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Flow of a Viscous Fluid past a Porous Oblate Spheroid at Small
Reynolds Number

Abstract

This study deals with uniform motion of a adhesive incompressible fluid flowing over a porous
oblate spheroid at tiny values of the Reynolds number. These types of problem have been considered
by dividing fluid flow in the three regions, namely, zone I, zone Il and zone Ill. In the zone I, which
is completely filled with viscous fluid, is the region of the porous oblate spheroid and in this region
fluid flow is governed by the equation suggested by Brinkman. The zone Il and the zone Ill, where
the clear fluid flows, is the region outside the porous oblate spheroid. The fluid flow in these two
zones has been discussed using the perturbation method given by Proudman and Pearson in which
Stokes stream function is expanded in terms of Reynolds number. This solution is then matched with
Oseen solution. At the interface of zone Il and zone I, the matching conditions suggested by Ochoa-
Tapia and Whitaker are applied for matching the stream function of clear fluid region with that of
porous region at the surface of oblate spheroid. It has been found that the drag on the oblate
spheroid reduces with that of the departure from the spherical shape. Similar effects of the drag on
the spheroid are obtained when the permeability of the porous medium increases. Also, the drag
experienced on the porous oblate spheroid is directly proportional to Reynolds number and as and
the ratio of effective viscosity of the porous medium to the real viscosity of the fluid.
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1. Introduction

The complication of the flow of fluid in all directions an obstacle has been considered by
Stokes for the motion of the fluid in which the inertial outcomes of the fluid are neglected.
Payne and Pell [18] have discussed the Stokes flow problem around the axially symmetric
bodies and obtained the solution by using potential theory developed by Weinstein ([25],
[26]). They obtained the streamlet task and drag for the fluid flow over the oval-shaped and
oblate spheroids which agreed with the output of the Oberbeck [14]. Happel and Brenner [8]
have discussed the difficulties of uniform flow over a spheroid. This departs but a tiny in
shape from a sphere. The polar form of the equation of spheroid is take hold as

r*=c{l+ BuSum(m)}, 1)

the coefficients fnis enough little so that the square and big powers may be eliminated, that
is
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here r* is the distance measured from the centre of the spheroid, c is the polar radius, 3y, is
Gegenbauer’s function of order m and r = cosé. To satisfy the boundary conditions, they
have expressed the product of 9, and 9, as linear combination of 3y, 2, 9y and Sm42. The
results for an oblate spheroid are deduced by taking m = 2 and S, = 2. All these workers
have neglected inertia terms thus taking Reynolds number to be zero.

Aoi [1] has derived exact analytical solution of equations of motion for Oseen’s flow past a
spheroid by taking the steady state conditions. He has computed the drag experienced by
prolate and oblate spheroids for small Reynolds number. The study of the flow of the
viscous fluid at small Reynolds number about an impervious solid sphere has been
investigated by Proudman and Pearson [17]. They have considered the expansions in powers
of Reynolds number in two different regions. An inner expansion which is called Stokes
expansion that is valid in the region which is close to the surface of the sphere and an
external growth, called Oseen’s growth or increase in size, which is reasonable for the
region that is at the huge interspace from the outside aspect of the sphere. They also
assumed that these two different expansions are of the same form of the function which then
are matched using the boundary conditions at a distance far away from the sphere. The
results of Proudman and Pearson [17] for a sphere have been generalized by Breach [5] for
ellipsoid of revolution, both prolate and oblate. He has given a table for the main constant
which determines the drag as well as Oseen’s solution for various values of eccentricity of
prolate and oblate spheroid.

In many situations, the particles which are broadly used in the technological progress,
particularly in chemical engineering procedure in the industry are porous. Porous prill is
applied considerably in catalytic or motivation reactor. The convectional movement in these
porous tiny bit or atoms may be increase or magnify successfulness components and modify
the discrimination of the chemical reactor (see, Nir and Pisman [13]). Porous particle is
regularly obtain in the airspace and in additional surroundings structure, here they are
obtained by vapour distillation — condensation process (see, Pruppacher and Klett [19]).
Hence many workers have discussed the flow past porous particles which are spherical or
approximately spherical. Feng and Michaelides [6] considered the problem of fluid flow
around a porous sphere for small values Reynolds number. Following Proudman and
Pearson [17], they assumed that Darcy’s law governs the motion of the fluid flow in the
region inside the sphere and that in the region which is outside the sphere, Navier-Stokes
equations govern the flow of the fluid. They obtained the solution by matching the motion
of the fluid inside and outside the porous sphere at the surface of the sphere using the
conditions suggested by Saffman’s [20]. The problem of fluid flowing inside and past a
spheroid which is isolated and permeable has been discussed by Vanishtein et. al. [24]. They
assumed that there is no inertia force and took the direction of flow along the axis of the
spheroid and obtained the solution of equation of fluid flowing through the region around
the spheroid by applying Stokes equation for creeping flow and that in the region inside the



UNDER PEER REVI EW

spheroid using Darcy law. They obtained that the transition of internal fluid flow is very
much affected by the shape and dimensions of particles. Srinivasacharya [23] has been
studied the creeping flow of adhesive fluid, which passes through porous estimate sphere
neglecting inertia terms. He had concluded the result for an oblate spheroid. Moreover, his
calculations for the drag on the imprecise sphere is wrong because the contribution of term
containing 94(7) in the expansion for the drag should be zero.

For the medium of high porosity, the equation suggested by Brinkman [3] is so fit for
describing the flow of fluids through the permeable medium. Furthermore for the majority
of the flow of fluid in the permeable medium, it is obtained that the coefficient of effectual
viscosity g is not same from g, which is the viscosity of clear fluid (see, Giveler and
Altobeli [7]). When fluid flows in the porous regions, Brinkman equation is applicable and
for the fluid flows outside porous regions, Navier-Stokes equations are used. For the fluid
flows at the collaborate of the clear fluid and permeable medium, matching conditions that
are suggested theoretically by Ochao—Tapia and Whitaker [15] and experimentally [16] are
used. In these matching conditions they assumed that at the interface there is a
continuousness of velocity and the normal stress while shearing stresses are discontinuous at
the interface. Using these assumptions, the problem of viscous fluid flowing over a
permeable spherical shape structure has been studied by Srivastava and Srivastava [22] for
small values of the Reynolds number. In this problem, the results of Srivastava and
Srivastava [22] are used to discuss the flow past a porous oblate spheroid by applying the
method suggested by Happel and Brenner [8] for satisfying the matching conditions at the
interface of the spheroid. Combined boundary layer complications of this type have been
obtained by many workers like as Neale et. al [12], Adler [2], Jones [10], Srivastava [21],
Langlois [11], lyengar & Radhika[9] and Alexander et. al [4] .

