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On the Numerical Approximation of HigherOrder Differential Equation
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Abstract 

This research examines the general k step block algorithmfor solving higher order Initial Value 

Problems (IVPs) using Linear Block Algorithm (LBA). Some distinct fourth order IVPs with 

different values of h were directly solved using the new method and the results obtained 

werecompared with those in literature. The accuracy of the newly derivedscheme proved to be 

better as it outperformed those of existing methods.One of the advantages of the new method is 

that it does not require much computational burden and it is also self-starting. Basic properties of 

the method were also analyzed and the result of analysis showed that the method is consistent, 

zero-stable and convergent. 

Keywords: Accuracy, algorithm, convergence, computational burden, higher orderIVPs,time 

constraint. 

1. Introduction 

The fourth order scheme considered in this research will be used to solve the initial value 

problems (IVPs) 
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Some authors observed that solving (1) is a common mathematical designed tooldue to what 

other researchers observed when solving higher order IVPs [1]. The most common mathematical 

designed tools by some researchers includesnumerical methods such as Euler method, Runge-

Kutta (RK) method, Trapezoidal rule and Taylor series method, whichare used to solve the first 

order IVPs. Thesenumerical methodsare also used to solve the higher order IVPs indirectly by 

reducing it to the first order system of equations [2-6]. However, this process is easy to 

implement but it will increase the number of equationsas well as increase the cost for the 

process[7-9]. 

Block hybrid method is also among the direct methods used to solve (1). Block method is 

capable of finding numerical solutions at more than a point at a time. Raymond et al. and 

Abdelrahim [2, 10]discourse the computational burden and zero-stability barrier in hybrid block 

method. The use of block hybrid method to approximate IVPs (1) directly is considered by some 

researcher in literature such as [3, 7,10-14]. Abdelrahim [10] developed the four step hybrid 

block method for the direct solution of fourth order ordinary differential equations, where he 
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adopt power series as a basic function and directly applied it on fourth order IVPs.The process 

adopted in the mathematical formulation of the method is the approach coined as LBA.  

2. Mathematical Formulation of the Higher-order Block Algorithm 

2.1 The k step Generalized algorithm  

The mathematicalapproach adopted wasthat of block method formulations for solving IVPs of 

the form (1) where 
 knbnankn yyyY   ,,, 

and         j

kn

j

bn

j

an

j

kn yyyY   ,,,  . In order to obtain 

the unknown values that the generalized algorithm are given by 
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and its higher derivatives  
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YXj

1 and ZXqj

1  where 
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Consider the following Lemma: 

Lemma 1 

The general linear multistep method adopts only one block form for every stepk  block 

method. This lemmaseen belowis generalized algorithm which willbe adopted to develop the 

fourth order scheme from linear block algorithm. 

This algorithm can be verified with the help of the lemma 2.1 on (2) and (3) as we develop the 

block method using the generalizedalgorithm with  dupmrb ,,,,0,,  point of evaluations 

and then compare the output to the 1k  block method derived with those in literature. 
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3. Analyses of the Block Scheme 

The analysis of the block method iscarried out in this section. 
3.1. Order of the Method  

The linear operator   hxy n ; related to the newly derived method is established in 

thissubsection. 

Proposition 1 

The local truncation error of the newly derived schemeis    121111

11 0 hxyhC n  . 

Proof 

According to [5], the linear difference operators associated with the hybrid method (5) to (8) 

aregiven by 
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Supposing  xy  is sufficiently differentiable; expanding equation (9) in power of hwith the aid 

of Taylor series. It is important to state that the first non-zero term of eachformula in Equation 

(9) is    121111

11 0 hxyhC n  . The same procedure applies to thederivative scheme in Equation (6) to 

(8). 

