1 0 O 1 0 O by,
by, 0 0 0 1 0 bpn_1
and from (1.6) (or using (8.1) and induction) we have
brta 7T —17 20 —-11 3 b4
bpss 1 0 0 0 0 b
bpye | =1 0 1 0 0 O bo
bnt1 0 0 1 0 O by
by 0 O 0 1 0 bo
If we take b, = P, in (8.1) we have
Py 7 —-17 20 —11 3 Pois
Pois 1 0 0 0 0 Poio
Poo |l=l0 1 0 0 o0 Py
Do 0 0 1 0 0 P,
P, 0 0 0 1 0 Py
We also, for n > 0, define
D DA Diar < S TR R SR D DN DU DU o
koo ik Xpm B B2 En B 33353050 Y5 P
Bn = Zko lkZplPk Es Es Ens 3Zk0 szszk
n—2 n—3
Zko lkZplPk Ey E9 Euy SZkO lkZplPk
Zko lkZ;' 13Pk Es Ew Eis SZkO lkZZ 14Pk’
and
br41 —17b,, + 20b,,—1 — 11b,,_9 + 3b,,—3 20b,, — 11b,_1 + 3b,,_2 —11b,
bn, —17b,,_1 + 20b,,_o — 11b,,_3 + 3b,,_4 20b,,_1 — 11b,,_o + 3b,,_3 —11b,_
Co=1| bp1 —17by_o+20by 35— 11by_a+3by_s 20by_o — 11by_5 +3bp_s —11b,_
bp_o —=17b,_3+20b,_4 —11b,_5+ 3b,_¢ 20b,_3—11b,_4+3b,,_5 —11b,_
bp_g —1Tb,_4 +20b,,_5 — 11b,_¢ + 3b,,_11  20b,_4 — 11b,,_5 + 3b,_¢ —11b,,_

) we have

+ 3bp—1

1+ 3bp—2
9+ 3by—3
34+ 3bp—4
4+ 3by_5

3by,
3bn—1
3bp_2
3bn_3
3bn—4a
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where
Ey =173 ()Zz kZp P+ 203020 YO Zp P — 11377 Z"’Qﬁk%Z"iS’ iy
Es —17Ek 0 ik Zp lPk+202k Z0 s ;fZ" ° P — 11y g ? ;f’ZZ z?’Pk+3ZZ 3 ;L:_k4
By = 173085 Zp Pk+202k -0 713271 ' P HZk 021 k D sz+3ZZ 8 iy
Ey _1722;3 fzf’Z Pk+202k 0 71:12;; L P — 113000 0 ik Zp lPk+3Zk 0 fa
Es _1722;3 :;fZ Pk+202k 0 lnk52p ! HZk 0 ik Zp lPk+3Zk 0 ?1:
and

Es 2030 Z?kZZlﬁk 7Zk 0 lkz sz+3Zn ; ?_;Zz_fﬁk

Er 202k0 lkZpl 7Zk0 Zkzpzpk+32ko 7k32plpk

Ey = QOZko lkZpl 7Zk0 lkZplPk+SZk0 lrbk4ZZ:z4Pk

By 2035 ?,5’2 — TR0 Dk Spmt B 430 NI S0 B

Eyo 20342, lkz - 7305, lkz PP +3Y050 ;LkGszPk
and

En _HZk OZI kzp lPk+3Zk 0 2ul= kZZ;zlﬁk

2 -2 5
Eqs —HZko lkEplPk+32k0 lnkEZIPk'
— n—3
Ez = szo lkzszkJF?’Zko lkzplpk
n—4
Eqy _HZko lkZplPk+3Zk0 lkZplPk
n—4 n—4 n—4 n—>5 n—>5 n—5 1
Ers =113 0 Doy 2ot P+ 320520 2oy 2ot Dr
By convention, we assume that
0 0 o0 -1 -1 -1 —2 —2 —2
DD P = 023 > R=0)% > P=0,
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THEOREM 8.1. For all integers m,n > 0, we have

(a): B, = A".
(b): ClAn = ATLCl
(C): C'n,+'m = Can = Ban

Proof.

(a): Proof can be done by mathematical induction on n.

(b): After matrix multiplication, (b) follows.

(c): We have C,, = AC,,_;. From the last equation, using induction, we obtain C,, = A" 1C;. Now
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and similarly

Crtm = BnC.
O
THEOREM 8.2. For m,n > 0, we have
m—+1m+1m-+1 R
k=0 I=k p=l
m m m. m—1m—-1m-—1 N m—2m—2m-—2 N m—3m—3m—3 N
by 1 (1T DS P +20> 3 Y P—11) Y Y Pe43) Y Y B
k=0 l=k p=I k=0 I=k p=l k=0 l=k p=l k=0 I=k p=l
m m m m—1m—1m-—1 m—2m—2m—2
WHNE 33 SLERTD 3D 3D S EED 35 BB D8
k=0 l=k p=I k=0 I=k p=I k=0 l=k p=Il
m m m m—1m—1m-—1 m m m
""‘bnfa(_llzzzﬁk‘f'gz Z Zﬁk)+3b”*4zz ﬁk
k=0 l=k p=l k=0 I=k p=l k=0 l=k p=I

Proof. From the equation C 4, = C, B, = B, C,,, we see that an element of C),4,, is the product of
row C}, and a column B,,. From the last equation, we say that an element of C,,,, is the product of a row
C,, and column B,,. We just compare the linear combination of the 2nd row and 1st column entries of the
matrices Cy,, and Cy, B,,. This completes the proof. [J

COROLLARY 8.3. For m,n > 0, we have
m—+1m+1m-+1

ﬁn+m = ﬁnzzzﬁk

k=0 I=k p=l
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