2. Formulation of the Problem

Let us consider the flow of viscous fluid past over a porous oblate spheroid with an uniform
velocity U parallel to its axis of revolution.

Fig. 1. The schematics diagram of the problem
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The spheroid is completely filled with the fluid. Let (r*,6, @) be the spherical polar
coordinates with centre of the spheroid being at the origin, then the polar equation of the
spheroid is

r*=a(l— ecos’d) =a[l— e+2e35(n)] =c[1+2e9(n)], (3)

where a = ¢(1 + €) and e is a very small quantity whose square and higher powers are
negligible. The constants a and c are called equatorial radius and polar radius of the
spheroid respectively. In this problem the region of fluid flow has been divided in three
zones (see Figure 1). For the fluid flow inside the porous oblate spheroid, region is taken as
Zone | and following Brinkman equations[3] governs the flow of fluid

o= Vp Vi -, @
here k denotes the permeability of porous oblate spheroid, v denotes the velocity vector
and p denotes the pressure at any point in porous oblate spheroid. The parameter s
represents the effectual viscosity of the porous oblate spheroid. It is assumed to be
dissimilar from parametery. This represents the coefficient of viscosity in clear fluid zone.
The regions where clear fluid flows are Zones Il and Il and the flow fluid. This zone is
controlled by the Navier—Stokes equation. For the flow of clear fluid near the surface of the
porous oblate spheroid in Zone 1, Stokes’ approximations are reasonable. Let us assume
that u and v be velocity of fluids in the direction of r* and @ respectively. Then Stokes
stream function ¥in spherical polar coordinates system is represented by
1 oV 1 o¥

U= ——, V=- - . (5)
(r*)°sin@ 06 r*sing or>

Assuming that the sign i denotes the zone undergoing assumption. The boundary situation
for the flow issue can be represented as given below:

u® and v@® are finite at r* = 0, (6)
u® - U cos 6, v 5 _Using, asr*— oo, )
In the interface of porous oblate spheroid and clear fluid r* = c[1 + 2 & 3,(7)]. We consider
that the components of velocity along with normal stress z++ are continual and shearing

stress z+p has jJump which is specified by the equation has been proposed by Ochoa—Tapia
and Whitaker [15]. In this notations, at the interface r* = c[1 + 2 €3,(7)], these conditions

are given by
) = ) (8)
oY op®
_or® ©)
or or

o =12, (10)
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0 =%v‘”, (11)

where £ represents a constant of order. The sign of g is either positive or negative. The
formulations for z+gand z«~ in the spherical polar coordinates system is represented by

lou v ov
=i g e ) 0

ou
e = — —}-2”—' 13
Trr p ar* ( )

3. Solution of equations

Since equations of Brinkman and Stokes are alike same. Let us consider the following
variables for zones | and Il as

¥ =cuyl, p:ﬂp(”, for i=1,2andr*=cr, (14)
c

In zone |, using the above variables, eq. (4) becomes

FEYPY _ LE2 P = 0, (15)
where G:Lrepresents the Darcy number and the operator E? in dimensionless form is
Jk
defined as
2 2 A2
£2_ 5_2 +1_277 5_2, (16)
or r- ongn
In terms of ¥?, for the zone 11, Navier—Stokes equation can be written as:
@ g2, 2, () ) )
128(1// Ey )+2EZ/ 7728@// 1oy =iE“w(2>, (17)
r o(r,n) r 1-n° or r oOn Re

where Re = Uc/ v represents the Reynolds number and v = g/p denotes the kinematic
coefficient of viscosity. The following Oseen’s variable is introduced for the flow in zone
"

r* ur>*

E=(Re)r = Re? = " (18)

Re? U
®_Re2y@-2Y¥Y_* 19
v v U w0’ (19)
In zone 111, the following expression for ¥3(r, r7) can be obtained using Navier—Stokes
equation [see, Langlois [11]),Page (148), eq. (4.7)]
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1

2
C r* 4B —(Rer*/2c)(1-r,
o 7[{?{7) }(1—772)—@(1“7)(1—6 erzonion) | (20)

This formulations of #3(r*, 1) represents the solution of the equation (17). If we take
(B/12) instead of B in the equation (20) then with proper adjustment of variables we get the
¥ proposed by Breach as the Oseen’s solution for spheroids (see, equation (14), page 307 of
Breach [5]), Hence it is justified to take (20) as Oseen’s solution for the flow over a porous
oblate spheroid. Value of B is found to be of the form B; + B, when it is evaluated such
that (20) matched with the expression of ¥ for Stokes solution at the surface of spheroid
given by (3) which containse. It has been found that when the oblate porous spheroid is
taken in place of the solid impervious sphere of radius ‘c’ the constant B = 3/4 and (20)
represents a right answer of Oseen’s formulation (see, Langlois [11]). Putting Oseen’s
variable in solution (20) and expressing in powers of Re. we obtain the expression given
below

v =(U2)¢*(1-1") - BRe[¢ (L-7°) ~ (W AHS* U 7*)L-7) +0(S)] (21)

It may be noted that if in the equation (21) we want to write Re=aU /vinstead of
Re [Re = (1-€) Re], then the constant B should be taken as B(1—<). In order to match this
stream function given by (21) with the Stokes stream function 1//2), we revise it in the
Stokes’ variable as:

(Re)*w® =(1/2)(r* —2Br)1-n°)+(B/4)Rer’(1—-n*)(1—n) +O0(Re?) (22)