Definition 1. [5] 

A linear multistep method for a fourth order problem is of order p if it satisfies the condition  

,0,0 213210   ppp ccccccc   where 
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The parameter 02 pc is referred to as the error constant with the local truncation errordefined 
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Corollary 1 [5]. The local truncation error of the newly derived scheme is given by 

       
       
       
       
       
        



























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
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


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hxyh

hxyh

n

n

n

n

n

n

        (11) 
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Therefore, the newly derived scheme is of uniform order seven as well as error constant is given 

by 









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101812.1

101338.3

108897.1

109916.3

109822.2

C

 

3.2. Consistency 

The newly derived scheme is consistent according to [3] if all the following conditions are 

fulfilled 

i. The order of the scheme must be greater than or equal to one i.e.  1p  

ii. The linear multistep method 0
0




k

j

j and 0j  

iii.     0'  zpzp  for 1z  

iv.    zzp !2''   for 1z  

v.    zzp !3'''   for 1z  

vi.    zzp !4''''   for 1z  

Therefore, the newly derived schemeis consistent. 

3.3.      Zero-stability of the Method 

Definition 2. [5] 

A method is zero-stable, if the first characteristic polynomial  z with roots kzs ,,2,1   

given by     0'det 0  AzAz  satisfies 1sz  and every root satisfying 1sz hasmultiplicity 

not more than the order of the differential equation. 

The first characteristic polynomial of the new hybrid method is given mathematically as 

  0
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


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
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

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z

z

z

z

z

z

AzA

    (12)

 

Evaluating Equation (12), we obtain 

  015 zz            (13) 

Solving (13) for z  gives 054321  zzzzz  and 1z . Hence, the hybrid method is 

zero-stable. 

3.4. Convergence 

Theorem 1. [5] 
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Consistent and zero-stable are necessary and sufficient conditions for alinear multistep method to 

be convergent.  

Therefore, the newly derived scheme is convergent since it is consistent and zero-stable. 

3.5. Linear Stability 

Definition 3. [5] 

The region of absolute stability of a numerical method is the set of complex values h forwhich 

all solutions of the test problem yy 4''''  will remain bounded as n . 

The concept of A-stability according to [8] is discussed by applying the test equation 

   yy kk             (9) 

To yield  

  hzYzY mm    ,1           (10) 

Where  z  is the amplification matrix of the form 

where  is the amplification matrix given by 

           141110400  zzzzz 


      (11) 

The matrix  z  has Eigen values  k,,0,0    where k  is called the stability function. 

Thus, the stability function for of the method is given by 

240576000 49161-367296000z 8625+586572800² 688+

653728000z 212-z5245430400+z1505044800+114307200z-

481152000 98322-438489600z 43347+005155840z 9494-

452573440z 588+584636052z 180+481556844z 27806361831z

3456

2

3456













 



 
The boundary locus method is adopted in generating the stability polynomial of thehybrid 

method. The polynomial is 
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The polynomial is used to plot the region as 

z
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Fig. 1: Regions of absolute stability of the method 

The region of absolute stability of the method is a region in the complex z  plane. The numerical 

solution of (9) satisfies 0jy as j   for any initial condition [8]. 

The stability region obtained in Figure 1 is stableA according [9]. 

4. Numerical Problems 

To validate the accuracy and convergence of the new method, some fourth order IVPs are solved 

directly due to the experienced in conventional processwhen solving higher order IVPs (1). 

The results obtained from the new method are compared with the existing methods with different 

step-size h  as shown below. 

The following acronyms are used in the tables and graphs below 

ES: Exact Solution 

CS: Computed Solution 

ENM: Error in New Method 

EEM: Error in Existing Method 

EKEQ[15]:  Error in Kuboye, Elusakin & Quadri [15]
 

EAA[7]: Error in Atabo & Adee [7] 

EAO[11]: Error in Adeyeye & Omar [11]  

EAO[14]: Error in Adoghe & Omole [14] 

-1.8 -1.6 -1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2 0 0.2
-2

-1

0

1

2

Im(z)

R
e
(
z
)
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EAC[16]: Error in Ahamad & Charan [16] 

EUOA[13]: Error in Ukpebor, Omole & Adoghe [13] 

EFO[17]: Error in Familua & Omole [17]. 

