Generalized Olivier Numbers

Abstract. In this paper, we introduce and investigate the generalized Olivier sequences and we deal
with, in detail, two special cases, namely, Olivier and Olivier-Lucas sequences. We present Binet’s formulas,
generating functions, Simson formulas, and the summation formulas for these sequences. Mereover—we—give
sere-identities-and-matricesrelated-with-these-sequenees; Furthermore, we show that there are close relations
between Olivier, Olivier-Lucas and adjusted Pell-Padovan, third order Lucas-Pell, third order Fibonacci-Pell,
Pell-Perrin, Pell-Padovan numbers.
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1. Introduction

Adjusted Pell-Padovan sequence {M,, },, >0, third order Lucas-Pell sequence {B), }, >0 (OEIS: A099925,
[19]), third order Fibonacci-Pell sequence {Gr}n>0 (OEIS: A008346, [19]), Pell-Perrin sequence {Cy, },>0,
Pell-Padovan sequence{ Ry, }, >0 (OEIS: A066983, [19]), are defined, respectively, by the third-order recurrence

relations

Mty = 2Mpsi + M,  My=0,M =1, M, =0, (1.1)
Bnis = 2Bni1+ By, By=3,B1=0,By =4 (1.2)
Gnis = 2Gni1+ G, Go=1,G1=0,Gs =2, (1.3)
Cpis = 2Cui1+ Ch, Co=3,C,=0,Cy =2, (1.4)

Rn+3 = 2Rn+1 + Rn» Ry = 1,R1 = 17R2 =1 (15)


sdi
Cross-Out

sdi
Inserted Text
We also provide various matrices and identities associated with these sequences.
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The sequences { My, }n>05 {Bn}n>0;s {Gn}n>0, {Cn}n>0 and {R, }n>0 can be extended to negative sub-
scripts by defining

M_, = —2M_(,_1)+M_(,_3),
B_, = —2B_(,_1)+ B_(,_3),
Gon = —2G_(_1) +G_(n-3),
Con = —2C_(_1) +C_(n_y),
R, = —2R_(,_1)+R_(n_3),

for n = 1,2,3, ... respectively. Therefore, recurrences (1.1)-(1.5) hold for all integer n. For more details on
the generalized Pell-Padovan numbers and its special cases, see Soykan [26].
Now, we define two sequences related to Adjusted Pell-Padovan, third order Lucas-Pell, third order

Fibonacci-Pell | Pell-Perrin, Pell-Padovan numbers. Olivier and Olivier-Lucas numbers are defined as

0,=20,_54+0,_3+1, with Og=0,0, =1,0,=1, n >3,

and

KRZZKn_g—‘rKn_z;—Q, with K0:4,K1:1,K2:5, 7123,

respectively.

The first few values of Olivier and Olivier-Lucas numbers are

0,1,1,3,4,8,12,21, 33,55, 88, 144, 232, 377, ...

and

4,1,5,4,9,11,20,29,49, 76,125, 199, 324, 521, ...

respectively.

The sequences {O,,} and {K,,} satisfy the following fourth order linear recurrences:

On = On—l + 2011—2 - On—3 - On—47 OO = 0701 = 1;02 = 1303 = 37 n > 43

K, = Ky 1+2K, 20— K, 3— K4, Ko=4,K =1Ky=5K3=4, n>4

)

There are close relations between Olivier, Olivier-Lucas and Adjusted Pell-Padovan, third order Lucas-

Pell, third order Fibonacci-Pell, Pell-Perrin, Pell-Padovan numbers. For example, they satisfy the following
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interrelations:
20, Mpyto+ My + M, — 1,

K, —2Myp1o+3Mp1 +4M, + 1,
100, —7B,4+2 4+ 98,11 + 11B,, — 5,

K, B, +1,

20, Gny2+Gpy1 — Gy — 1,

K, 4G 42 — 2G 41 — 5G,, + 1,
220, 13Cp 42 — 3Ch41 — 5C, — 11,
11K, —12C) 42 + 18C, 41 + 19C,, + 11,

20, Ryyo—1,
2K, —3R, 42+ 4R, 11 +5R,, + 2,
and
M, —Opy2 +30;, +1,
5M, —9K, 19 + 8K 41 + 12K, — 11,

B, —60,42 + 50,11 + 90, + 4,

2B, K3 - 2K, 1+ K,
Gn On+1 = On,
5G, 8Kpya —6Kpny1 — 9K, + 7,

Cy —120,42 + 70,41 + 210, + 8,

5C, —24K,, 10+ 18K, 41 + 37K, — 31,
R, —40,42 + 20,41 + 80, + 3,
SR, —13K,42 + 11K, 41 + 19K, — 17.