In order to solve equations (4) and (17) respectively in zones | and 11, we take the following
expressions of streamlet function y and pressure p® in terms of Reynolds number Re is
represented as:

v =y +Rey +0(Re?), i=1,2 (23)
P® =P® +ReR" +0(Re?), i=1,2 (24)
3.1. First Approximation

Substituting (23) in the equations (15) and (17), we get the following differential equations
for w{¥ and ¥ on equating the terms on both sides which are independent of Re

Dy —a*Dy’ =0, (25)

Dw? =0, (26)

0

where a = of y. The solution of (25) is an infinite series of the type Z Fo,(r)9n(n) (see,

n=2
equation (4 — 25.3) of Happel and Brenner [8]). Here, we are discussing the flow past
porous spheroid given by equation (3) in which only 8,(7) occurs. In the matching
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conditions for flow of fluid at the interface of the oblate porous spheroid and free flow zone
only % (57) occurs which can be expressed as

2
%)= §[32 () =3, ()], (27)
Hence, we take only two terms of the series and assume the following form for " and &
y) = 2Fy, ()% (m)+ € Ry (N4 (1), (28)

o =25, (NG )+ € 15, (NG, (29)

Substituting these expressions for (" and w? in the equations (25) and (26) respectively,

we obtain the differential equations for Fo(r), Foa(r), fo2(r) and fos(r) which are integrated
with respect to r. Then we have obtained the following equations for Fo,(r), Fos(r), fo2(r) and
foa(r) respectively

F,(r) = Kr%c{smh ar —acoshar}, (30)
Foa (1) = Ko r* + cm{—ﬁazfjlg) sinhar — M coshar} : (31)
foz(r)zé—Br+%r2, (32)
f,,(r) =%+%. (33)

In writing the expressions (30)—(33), the constants of integration which are multipliers of the
solutions which are not defined at the centre of the oblate porous spheroid or at the large
distance from the surface are assumed to be zero.

For the region given by zone Il when r — oo, we assume take the following first
approximate solution as

v =2 - 2B -n?), (34)

which is then matched with the first term that is not dependent of Re of the result given in
(22). The other constants A, B, K, C, Ao, Bos, Kos and Cyq4 are to be found by matching the
solutions (32) and (33) with that of equations of Brinkman (30) and (31) at the surface of
oblate porous spheroid.

In the matching conditions at the surface of spheroid, we take r = 1 + 2 3,(7) in Foy(r) and
foo(r) and r = 1 in Fos(r) and fos(r) because terms containing € and higher powers of < are
neglected. We expand Fo,(r) and fo(r) in powers of e (neglecting € and higher powers) at
the interface i.e. we take
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Fo@+2e3(n)=F,)+2eF,0)% ) +0(), (35)
f,l+2e4m)=f,)+2¢e f,()4 () +0(), (36)
Substituting (28), (29) in the matching condition (8) and using (35) and (36), we get

AR, (D) +2 € RS (m) 38, (1)+ € Foy 8, (17) = A o, )+ 255, I, (M1 € £, DS, (), (37)

Substituting equation (27) and the equations (30)—(33) in the equation (37), we get
2[K+ C (sinha— acosha) — (A—B + 1/2)]82(7n) +8?€[2K —C{(a® +1)sinha

—acosha)+(A+B-D1(4,(7) -9 ) + [Kos+Co{(6A+15) sinhax

— o &#+15)cosha}— (Aos+Boa)]94(1) = 0, (38)
This equation suggests that the constants A, B, C and K should be taken of the following
form
A=Ao1 + €Agz, B=Bor+ €Bpz, C=Co+ €Cpz, K=Kps+ Koy, (39)

Substituting equation (39) in equation (38) and then equating the coefficient of 3,(7),
€93,(n) and €34(7) on both sides, we have the following three equations:

Ko1 + Cm(sinha— a COSh(Z) —Agp +Bg1 = 1/ 2, (40)

Koz + Coz(sinha— a cosha) — Agz + Boa

= g[—ZK01 +Cy{(a® +1)sinha —acosha}] —%[Am +By, 1], (41)
Kos + Cos{(6¢7 + 15) sinha— o + 15) cosha} — Ags — Bos

= g[ZK01 ~Co{(a® +1)sinha —acosha}+ Ay, + By, —1]. (42)
Substituting equations (28), (29) in the matching condition (9), using equations (27), (30)—

(33), (35), (36) and (39) and following the same procedure as above, we get the another set
of equations for (A1, Bo1, Co1, Ko1), (Aos, Boa, Cos, Koa):

2Ko; + Cor{ @ cosha— (¢ + 1) sinha} + Agy + Boy = 1, (43)

2Kgz + Coo(ar cosha— (o + 1) sinha) + Agz + Boy
= —g[—sz +C {(a? +1)sinha —a(a? +1)cosha}] +%[2A01 +1], (44)
AKos — Coa{(c* + 21 & + 45) sinha— (B¢ + 45) cosh o} +3As + Bos

- ‘§[2K01 +Cof(a? +2)sinha — ar(a? + 2) cosha}] —%[ZAM +1]. (45)



UNDER PEER REVI EW

Equating the velocity components on two sides of the interface we have obtained six
conditions (40) — (45) from (8) and (9). Now, we shall derive similar equations from (10)
and (11) given in the stress components. As 7, contains pressure, we shall derive the
expressions for P’ and P . Writing equation (4) and Navier—Stokes equation in terms of

spherical polar coordinates and substituting (" and then the resulting differential equation

is integrated, which gives the expressions of pressure for the first estimation or
approximation in regions | and 11 respectively as

" :2 , I F’ 46

Po(l) = VZ{FOZ_ r;.zz"'F 02}_02 02 (1) |17, (46)
L4 f’

p0(2)_ 14 2%+r_|3f02 n, (47)

Substituting equations (13), (5), (27), (28)—(33) and (39) in the matching condition (10) and
proceeding as earlier we obtain the following equations:

Cov {(a® —12a)cosha — (a* —3a* —12)sinh o}
~0*[2K, — C {(r® +1)sinha — arcosha}] = 6(2A01 — Boy), (48)