ENM1: Error in New Method at 01.0h  

ENM2: Error in New Method at 025.0h  

ENM3: Error in New Method at 05.0h  

ENM4: Error in New Method at 1.0h  

ENM5: Error in New Method at 103125.0h  

ENM6: Error in New Method at 003125.0h  

EEM1: EAO[11] at 01.0h  

EEM2: EAO[11] at 025.0h  

EEM3: EAO[11] at 05.0h  

EEM4: EAO[11] at 1.0h  

EEM5: EAO[14]at 103125.0h  

EEM6: EKEQ[15]  at 1.0h  

EEM7: EAC[16] at 1.0h  

EEM8: EUOA[13]at 1.0h  

EEM9: EAA[7] at 1.0h  

EEM10: EAO[11] at 103125.0h  

EEM11: EFO[17]block method at 103125.0h  

EEM12: EFO[17]PC method at 103125.0h  
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Problem I:  

Consider the IVP 

        ,
100144

2.1
0''',

50144

1
0'',

5072

1.1
0',00,''

pipipi

vi










 

 

with the exact solution, 

 

 

 

where 0,
2

pi
z

 
 
 

. This problem was also solved by [11, 17].  

Problem II:  

Consider the IVP 

 

 

with the exact solution
 

  z
zpi

z
z 

120

5

  

This problem was also solved by [15, 7, 11, 13, 16]. 
 

Problem III:  

Consider the IVP 

        ,00,10',00'',70''',cossin   zziv  

with the exact solution 

  1cossin 3  zzzz  
This problem was also solved by [11, 17] 

       , 0 0, ' 0 1, '' 0 1, ''' 0 0,iv z        

 
pi

zzz
z

100144

sin2.1cos1








 

10 
 

5. Results and Discussions 

Table I:Results of new method for solving Problem I 

z  ES CS ENM 

025.0h  025.0h  01.0h  1.0h  05.0h  103125.0h  
1 0.00032113317081669604 0.00032113317081669604 0.0000(+00) 0.0000(+00) 0.0000(+00) 0.0000(+00) 0.0000(+00) 

2 0.00063848728577052155 0.00063848728577052155 0.0000(+00) 0.0000(+00) 1.0000(-20) 1.0000(-20) 1.0000(-20) 

3 0.00095195576164134882 0.00095195576164134882 0.0000(+00) 0.0000(+00) 0.0000(+00) 1.0000(-20) 2.0000(-20) 

4 0.00126143444360699400 0.00126143444360699400 0.0000(+00) 0.0000(+00) 4.0000(-20) 1.0000(-20) 8.0000(-20) 

5 0.00156682167033659058 0.00156682167033659058 0.0000(+00) 0.0000(+00) 1.4000(-19) 1.0000(-20) 2.1000(-19) 

6 0.00186801833752561197 0.00186801833752561197 0.0000(+00) 0.0000(+00) 3.2000(-19) 1.0000(-20) 4.7000(-19) 

7 0.00216492795983283584 0.00216492795983283584 0.0000(+00) 0.0000(+00) 6.3000(-19) 2.0000(-20) 9.0000(-19) 

8 0.00245745673118054163 0.00245745673118054164 1.0000(-20) 1.0000(-20) 1.1000(-18) 1.0000(-20) 1.5600(-18) 

9 0.00274551358338025566 0.00274551358338025566 0.0000(+00) 1.0000(-20) 1.7900(-18) 1.0000(-20) 2.5100(-18) 

10 0.00302901024304740444 0.00302901024304740445 1.0000(-20) 2.0000(-20) 2.7300(-18) 1.0000(-20) 3.8200(-18) 

Table II: Comparison of results for solving Problem I with [11, 14]. 

z
 

ENM
 

EEM
 

01.0h  025.0h  05.0h  1.0h  103125.0h  EAO[11] EAO[14] 

01.0h  025.0h  05.0h  1.0h  103125.0h  
1 0.0000(+00) 0.0000(+00) 0.0000(+00) 0.0000(+00) 0.0000(+00) 6.5021(-19) 6.5052(-19) 5.4210(-18) 4.6295(-16) 2.1149(-18) 