The purpose of this article is to generalize and investigate these interesting sequence of numbers (i.e.,
Olivier, Olivier-Lucas numbers). First, we recall some properties of the generalized Tetranacci numbers.
The generalized (r, s,t,u) sequence (or generalized Tetranacci sequence or generalized 4-step Fibonacci

sequence) {W, (W, Wi, Wa, Ws;r, s,t,u) }r>0 (or shortly {W),},>0) is defined as follows:
Wop=mWp 1 +sWy o +tW, 3+ulW, 4, Wo=co,Wi=c1,Wa=co,W3=¢c3, n>4 (1.6)

where Wy, W1, Wa, W3 are arbitrary complex (or real) numbers and r, s, ¢, u are real numbers.
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This sequence has been studied by many authors and more detail can be found in the extensive literature
dedicated to these sequences, see for example [8,13,14,18,21,23,24,40,41]. The sequence {W,,},>0 can be

extended to negative subscripts by deﬁning
_ t S 1
W_, = " [/[/—(n—l) U W_(n_g) u W_(,,L_g,) + " W_(n_4)

for n =1,2,3,... when u # 0. Therefore, recurrence (1.6) holds for all integers n.

As {W,,} is a fourth-order recurrence sequence (difference equation), its characteristic equation is

2t — s —tz—u=0 (1.7)

whose roots are «, 3,7, 0. Note that we have the following identities

at+B+y+d = 1
af+ay+ad+py+pBi+v = —s,

afy+afd+ayd+ pyd = t,
afyd = —u.

Using these roots and the recurrence relation, Binet’s formula can be given as follows:

THEOREM 1. (Four Distinct Roots Case: o # 8 # ~ # §) For all integers n, Binet’s formula of

generalized Tetranacci numbers is

W= <a—ﬂ><ilfr;><a76> G a><g2ﬁv><ﬁ =5 - a)(igj;)(vf 5 G- a><§456><6(71>8)
where
pr = Ws—(B+7+0)Wa+ (By+ B5+y0)W1 — BydW,
pa = Wi—(a+v+8)Wa+ (ay+ ad +y8) Wi — aydW,
ps = Ws—(a+B8+0)Wsy+ (af + ad + B5)W1 — oWy,
pr = Wi—(a+B8+7)Wa+ (af + ay+ By)W; — afyW.

Usually, it is customary to choose «, 8,7, d so that the Equ. (1.7) has at least one real (say «) solutions.
Note that the Binet form of a sequence satisfying (1.7) for non-negative integers is valid for all integers n

(see [9]).
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Next, we consider two special cases of the generalized (r,s,t,u) sequence {W,} which we call them
(r,s,t,u)-Fibonacci and (r, s, t,u)-Lucas sequences. (r,s,t,u)-Fibonacci sequence {G),}n>0 and (r,s,t,u)-

Lucas sequence {H, },>0 are defined, respectively, by the fourth-order recurrence relations

Gpia = 1rGuis+ sGpio+1tGhy1 + uGy, (1.9)
Gy = 0,Gi=1,Gy=r,G3=r>+s,

Hyyy = rHu3+sHpio+tH, 11 +uHy, (1.10)
Hy = 4,H,=r Hy=2s+1r% Hy=r>+3sr+ 3t.

The sequences {G, }n>0 and {H, },>0 can be extended to negative subscripts by defining

t s T 1

G = —=G_(no1)y— ~G_(ne2) — ~G_(n_3) + —G_(n_u),
=) T G —(n-2) T G-y TG (n-a)
t s T 1

H_,

——H (. y——H_(y,_oy— —H_(,_- -H_(,_
R G R (n5)+u (n—4);

for n = 1,2,3, ... respectively. Therefore, recurrences (1.9) and (1.10) hold for all integers n.
For all integers n, (r, s,t, u)-Fibonacci and (r, s, ¢, w)-Lucas numbers (using initial conditions in (1.9) or

(1.10)) can be expressed using Binet’s formulas as in the following corollary.