Co7 {(a® —12a)cosha — (a* —3a* —12)sinha}
—o’ [2K02 —COZ{(a(2 +1)sinh a —aCOSha}]— (12A02 - 6802)
+§C017/2{—(054 —18a? —48)sinha + (a® — 2a® — 48a) cosha}

= EO'Z[ZK01 +Cy{(a® +2)sinha — (2a + a*) cosha}] + %[—48A01 +12B,]1, (49)

7°[2K,, —Co {(a® +33a” + 75)sinha — (8a® +75) cosha}] +5A,, + 3By,
+ éCOlyz{—(a4 —18a? —48)sinha + (o — 2a® — 48a) cosha}

- %&[2}(01 +Cof(a? +2)sinha — (2a + a®) cosha}] + é[—48ﬁm +12B,],  (50)

In the same way, substituting equations (12), (5), (27), (28)—(33) and (39) in the matching
condition (11) and proceeding as earlier, we get

7°[Co{(Ba® +6)sinha — a(6 + a*) cosha}] — 6 A, = fo(l— Ay — Byy) (51)

7*[Co.{(B3a® +6)sinh a — (6 + a*) cosha}] -6 A, + S (A, + By,)

= g[}/ZCOl{(oz4 —9a® +18)sinha — (3a® —18a) cosha —18A,,] + g,BO'[ZA01 +1), (52)
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7°[16K,, +Cu{(8a* +201x* +450)sinha — (a® +51a® + 450a) cosha}]

—(30A,, +16By,) + Bo(3A,, + By,)

= g[;/ZCOl{—(oz4 ~9a® +18)sinhar — (3a* —18c) cosha}—-18A,,] —%ﬂa[Zﬁm +1), (53)
For given «, yand S, twelve constants (Ao1, Bo1, Co1, Ko1), (Aoz, Bo2, Coz, Koz) and (Aoa, Boa,
Cos, Kos) can be calculated from equations (40)—(45) and equations (48)—(53). In table 1, we
have calculated these constants for various values of y by taking o= 5.0 and g = 0.5, - 0.5.
In order to study the effects of variability of permeability parameter of the oblate porous

spheroid, we determined the above constants for 3” = 1.0, = 0.5, — 0.5 and o= 5.0, 6.0, 7.0,
8.0, 9.0, 10.0 and are given in Table 2.

3.2 Second Approximation

In this approximation, first we determine the solution in zone Il near the plane or surface of
the porous oblate spheroid which is obtained by matching this solution with corresponding
solution for the flow in zone Ill. Then for the flow in the zone 1, the solution for second
approximation is obtained by matching with that of the corresponding solutions of zone II.
Using equations (23), (29), (32), (33) in the equation (17), the following differential
equation fory? (r,7) is obtained when the coefficient of Reynolds Number Re is equated on
both sides of equation. The function for w2 (r,;7) gives the second approximation for
Stokes stream function in the zone 1I:

£y m(ZA 2B, jg() H 04[1%1)
r 84 21Ir
25 40 51
+84I‘2A04}193(77)_77{B (4 I‘j Ar 2A04} ,(m)
5/g (3,1),.5 25(, (5,1), 208, 54
+7{BO4(2+r)+2r2 %4}‘95(77)"'33{504(4"' I’j ar 2 '%4} 7(77):|( j ( )

In writing the equation (54) when w{? (1) is substituted in left hand side of equation (17),

the derivatives of 9,(7),94(7) and their products appear which are rearranged in terms of
Gagenbaur functions 33(7),94(7), 95(7),97(7). Following equation (54), the following form
fory,? is assumed:

p? =21,(N9 (1) + 2 f (NS )+ e [T, (N G, () + i (NG (7) + Frr()S7(7)] (55)

This form of w? (r, ) is taken according to the coefficient of Reynolds Number Re in the
equations for  yA(r, ). Putting equation (55) in (54) and equating the coefficients of 9,(#),
93(77), 34(n), 9s5(7),37(n) on both sides of (54), we get

(d_zz_%j flz(l’):O, (56)
dre r
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j—r—rﬁj 0--128( 282 L e, o gt o e
dd_:z_lr_sz f,(r) = _%) 304[804(4—?7+r—18j+%%4} , (58)
£ Bl (3 3]
(;j_;_izj @ )_ {504(4_5:7”_18}%/\)4} (60)

When large values of r are taken, the solution fi,(r) of the equation (56) should be matched
with the coefficients of Re(1 — 7%) in 1//3)(r, n) which given in the equation (22). Thus,
integrating (56), the solution for fi,(r) is given by

flz(r):%(é— Br+%r2j=g f,(r) (61)
Integrating equations (57)—(60), the expressions for fi3(r), f14(r), f1s(r) and f17(r) are given by
f,(r) = %+ N +%(ZTA+ 2Br - rzj +e 804{(305213 + 2626r4)B°4 +ﬁﬁm] (62)
()= %+%_ - 804:2;34 Bar 762253r5 A‘”} ’ (63)
f15(r)=%+%+e804:12%804+%A}4] (64)
(1) = AN " ?4 e 804_2;72;3 Bos 792r5 A‘”} (65)

where M, N, A4, B1a, Ass, Bis, A1z, By7 are constants of integration. These constants are to be
determined under the condition that the expression for y? given in (55) matches with the
corresponding solution of Brinkman problem for flow in zone 1. It may be found that when
f13(7), fra(77), fis(77) and f17(77) are substituted in w,? (r, 1), we get the following expression

of w2 (r, n) for large values for r

wA(r, 77)— r’l-n*)1-n)

which is exactly similar to that of the expression of Oseen’s solution designated by the
coefficient of Re in the equation (22). Now, we shall determine the solution for the second
approximation of Brinkman equation in zone I. The flow of fluid in zone 1 is not dependent
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of Re so when y!Y is expanded in powers of Re and substituted in (15), the function w
which is coefficient of Re satisfies the following equation

Y E'y — By =0, (66)