2 0.0000(+00) 0.0000(+00) 1.0000(-20) 1.0000(-20) 1.0000(-20) 8.6736(-19) 9.3368(-19) 6.2884(-17) 6.9966(-15) 1.0576(-17) 

3 0.0000(+00) 0.0000(+00) 1.0000(-20) 1.0000(-20) 2.0000(-20) 8.6736(-19) 1.7347(-18) 2.3289(-16) 2.8003(-14) 1.2683(-17) 

4 0.0000(+00) 0.0000(+00) 1.0000(-20) 1.0000(-20) 8.0000(-20) 2.6021(-18) 6.9389(-18) 6.3578(-16) 7.1500(-14) 2.1963(-17) 

5 0.0000(+00) 0.0000(+00) 1.0000(-20) 1.0000(-20) 2.1000(-19) 2.6021(-18) 1.9082(-17) 1.4554(-15) 1.4503(-13) 2.5623(-17) 

6 0.0000(+00) 0.0000(+00) 1.0000(-20) 1.0000(-20) 4.7000(-19) 2.6021(-18) 3.9899(-17) 2.8970(-15) 2.5942(-13) 3.7297(-17) 

7 0.0000(+00) 0.0000(+00) 2.0000(-20) 2.0000(-20) 9.0000(-19) 3.4695(-18) 7.3726(-17) 5.2623(-15) 4.3649(-13) 4.4098(-17) 

8 1.0000(-20) 1.0000(-20) 1.0000(-20) 1.0000(-20) 1.5600(-18) 1.7347(-18) 1.2837(-16) 8.8714(-15) 8.8714(-13) 5.9762(-17) 

9 1.0000(-20) 0.0000(+00) 1.0000(-20) 1.0000(-20) 2.5100(-18) 1.7347(-18) 2.0817(-16) 1.4107(-14) 1.0825(-12) 7.1313(-17) 

10 2.0000(-20) 1.0000(-20) 1.0000(-20) 1.0000(-20) 3.8200(-18) 1.7347(-18) 3.1919(-16) 2.1415(-14) 1.5981(-12) 9.2590(-17) 
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Table III: Results of new method for solving Problem II 

z ES CS ENM 

003125.0h  003125.0h  01.0h  1.0h  103125.0h  

1 0.00312500000000248353 0.00312500000000248353 0.0000(+00) 0.0000(+00) 0.0000(+00) 1.0000(-20) 

2 0.00625000000007947286 0.00625000000007947286 0.0000(+00) 1.0000(-20) 2.0000(-20) 1.0000(-20) 

3 0.00937500000060349703 0.00937500000060349703 0.0000(+00) 1.0000(-20) 2.0000(-20) 3.0000(-20) 

4 0.01250000000254313151 0.01250000000254313151 0.0000(+00) 1.0000(-20) 3.0000(-20) 4.0000(-20) 

5 0.01562500000776102146 0.01562500000776102146 0.0000(+00) 2.0000(-20) 5.0000(-20) 6.0000(-20) 

6 0.01875000001931190491 0.01875000001931190491 0.0000(+00) 2.0000(-20) 5.0000(-20) 6.0000(-20) 

7 0.02187500004174063603 0.02187500004174063603 0.0000(+00) 2.0000(-20) 6.0000(-20) 5.0000(-20) 

8 0.02500000008138020833 0.02500000008138020833 0.0000(+00) 3.0000(-20) 8.0000(-20) 6.0000(-20) 

9 0.02812500014664977789 0.02812500014664977789 0.0000(+00) 3.0000(-20) 8.0000(-20) 5.0000(-20) 

10 0.03125000024835268656 0.03125000024835268656 0.0000(+00) 3.0000(-20) 8.0000(-20) 6.0000(-20) 

Table IV: Comparison of results for solving Problem II with [15, 7, 11, 13, 16]. 

z ENM
 

EEM
 

 

003125.0h  01.0h  1.0h  103125.0h  EKEQ[15]
 

EAC[16]
 

EA[11]
 

EUAO[13]
 