COROLLARY 2. (Four Distinct Roots Case: a # 3 # v # 0) Binet’s formula of (r, s, t,u)-Fibonacci and

(r, s, t,u)-Lucas numbers are

G a2 ﬁ"“ ,yn+2 snt2
" e Aa—Na-09)  B-aB-NB-0 G- -A-0 G-a0-B0-)
and
Hn — a’l’], + B"L + 7“ Jr 671’
respectively.

Proof. Take W,, = G,, and W,, = H,, in Theorem 1, respectively. [J
o0

Next, we give the ordinary generating function Y. W, 2" of the sequence W,.
n=0

[e.e]
LEMMA 3. Suppose that fw, (z) = >, Wpz™ is the ordinary generating function of the generalized
n=0

oo
(r,s,t,u) sequence {Wpy,}n>o0. Then, Y W, 2" is given by

n=0

o Wy + (W1 - TW())Z + (W2 —rWy — SW0)22 + (Wg —rWy — sWy — tW0)23

W,z" = . 1.11
7;0 n® 1—rz— 522 —t23 —uzt (L11)

Proof. For a proof, see Soykan [21, Lemma 1]. O
The following theorem presents Simson’s formula of generalized (r, s, t, u) sequence (generalized Tetranacci

sequence) {W,}.
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THEOREM 4 (Simson’s Formula of Generalized (r, s,¢,u) Numbers). For all integers n, we have

Wiys Wipo Wiopa W, Ws Wy, Wi W
W W W, Wi Wy W, W, W_
+2 +1 L (—1)mur 2 1 0 v (112)
Wit Wn, Wy W,_o Wi Wo W_1 W_,
Wn anl Wn72 Wn73 WO Wfl W72 W73

Proof. (1.12) is given in Soykan [20]. O
The following theorem shows that the generalized Tetranacci sequence W,, at negative indices can be

expressed by the sequence itself at positive indices.

THEOREM 5. Forn € Z, for the generalized Tetranacci sequence (or generalized (r, s, t,u)-sequence or

4-step Fibonacci sequence) we have the following:

1
wW_, = 6(—u)*”(—6Wgn + 6H,Wa,, — 3H>W,, + 3Ho,W,, + WoH3 + 2WHs,, — 3WoH,, Ha,,)

1 1
(1) ™" (Ws, — H,Wa, + i(HfL — Hy )W, — 6(Jarf; + 2Hs, — 3Ho, H,)Wp).

Proof. For the proof, see Soykan [22, Theorem 1.]. O
Using Theorem 5, we have the following corollary, see Soykan [22, Corollary 4].

COROLLARY 6. Forn € Z, we have

(a): 2(—u)" TG, = —(3ru® + 13 — 3stu)2G3 — (25u — 22 G2 3Gy — (—71t? — tu + 2rsu)?G2 ,G,
—(—st? +2s%u+4u? +rtu)? G2 || G +2(3ru® +13 — 3stu) ((—2su+t2)Gpys+ (—rt* —tu+2rsu)Ghio+
(—st? +252u+4u? +1tu)G 1) G2 +2(2su—12) (—rt? —tu+2rsu) Gy 3Gni2Gn +2(2su — %) (—st> +
252u+4u? +1tu) Gy 3Gt Gr —2(—st? +282u+4u? +rtu) (—rt? —tu+2rsu) Gy 0Gri1Gn —2G3ut +
u?(=25u + t2)Goni 3Gy + u?(—rt? — tu+ 2rsu)Gap oGy + u?(—st? + 25%u + 4u? + rtu)Gop 1 Gy, —
2u? (25U — 12)GonGpis +2u? (—1rt? — tu+ 2rsu)Gon G o + 2u? (—st? 4+ 252u + 4u? + rtu) Gop Gy 1 —
3u?(3ru? + 2 — 3stu)Ga, G-

(b): H_,, = L(—u)™" (H} + 2Hs, — 3H, H,,) .

Note that G_,, and H_,, can be given as follows by using Gy = 0 and Hy = 4 in Theorem 5,

Gon = () (=6 + 6Hy G — SH2G + 3HanGr), (1.13)

(—u)™" (H;, + 2Hz, — 3Ha, H,,) , (1.14)

| = D

H., =

respectively.