The expression for " has to match with that of y® (r,) given in the equation (55) at

r =1+ 2e%(n). Hence we assume the following form for v (r,7):
vy (r,m) = 2F, (NS (7) + 2R (NS (1)+ € [Fig (N9, (7) + Fis (NS () + F, (NS, ()] (67)

When the expression of " (r, 77) given in equation (67) is substituted in equation (66), the
differential equation obtained for Fi,(r) is same as the differential equation for Fo,(r) and it
has to match with ? at r = 1 + 2 e9(n), hence F,(r) is given by

Fo(r) = g Foo (1) (68)

The differential equations satisfied by Fi3(r), F14(r), Fis(r) and Fi7(r) are given by

d> 6\ d*> 6
dr? rz] dr? 2 _aszlS(r) -0 o
d> 12) d? 12
dr? a] dr? 2 _QZJFMU) -0 o

d> 20) d* 20
e o

dr? r?

d®> 42\ d*> 42
(———z—of]a(r):o. (72)

ar? r

Integrating equations (69) — (72), we obtain the following solutions:

2.2
F13(r)=Sr3+T{3+r0§ r sinhar—gTacoshar}, (73)
2.2 2,2
F.(r)=K,r' +C14{wsinh ar—wcoshar}, (74)
4.4 2.2 2.2
Fio(r) = Kr® +C15{a ' +450: ' +1055inhar _ (10 rr“ +109) coshar} : (75)
r

6,6 4.4 2,2 4.4 2,2
E) =Ko+ Cﬂ{ar +210a°r +é71725a r’+10395 a(2la’r +126;Oar +10395005har} (76)
r r
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In writing the expressions (73)—(76), the constants of integration that are multipliers in the
terms of the solutions which are not defined at r = 0, are chosen as zero. The constants S, T,
K, Ci, Kis, Ci5, Ki7, Cy7 are to be calculated by matching (67) with (55) at
r =1+ 2e%(n). Substituting equations (55) and (67) in the matching condition (8) and
expanding F12, F13, f12, f13 up to first power in € as in equation (35) and (37), we get

2F,()3,(7) +2 € B, L% ()Y + 2R, (D)% ()

+4e R0 () %K)+ e Ry )8, )+ € Rk (m)+ < R, (D& ()

=2f,D% ) +4e FLOL0Y + 21,0 () +4< 150K 0% )+ 1,1 7)

+4e f50)% M%) + e L&)+ e £, (7). (77)

Substituting equation (27), .92193:2(193(77)—195(77)) , equations (61)—(65), (68) and

equations (73)—(76) in equation (77) and applying the same procedure as stated in first
approximation, we get equations (A1), (A2), (A3), (A4) given in appendix. Similarly, the
matching conditions (9) give the equation (A5), (A6), (A7), (A8) where M, N, S, T have been
written as:

M:M11+ EMlz, N:N11+ EN12, S:S;|_1+ 6812,T2T11+ ET12 .

The solutions of the components of pressure and stress are obtained for the second
approximation in Re and substituting the expression for w®(r,n) and w?(r,;7) from
equations (55) and (67) in the matching conditions (10) and (11) at r = 1 + 2 e%(7), we get
twelve equations (A7) — (A20). We have calculated the values of the constants (M1, Ni1, S11,
T11), (M12, N12, S12, T12), (A14, B1a, C1s, K1a), (Ass, Bis, Cis, Kis), (A1z, Biz, Ci7, Ky7) from
equations A(1)-A(20) given in appendix for o = 5.0, 6.0, 7.0, 8.0, 9.0, 10.0 by taking g =
0.5, # = 1 and it is represented in Table 3.

4. Discussions and Conclusions

For motion of fluid at infinity, the stream function is given as
W@:%Ur*zsinze, (78)

The stream function y — ., at infinity represents a state of rest and the drag D, that is

employed by the fluid flow in porous oblate spheroid in our notation is given by (see,
equation (4.2) of Payne and Pell [18]):

* (2 (2) _
D; =8y lim " CYY V) (79)

*
r=—oo o}

where @ = r* sind. Substituting w® and w? from (29) and (55) respectively in the

equation (23) and then in the equation (79) we get the expression for D; as

2
D = 87m:{(801+ €B,,)+Re @} , (80)
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In case we want to write ‘@’ instead of ¢, the dimensionless drag D, on the spheroid is given
by

*

D 4 o BZ
Dr = Gﬂ/ija = g Bol+ S (Boz - Bol) + RE{%+ IS Bol(Boz - Bol)}} ) (81)

the constant c is replaced by a(1 — €) neglecting &* and higher powers e and Re is replaced
by Re. The values of Bo; and By, when the porous spheroid is replaced by a solid one are
given by assuming the velocity components to be zero at the spheroid and in this case the
equations (40), (41), (43) and (44) respectively become

— A+ By =%, (82)
—A02+BOZ:—%[A)1+ B,, 1], (83)
Pot +Bot = 1, (84)
A, +B,, :g[zA01 41, (85)

The above equations give B, :% and By, =§ so the dimensionless drag Dy in this case is

D, =1—5+§(1—36j§e, (86)
5 8 5

In the case when Re = 0, the expression of the drag D, agrees with that given in the

equation (4— 25.23) on page 144 by Happel and Brenner [8] and it also agrees with that

given by Payne and Pell [18]. Aoi [1] has given the following expression for the drag
coefficient for an oblate spheroid in his equation (41) as:

64 R
Co=—1/1+—|, 87
° RS ( 25] 87
where S =212 +1{(1-T?)cot™ T, +T,}, (88)
T,-—2 _ p-2V (89)

Ja?-p?’ v

Replacing b, R, Cp by ¢, 2Re, 32D,/Re respectively in the equations (87)—(89) and
expanding the entities in powers of e neglecting € and higher powers of &, the equation
(87) becomes exactly the equation (86). Hence our results for small Reynolds number agree
completely with those of Aoi. We have calculated that the expression of drag for oblate
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spheroid given by Breach [5] when log Re is neglected becomes exactly the same as given
by (81). Hence our results agree for a solid oblate spheroid with those of earlier workers and
we expect that results derived in this paper for a porous oblate spheroid are correct.