EAA[7] 

1.0h  1.0h  1.0h  1.0h  1.0h  

1 0.0000(+00) 0.0000(+00) 0.0000(+00) 1.0000(-20) 0.0000(+00) 2.9976(-15)  0.0000(+00) 0.0000(+00) 0.0000(+00) 

2 0.0000(+00) 1.0000(-20) 2.0000(-20) 1.0000(-20) 0.0000(+00) 2.9976(-15)  2.7756(-17) 0.0000(+00) 0.0000(+00) 

3 0.0000(+00) 1.0000(-20) 2.0000(-20) 3.0000(-20) 0.0000(+00) 1.8225(-05)  5.5511(-17) 0.0000(+00) 0.0000(+00) 

4 0.0000(+00) 1.0000(-20) 3.0000(-20) 4.0000(-20) 5.5511(-17) 7.6800(-05)  0.0000(+00) 0.0000(+00) 0.0000(+00) 

5 0.0000(+00) 2.0000(-20) 5.0000(-20) 6.0000(-20) 1.1102(-16) 6.9944(-15)  0.0000(+00) 0.0000(+00) 0.0000(+00) 

6 0.0000(+00) 2.0000(-20) 5.0000(-20) 6.0000(-20) 1.1102(-16) 0.0000(+00) 0.0000(+00) 0.0000(+00) 0.0000(+00) 

7 0.0000(+00) 2.0000(-20) 6.0000(-20) 5.0000(-20) 2.2205(-16) 2.9976(-15) 0.0000(+00) 0.0000(+00) 0.0000(+00) 

8 0.0000(+00) 3.0000(-20) 8.0000(-20) 6.0000(-20) 0.0000(+00) 2.9976(-15) 0.0000(+00) 2.0000(-18) 0.0000(+00) 

9 0.0000(+00) 3.0000(-20) 8.0000(-20) 5.0000(-20) 1.1102(-16) 0.0000(+00) 0.0000(+00) 2.0000(-18) 1.1100 (-16) 

10 0.0000(+00) 3.0000(-20) 8.0000(-20) 6.0000(-20) 2.2205(-16) 7.5000(-03) 0.0000(+00) 1.0000(-17) 0.0000(+00) 
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Table V: Result of new method for solving Problem III 

z ES CS ENM 

003125.0h  003125.0h  01.0h  103125.0h  

1 -0.00312984720468769600 -0.00312984720468769600 0.0000(+00) 0.0000(+00) 4.0000(-20) 

2 -0.00626924635577210114 -0.00626924635577210114 0.0000(+00) 1.0000(-20) 6.0000(-20) 

3 -0.00941798368752841945 -0.00941798368752841945 0.0000(+00) 1.0000(-20) 2.3900(-18) 

4 -0.01257584533946248273 -0.01257584533946248273 0.0000(+00) 1.0000(-20) 1.1200(-17) 

5 -0.01574261735661109244 -0.01574261735661109244 0.0000(+00) 2.0000(-20) 3.3380(-17) 

6 -0.01891808568984328399 -0.01891808568984328399 0.0000(+00) 1.0000(-20) 7.8390(-17) 

7 -0.02210203619616251069 -0.02210203619616251069 0.0000(+00) 2.0000(-20) 1.5845(-16) 

8 -0.02529425463900974441 -0.02529425463900974441 0.0000(+00) 2.0000(-20) 2.8864(-16) 

9 -0.02849452668856748983 -0.02849452668856748983 0.0000(+00) 2.0000(-20) 4.8688(-16) 

10 -0.03170263792206470950 -0.03170263792206470950 0.0000(+00) 4.0000(-20) 7.7405(-16) 

Table VI: Comparison of results for solving Problem III with [11, 17]. 

z ENM
 

EEM
 

003125.0h  01.0h  103125.0h  EAO[11] EFO[17] 
block method

 
PC method

 
103125.0h  103125.0h  103125.0h  

1 0.0000(+00) 0.0000(+00) 4.0000(-20) 5.8350(-18) 5.8350(-18) 9.9903(-13) 