If we define the square matrix A of order 4 as

r s t u

1 0 0 0
A= Arstu =

01 0 O

0 0 1 0
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and also define

Gn+1 sG, +tGh_1 +uG,_o tG,, + uGn_1 uG,
Gn SGn—l + th—Q + UGn—S th—l + UG71—2 UGn—l

527 Gt 5Gus+ Gyt UGt tGas + Gy UCrs
Gno 8Go_34+1tGu_s+uG,_5 tGn_3+uG,_4s uG,_3
and
Whe1  sWyu +tWh1 +ulW, o tW, +uW,_1 uW,
U, = W, sWp_1+tWp_o+uW,_3 tW,_1+uW,_o uW,_1

Wn—l 5Wn—2 + th—S + UWn—4 th—Z + UWn—3 U‘W'IL—Q
Wn72 Sanfj + th74 + UWn—S th73 + ’LLWn74 Uanfi

then we get the following Theorem.

THEOREM 7. For all integers m,n, we have

(a): B, = A", i.e.,

n

r s t u Gpy1  sGp+tGh_1 +uG,_2 tG, +uGn_1 uG,,

1 0 0 0 _ G, sG,_1+tGh_2+uGu_3 tGp_1+uGh_2 uG,_1
001 00| | Gut $GuottGus+uGp s tGno+uGn s uGn s
0 0 1 0 Gp_o 8Gu_3+1tGh_gs+uG,_5 tGh_3+uG,_ys uG,_3

(b): UlAn = AnUl
(c): Uptm = UpBm = BpU,.

Proof. For the proof, see Soykan [21, Theorem 19]. O

THEOREM 8. For all integers m,n, we have
Wn-i—m = WrLG7n+1 + Wn—l(SG'rn + tGm—l + UG'm—Q) + Wn—2(tG'rn + UGTVL—l) + UWn—SGm~ (115)

Proof. For the proof, see Soykan [21, Theorem 20]. O

In the next sections, we present new results.

2. Generalized Olivier Sequence

In this paper, we consider the case r = 1,s = 2,t = —1,u = —1. A generalized Olivier sequence

{Watnso = {W,,(Wo, W1, Wa, W3) },>0 is defined by the fourth-order recurrence relation
Wy =Wp_1+2Wyp_o—Wy_3—Wy_4 (21)

with the initial values Wy = co, W1 = ¢1, Wa = ¢, W3 = ¢3 not all being zero. The sequence {W,, },>¢ can

be extended to negative subscripts by defining

Won=-W_ ey +2W_ () + W_(n_3) — W_(n_g
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for n =1,2,3,.... Therefore, recurrence (2.1) holds for all integers n.

Characteristic equation of {W,,} is

222t 1= -2 - D)1= —2-1)(z2+1)(2—-1)=0

whose roots are

Note that

atB+y+46 = 1,
aftay+ad+py+po+v0 = -2,
afy+apd+ayi+pys = -1,

afyd = 1.

Note also that

a+pB+y = 0,
aftay+py = -2

afy = 1.

The first few generalized Olivier numbers with positive subscript and negative subscript are given in the
following Table 1.

Table 1. A few generalized Olivier numbers
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n W W_,

0 Wo Wo

1 Wy 2W1 — Wy + Wy — W3

2 Wy 3Wo — Wy —2Wy + W3

3 W3 AW, — AWy + 4Ws — 3Ws

4 2Wy — Wy — Wy + W3 8Wo — AW — TWy + 4Ws

5 Wo —2W1 — Wy + 3Ws I — 12Wy + 12W5 — 8W3

6 AWy — AW, — 3Wy + 4W5 21Wy — 12W71 — 20W5 + 12W5
7 AWy — TW7 — AWy + 8W3 22W1 — 33Wy 4 33Wo — 21W5
8 IWy — 12W1 — 8Wy + 12Ws 55Wo — 33W1 — 54Ws 4 33Ws
9 12Wy — 20W71 — 12Wy + 21W35 56W1 — 88Wy + 88Wy — 55Ws
10 22W5 — 33W7 — 21W, + 33Ws 144Wy — 88W7 — 143W5 + 88W3
11 33Wy — 54W7 — 33Wy + 55W3  145W7 — 232Wy + 232Wy — 144W5