Table 1: The values of the constants (A()l, B()l, C()l, K01), (Aog, Bog, Cog,Kog), (A04, BQ4, C04, K04) for
various values of yfor #=0.5,-0.5and =5

% 1.0 3.0 5.0 7.0 9.0

Ao1 | 0.06073 | 0.1047 | 0.1573 | 0.1688 | 0.1704
Bo1 | 0.45765 | 0.5377 | 0.5619 | 0.5742 | 0.5763
Co1 | 0.00028 | 0.0057 | 0.0171 | 0.0329 | 0.0524
Ko | 0.01831 | 0.0150 | 0.0063 | 0.0096 | 0.0117
Ao, | 0.18890 | 0.3369 | 0.4415 | 0.4719 | 0.4810
Bo2 0.4782 | 0.5502 | 0.6617 | 0.6282 | 0.6326
0.0011 | 0.0136 | 0.0372 | 0.0659 | 0.0985
Ko2 0.0346 | 0.0179 | 0.0264 | 0.0215 | 0.0181
Aos | 47.6047 | 10.994 | 1.6322 | 0.2953 | 18.528
Bos 93.9205 | 18.648 | 2.0019 | 0.9858 | 3.5875
Cos | 0.00973 | 0.7512 | 0.1681 | 0.0075 | 0.0070
Kos | 71.7489 | 26.304 | 18.538 | 4.1573 | 32.428
Ao 0.1753 | 0.1913 | 0.1981 | 0.2024 | 0.2031
Bo1 0.6211 | 0.6329 | 0.6387 | 0.6412 | 0.6435
Cu 0.0001 | 0.0025 | 0.0081 | 0.0164 | 0.0268
Ko1 0.0248 | 0.0160 | 0.0112 | 0.0094 | 0.0050
Aoz 0.4618 | 0.4970 | 0.5134 | 0.5239 | 0.5277
Bo2 0.6020 | 0.6182 | 0.6272 | 0.6326 | 0.6370
Co2 0.0036 | 0.6062 | 0.0165 | 0.0299 | 0.0449
Ko2 0.0238 | 0.0158 | 0.0143 | 0.0142 | 0.0136
Aos 1.2139 | 20.457 | 4.5609 | 14.946 | 38.225
Boa 24747 | 41601 | 12.441 | 33.006 | 78.915
Cos 0.0005 | 0.2360 | 0.4308 | 1.2092 | 3.8276
Koa 25322 | 7.9752 | 23.155 | 58.446 | 134.196

0.5

=
I
O
o
N

B=-05
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Table 2: The values of the constants (Ao1, Boi, Co1, Kot), (Ac2, Boz, Coz, Koz), (Aos, Boa, Coa, Kos) for
various values of o by taking /* = 1 and = 0.5, — 0.5

c 5.0 6.0 7.0 8.0 9.0 10.0
Ao1 0.0607 0.0800 0.096140 | 0.109680 | 0.121180 | 0.13100100
Bo1 0.4580 0.5034 0.537070 | 0.562830 | 0.583150 | 0.59954000
—Co1 | 0.0003 0.0007 0.000010 | 0.000003 | 0.000001 | 0.00000003
Koi | 0.0183 0.0140 0.010960 | 0.008790 | 0.007200 | 0.0059900
Aoz 0.1889 0.2419 0.283300 | 0.317800 | 0.346000 | 0.3693000
B=05 Bo2 0.4782 0.5083 0.536100 | 0.545800 | 0.553400 | 0.5602000
| Cpe | 0.0110 0.0003 0.000050 | 0.000018 | 0.000006 | 0.0000020
Koz | 0.0346 0.0236 0.007600 | 0.009300 | 0.010100 | 0.0094000
—Aos | 47.605 17.986 3912.940 | 273.4835 | 568.0042 | 873.20990
Bos 93.921 28.932 6150.740 | 346.9285 | 772.2964 | 1368.0607
Cos | 0.0097 0.0004 0.011230 | 0.000098 | 0.000055 | 0.0000191
Kos | 71.749 16.369 3093.010 | 136.6345 | 264.5873 | 417.62170
Ao 0.1767 | 0.18471 | 0.187930 | 0.198120 | 0.020253 | 0.2068100
Bo1 0.6211 | 0.64514 | 0.660140 | 0.674490 | 0.683520 | 0.6911700
—Co1 | 0.0001 | 0.00002 | 0.000004 | 0.000001 | 0.000003 | 0.0000001
Ko | 0.0248 | 0.01792 | 0.011354 | 0.010530 | 0.008440 | 0.0069000
Aoz 0.4618 | 0.48159 | 0.488780 | 0.507990 | 0.516950 | 0.5250800
=05 Bo2 0.6018 | 0.602142 | 0.602630 | 0.602810 | 0.601820 | 0.6011500
"~ | Coz | 0.0004 | 0.000095 | 0.000022 | 0.000006 | 0.000002 | 0.0000007
—Ko2 | 0.0238 | 0.017064 | 0.013540 | 0.011610 | 0.008400 | 0.0062800
—Aos | 1.2139 | —871.5602 | —9527.44 | 1317.461 | 1864.026 | 20379.584
Bos 2.4747 | 1538.3674 | 16679.77 | 2628.862 | 3462.252 | 4264.6972
Cos | 0.0005 | 0.003417 | 0.055810 | 0.002342 | 0.000895 | 0.0001876
Kosa | 2.5322 | 1183.6944 | 19745.65 | 2122.700 | 2968.0067 | 3664.0963
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Table 3: The values obtained for the constants in the solution of the second approximation by