2 0.0000(+00) 1.0000(-20) 6.0000(-20) 4.6708(-17) 4.6712(-17) 2.0098(-12) 

3 0.0000(+00) 1.0000(-20) 2.3900(-18) 5.2467(-17) 4.3748(-16) 1.2049(-11) 

4 0.0000(+00) 1.0000(-20) 1.1200(-17) 9.3430(-17) 2.3340(-16) 3.0118(-11) 

5 0.0000(+00) 2.0000(-20) 3.3380(-17) 9.9220(-17) 2.3920(-16) 6.3035(-11) 

6 0.0000(+00) 1.0000(-20) 7.8390(-17) 1.4019(-16) 2.8020(-16) 1.2285(-10) 

7 0.0000(+00) 2.0000(-20) 1.5845(-16) 1.4613(-16) 6.7177(-16) 2.2020(-10) 

8 0.0000(+00) 2.0000(-20) 2.8864(-16) 1.8712(-16) 4.6706(-16) 3.5856(-10) 

9 0.0000(+00) 2.0000(-20) 4.8688(-16) 1.9324(-16) 5.1408(-16) 6.6871(-10) 

10 0.0000(+00) 4.0000(-20) 7.7405(-16) 5.8350(-18) 5.8350(-18) 9.99039-13) 
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Figure 2: graphical curves for Problem I 

 

Figure 3: graphical curves for Problem I 

Comment [H2]: Change colour and marker of 
the lines to show that the lines are coincident. 
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Figure 4: graphical curves for Problem I 

 
Figure 5: graphical curves for Problem I 
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Figure 6: graphical curves for Problem I 

 

Figure 7:graphical curves for Problem I 
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Figure 8: graphical curves for Problem II 

 

Figure 9: graphical curves for Problem II 
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Figure 10: graphical curves for Problem II 

 

Figure 11: graphical curves for Problem II 
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Figure 12: graphical curves for Problem II 

 

Figure 13: graphical curves for Problem III 
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Figure 14: graphical curves for Problem III 

 

Figure 15: graphical curves for Problem III 
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Figure 16:graphicalcurves for Problem III 

The new method developed using the linear block algorithm was applied to solvethree special 

fourth order IVPs (1).ProblemI was solved using the step size 103125.0,01.0,025.0,05.0,1.0h

and compared with [11],who developed an implicit five-step block method for solving (1) using 

the step size 01.0,025.0,05.0,1.0h and [14] using 103125.0h . It is clear from table II that, 

the new method performs better and graphically shown. Figure 2 to 6 shown the exact solution 

and computed solution when solving problem I, where h varies. Figure 7 is the textual 

comparison of new method with existing methods. The new method was also applied on Problem 

II using 103125.0,1.0,01.0,003125.0h , while [15, 7, 11, 13, 16] solved the same problem using

1.0h .From the table IV and figure 8 to 12, the new method is accurate. Finally,Problem III 

wassolvedwith 103125.0,01.0,003125.0h , while [11, 17] solved using 103125.0h . The 

performance of the result is shown in table VI and figure 13 to 16. Hence, fromthe results 

presented in the tables above, the new method has shown better accuracy and faster convergence. 

The textual curve of each problem is graphically shown; the ES converge to the CS. Therefore, 

the ES moves parallel to the CS on each problem.  

5. Conclusion 

The fourth order scheme is derived from general k step  block algorithm using the LBA which 

is quite straight forward to adopt. The properties of the scheme were analyzed. Some special 

fourth order IVPs were directly implemented and compared with existing fourth order schemes. 

The new method proved better accuracy and faster convergence than the existing methods 

considered in this research.The graphical solution of the problems consider were textual shown. 
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Computing the above equations to obtain the coefficients of the polynomial 
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The first algorithm (2) is expanded together with the expression for the fourthderivatives as 
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The second algorithm (3) is expanded to yield the higher derivatives as 
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The unknown coefficients of   is given by YXj

1 where 
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More so, the unknown coefficients of   is given by ZXqj

1 where 
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