12 56Wao — 88Wy — 55Wy + 88Ws  3TTWy — 232W; — 376 W3 + 232W5

13 88Wy — 143W; — 88Wy + 144Ws  378W7 — 609Wy + 609Wy — 377W3
Note that the sequences {O,,} and {K,} which are defined in the section Introduction, are the special

cases of the generalized Olivier sequence {W,,}. For convenience, we can give the definition of these two
special cases of the sequence {W,,} in this section as well. Olivier sequence {O,},>o and Olivier-Lucas

sequence {K,, },>o are defined, respectively, by the fourth-order recurrence relations

On = On—l + 20n—2 - O’VL—S - On—47 OO = 07 0, = 1, Oy = la 03 = 37 n > 4a

K, = K, 1+2K, o— K, 3— K, 4, Ko=4,K1=1,Ky =5,K3 =4, n >4,
The sequences {O,, }n>0 and {K,},>0 can be extended to negative subscripts by defining

On = —O_(u_1)+20_(—2)+O0_(_3) — O_(p_g)

Ko = —K_(no1) +2K_(na) + K_(n—3) = K_(n—a)

for n =1,2,3, ... respectively.
Next, we present the first few values of the Olivier and Olivier-Lucas numbers with positive and negative
subscripts:
Table 2. The first few values of the special third-order numbers with positive and negative subscripts.
1 2 3 4 5 6 7 8 9 10 11 12 13
1 1 3

4 8 12 21 33 55 8 144 232 377
1 -3 4 -8 12 -21 33 —55 88 —144
1 5 4 9 11 20 29 49 76 125 199 324 521
9 —-11 20 -29 49 -76 125 —-199 324 -—521

N

3
sk O oo

o

o

|

_
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Theorem 1 can be used to obtain the Binet formula of generalized Olivier numbers. Using these (the
above) roots and the recurrence relation, Binet’s formula of generalized Olivier numbers can be given as

follows:

THEOREM 9. (Four Distinct Roots Case: a # 8 # v # 6 = 1) For all integers n, Binet’s formula of
generalized Olivier numbers is

(aW3 — a(l — a)Ws + (—a? + 1)W; — Wp)a™

Wn = 402 —a—3
L (BWs — B(1 = B)Ws + (=B + )Wy — Wo)B"
482 - -3
(=Ws + 2Wo — Wy)(—1)" W3 —2W1 — Wy
+ 9 — ) .

Olivier and Olivier-Lucas numbers can be expressed using Binet’s formulas as follows:

COROLLARY 10. (Four Distinct Roots Case: « # 8 # v # § = 1) For all integers n, Binet’s formulas of

Olwwier and Olivier-Lucas numbers are

2 1)a™ 2 np" 1 1
o, - Lotlo" @oyng 1, 1
40?2 —a—3  4B8°-pB-3 2 2

1 1-V5\ " 145 n
() a5 o)

K,=a"+p8"+9"+1= <1+‘/5> +<l_ﬁ> +(=1)"+1

and

2 2

respectively.

Note that for all integers n, adjusted Pell-Padovan, third order Lucas-Pell, third order Fibonacci-Pell,
Pell-Perrin, Pell-Padovan numbers can be expressed using Binet’s formulas as

1 1

1
M, = n+1 n+1 n+1
- Aa-7" T ae-v" TH-on-5"
1 1 1 1
= (5 _E\/g)an+(§+m\/§)/3n_7n7
n — aTL +Bn +,77L7
1 no__ i n n
G, = 7504 \/55 +7,
G = (2= )a" +(2+ )" ="
n \/5 \/g b)

V5 V5
respectively, see Soykan [26] for more details. So, by using Binet’s formulas of Olivier, Olivier-Lucas and ad-
justed Pell-Padovan, third order Lucas-Pell, third order Fibonacci-Pell , Pell-Perrin, Pell-Padovan numbers,