taking 7 = 1.0 and 8 = 0.5 for various values of o

c 5.0 6.0 7.0 8.0 9.0 10.0
-Si1 0.02434 | 0.018693 0.007163 0.003926 0.0009578 0.0004289
Ty 0.000023 | 0.000005 | 0.00000072 | 0.000000145 | 0.000000073 | 0.0000000538
My 0.06158 0.07233 0.14697 0.18543 0.28345 0.42894
N1 0.055353 0.0523 0.116255 0.13725 0.24009 0.38935
-Sp, 6.2953 2.41776 0.98524 4.7233 16.5853 84.7823
T 0.008392 0.0012 0.009457 0.0006289 0.006833 0.0004478
~My, 2.32594 32.3323 73.8558 332.0043 568.5968 401.0989
Ni2 4.6374 20.81466 63.1957 173.4453 351.0607 268.5867
Ay 53.8954 167.9234 478.5432 875.0089 2437.893 56675875
B4 478.0985 | 194.7376 136.5863 97.5387 44.8875 12.8937
Cu 0.0008934 | 0.0004137 | 0.0000985 0.00005863 0.000029 0.00000795
K4 12.7269 44,7595 184.4462 568.9432 863.4458 2263.4458
Ags 1262.8458 | 3582.934 8456.2248 23378.009 48564.643 89578.0908
—Bis5 8503.1004 | 3102.1289 | 2278.1142 873.589 684.7895 124.8975
Cis 0.09859 | 0.0032107 0.02958 0.008464 0.002375 0.0007354
—Kis 378.9452 | 1290.9943 | 3678.0912 5855.6600 9585.1189 24385.0092
A7 685.0092 | 472.958 368.9463 273.1890 184.5672 94.0667
B,; 384.4462 | 429.2049 823.5032 1765.7758 3875.8463 9575.8968
Cy 0.000086 | 0.000005 0.0000012 0.00000094 0.0000007 0.00000023
K7 12.5865 | 80.99245 348.6675 1585.49 4485.6853 12375.9960
Table 4: The values of D, for different values of < and Re by taking #=0.50, c=10.0and ' =3.0
yz 1.0 3.0

Re| 1.0 15 2.0 2.5 3.0 1.0 15 2.0 2.5 3.0
S
0.0 |1.03901| 1.15883 [1.27865|1.3985 | 1.5128| 1.1689| 1.3138| 1.4587| 1.6036| 1.7486
0.04 | 1.03566| 1.15485 [1.27403(1.39322| 1.5124| 1.1642| 1.3082| 1.4522| 1.5962| 1.7407
0.08 | 1.03230| 1.15086 {1.26942(1.38798| 1.5065| 1.1595| 1.3026| 1.4456| 1.5887| 1.7317
0.12 | 1.02895| 1.14688 [1.26480(1.38273| 1.5006| 1.1548| 1.2970| 1.4391| 1.5811| 1.7233
0.16 | 1.02560| 1.14289 {1.26019(1.37750| 1.4948| 1.1502| 1.2913| 1.4325| 1.5740| 1.7150
0.20 | 1.02224| 1.13890 {1.25560(1.37720| 1.4889| 1.1455| 1.2857| 1.4260| 1.5662| 1.7065
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Fig.2. The graph of Dr against ¢ taking y? = 1 and $ =0.5

A graph of drag D; against o is drawn in Figure 2 for various values of e by taking /* = 1
and g =—0.5. It reveals that drag reduces with lead of e i.e. with the departure of the shape
of spheroid from that of a sphere. The drag on the oblate porous spheroid due to moving
fluid increases with the lead of o; i.e. it reduces with the lead of parameter of permeability
of porous medium. The graph of the drag D, against the departure of the shape of the
spheroid e for different values of Reynolds number has been plotted in figures 3& 4 which
show that the drag on the spheroid increases with the increase of large as well as small
values of Reynolds number and decreases with the increase of . The values of the drag D,
for various values of parameter of departure of the shape of spheroid  and Re have been
given in Table 4 for y* = 1.0, 3.0, #= 0.5 and o = 10.0. This table represents that the drag
leads with the lead of Re and y* but decreases with the lead of <. Though the formula (86)
for the drag is presume valid for little rates of e but in fact it is supposed to be exact for
even huge withdrawal from the sphere structure (see, Happel and Brenner [8], page 215).

3.5

3, -
Re=1.0
Re=20
25 Re=30
Re=4.0
Dr ol Re=50
Re=6.0
T 15
1,
05 | | ] |
0 0.5 1 1.5 2 2.5

Fig. 3 The graph between Dr against € and the variation of Reynolds Number
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Fig. 4 The graph between Dr against € and the variation of Reynolds Number
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APPENDIX

: B
S,, +T,{(3+a”)sinha —3acosha}=M, + N, +%[2A01 +2B,, 1], (A1)

;[3811 ~T,,{(3a? +16)sinh & — (a® +16a) cosha}] +[S,, + T,{(3+a’)sinha —3a cosha}]

) . 425 S

:7[_2|\/|11+ 20 (_2A01+Bol_l):|+ |\/|12+N12+Bo4|:21168804+1008A04:|, =

_ 4?1 [2Ky, - Cor{(a” +Dsinho — accoshod] +[K,, + Cpi{(6a” +15)sinhar — a(a” +15) cosha}]
- 10 25

=— 501 (_Aol_Bol +1)+A14 + B14 _804{2_31804 +F89A04}’ (As)

- 3 [3S,, — T,,{(3a” +16)sinh o — (o® + 6ax) cosha}] +[K,, +Coo{(er* +45a* +105)sinh & — a(10a” +105) cosha}]

= —g[— 2M, + %(—AOl +By, —1)} +A;+Bj+ BM{— g By, + 22—552A04} : (A4)
K,; +C{(a® +210a* + 4720 +10399 sinh o, — a(210* —1260a* +10395) coshog
—A,+B,+ 504{2132;6 By, — ;Zz 04}, (A5)
3S,, — T,,{(6 + 3a*)sinh o. — (6a. + o*) cosho} = —2M , + % (A, + By —1), (A6)
;[6811 + T, {(a* +9a* +18)sinh o — (3.’ +180t) cosho}]
+[3S,, - T,,{(6+3a*)sinha.— (6. + o*) cosho}] = ;{GM u+ % (2A, —1)} :
- {2M12 + 504{%11658 B,, + 15%3%4}} (A7)
- 4'201 [2K,, + Co (0 +2)sinh o — (° + 2c) coshod}]

+[4K,, —C{(a +210* + 45)sinha. — (6a° + 450) cosha}]

_ _% (2A,, +1) — (3A,, +B,) + 304{:501 By, + 1102859 A04} , (A8)

— % [6S,, + T,,{(a* + 90’ +18)sinha — (30.° +18c) cosho}]

+[5K,, — Cofl1o* + 24002 + 525} sinh o — (o° + 650° +52501) coshoi}]
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8 45 125
04} , (A9)

B
= _7[6M11 + %(ZAOl +1)} - (A15 + 2815) + 804{% Bo4 _ﬁ

~ 7K, — C{(22a:° +18900.* + 340200 + 72765 sinho. — (" +2520° +9765.° + 727650) cosho}

(A10)

125 625
= _(6A17 +4817) + 504{_5504 +ﬁ 04} )

v2[6S,, + T {(a* +21a” +48)sinh o — (5a.° + 48a) cosha}] —16M,, — 6N, — B, (10A, +4By,)
BOl
:BG —2M11+T(A01+Bm—1) s (All)

;}/2[68ll ~T,,{900* +5a.* +192) sinh o — (a® + 260.° +1920) cosho}]
+7°[6S,, + T,,{(a* + 210 + 48)sinh o — (5a.° + 48ar) cosha}]

+;[64M11 +12N,, + B, (30A,, +4B,,) —{ 16M,, +6N,, + 804(38058 +£Ao4ﬂ

5292 504

4 B 1315 25
= BG[7 {6M11 + %(ZAOl —1)} -2M,, - 804{21168804 + 1008A04H , (A12)
§ 2 BuCu 4 2 ; _ 3
5y 5 {(a” +90a° +18)sinh o — (3a” +18a) cosha}
+7°[16K,, + C,{(8a* +2100* +450)sinh o — (o’ +51a® + 45001) cosho}]

72 400 1300

5 By, Ay, — (30A,, +16B,,) + B4{§L B, + ®A4}

2 40 125
BC{_ 5 Bo(2Ap +1) = 3(Ay, +By,) + B04{231504 + 1089A04}:| , (AL3)

— % v°[6S,, — T, {(5a* + 900’ +192)sinh ot — (a® + 260> +192c) cosha}]
+7%[30K ; + C{(a® +129a" + 28650 +6300)sinh ot
— (140 + 7650.° + 6300ct) cosha] — %{64M11 +12N,, + B,,(30A,, + 4B,,)}

165 325
- {48A15 +30B,; + 804{— — By, + EAM H

8 B 45 125
= BG|:_ 7 {6M11 + % (2Aq - 1)} —4A;5 —2B;5 + By, {% Bos — 2_52Ao4 }:| ! (A14)
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Y’ [70K, +C{(a® +3820.° +29925x" +294178x” +1164240sinha

— (250" +40320° +1552950° +116424Qx) coshat] - {%A17 +74B,, + BM{%S By — 531—;;’ A, H

25 625
=Bo| - (6A,, +4B,) + By =By + — Ay |, AlS5
B({( 17 17) 04{792 %790 04H ( )

2

% [12S,, + T, {(30* — 540’ —144)sinh o — (o — 60> —144a) cosha}]
2
+ %[3511 — T, {(6+30)sinh o — (60 + 0.®) cosho}]

B
= _2(N11 + A01801) + 2[_ 4M11 - 2N11 - %(3'6‘01 + B01):| ) (AlG)

2
Y4—T2ﬂ{(m6 | 490" +109807 + 2400) sinh o — (30° + 2980 + 2400) cosho}

2
+ % [12S,, — T,,{(3a0* —540* —144)sinho. - (a® — 6a® —144a) cosho}]
2

+ % [6S,, + T, {(c* + 90 +18)sinh o — (3a.° +18a) cosho}]

2

+%[3s12 T, {(6+307)sinh o — (6 + a®) cosha}] = —%(3N11 +4ALB,)—2(N, + A,B,,)

20 2165 5
+2 20M,, 6Ny, + B, (12A,, +2By,)} - 2{4M12 +2N,, + Bm{m By, + mAMH . (A17)

V2 BO13Cm {(a* —180* — 48)sinh o — (a® — 2a° — 48c) cosha}
2

- % B,,[2K,, + Cy{(0? + 2)sinh o — (o + 2a) cosha]

2
(&)

t [4K,, - C {(a* + 210’ + 45)sinh o — (6a® + 45a) cosho}]

2
+ "’7 [4K,, +C{(a® +17a" —870 —300)sinh o — (60 +130° — 300cr) coshoi}]

4 1 166 350
= 5 Bgl - 5{30814 + BOA {ﬁ Bo4 + EAM }}

4 20 175
3 B, (12A,, —2B,,) + 2{— 5A,, -3B,, + B, {ﬁ By, + M}AOA H , (A18)



UNDER PEER REVI EW

2
%Tn{(ocﬁ 30 — 3060% — 720)sinh o — (30° — 660.° — 720a) cosho}

Y2C15
160

2

- %[ess1l + T, {(a* + 902 +18)sinh o — (3c.® +18ar) coshoi}]

+ {(130.° + 4360.* + 397502 + 7350)sinh o — (o +910® +15250 + 73500) cosha}

2
+ 1%) [5K,s — Cs{(11a* +2400” +525)sinh o — (or® + 650.° + 52501) cosha}]

2
+Y7[3K15 — C,{(13a* + 33002 + 735) sinh o — (ot® +850° + 7350) cosha}]

6 1 151 125
= “35 (BN, +4AB,,) - 5{56815804 {H Bos + EAO“ }}

6 1 75 25
— ﬁ[ZOMM +6N,;, + By, (12A,, + 2B,,)] + Z{— 6A 4B + B, {% By, — %AMH ,  (A19)

2

$[420K17 +C,{(240® +5100° —121590* — 3251934y

2

— 6548850)sinh o — (ar® + 216" +9135¢° — 773955:° — 6548850x) coshod] + %[mﬂ
~C,,{220° +18900* + 340200 + 72765 sinh o

66

1 625 875
— §|:8Al7 + 6817 + BO4 (?76} - 7—92 A04:| ) (AZO)

—(a” +2520° + 97650.° + 72765x) coshal] = —%{1088” + 804{?;17265 By — 8L5A04H