(or by using mathematical induction), we get the following Lemma which contains many identities:
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LEMMA 11. For all integers n, the following equalities (identities) are true:
(a):
o Myt1 =0p41 — O,
o M, =0n43 — Opyo—20p41 + 20,
® 2044 = TMyyo +9Mpiq +3M, — 1.
e 20, = Myio+ M1+ M, — 1.
o My, = —0Opnq2+30, + 1.
(b):
o 10Mpy3=—-3Kp13—2Kp11 + 14K, 410 — 9K,.
o 10M, = 11K, 5 — 18K, .5 — 6K, 1 + 13K,,.
o Kyiy=3Myyo+8Myyq +4M, + 1.
o Ky =—-2My o+ 3M,1+4M, + 1.
e 5M, = —9K, 12 +8K,y1 + 12K, — 11.
o 8M,, +9M, 11 +5=3K, + 2K, 41.
(c):
e B,13=40,12 — Opy1 — 30,,.
o B, =40,13 — 60,19 — 30,41 + 50,,.
e 100,14 = 3Bp42 + 198,41 + 118, — 5.
e 100, = —TBp42 + 98,41 + 11B,, = 5.
e B, =602+ 50,41 +90, + 4.
e 5B, +6B,11 —8=90,,+ 70p41.
(d):
e 28,13 =3K,43 —2K,11 — K.
e 2B, = K,13—2K, 11 + K.
o Kty =2Bpi0+ By + 1.
e K, =B,+1.
e B, =K, -1
(e):
o Gpy3=20p42 — Opy1 — Oy,
o G, =0p41 — Oy
® 2044 = 3Gp12+ 7Gpi1 + 3G, — 1.
® 20, =Gpi2+Gpp1 — Gy — 1.
(£):
o 10Gy4+3 =11K,43 —8K,42 —6K,11 + 3K,.
e 10G, = —TKpi5+ 16K, 9 + 2K, 11 — 11K,,.
o Kypia=4Gp40+ 3G 41 + 1.

11
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(8):

(h):

()
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Kn = 4Gn+2 - 2Gn+1 - 5Gn + ].
5G, = 8Kpto —6K,41 — 9K, + 7.
3G, +4Gpi1 +3 = K, + 2K, 1.

Cpis =20n45 + Ony1 — 30,
Cp = 8043 — 12042 — 9041 + 130,,.
220,14 = 39C, 42 + 35C, 41 4+ 7C, — 11.
220,, = 13Cyp 45 — 3Cps1 — 5Cp, — 11.
Cp = =120, 45 + T0p 41 + 210, + 8.
7Cp +12C,41 — 8 = 30, + 130,41

10C), 15 = —3Ki3 + 24K 10 — 2Kns1 — 19K,,.
10C, = 31K, 5 — 48K 10 — 26K,,11 + 43K,.
11K s = 8Chpo + 43C, 41 + 24C, + 11

11K, = —12C, 49 + 18Cph41 + 19C, + 11.

5C, = 24K, 0 + 18K, 1 + 37K, — 31.

3C, 4+ 4Ch41 + 5 = 3K, + 2K, 41.

Ryuy3=0ny3— Oy

Ry = 30,15 — 40,15 — 40,41 + 50,
90,54 = 4Ris + ARniy + Ry — 1.
20, = Rygs — 1.

Ry = —40, 1 + 20,11 + 80, + 3.
20,11 = 2Rps1 + Ry — 1.

10Ry43 = —Kpis + 18K 40 — 4K, 1 — 13K,,.
10R,, = 17K 43 — 26K 00 — 12K,,41 + 21K,,.
2K,14 = 2Rnto + 9Rny1 + SR, + 2.

29K, = —3Rp4o + 4R, 11 + HR, + 2.

5R, = —13K,40 + 11K, + 19K, — 17.
11R,, + 13Rpi1 + 14 = 2(4K,, + 3Kn41).
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Proof. We only prove M,,+1 = O, +1 — O,, by using Binet’s formulas of M,, and O,, as the others can be

proved similarly. By using Binet’s formulas, we get

_ (2a+ o™t (2a+1a®  (28+1)" (28+1)B" 1 .00, 1,
Ont1=0On = 402 —a—3 _4a27a73+ 482 - B -3 _4ﬁ2—ﬁ—3_?y +§7
241, 2841, 1 .
= Zat3® tagysf 30
_ 1 n+2 1 n+2 1 n+2
= ehe-" TE-aE-2" Th-aa-/"
= Mn+1
where
a2 _ 200+ 1
(@a—B)(a—v)  4a+3’
52 _ 28+1
B-a)B-—7v) ~ 48+3
2 1
—W—=—1 W
=) =) AU

o0
Next, we give the ordinary generating function Y. W, z" of the sequence W.,.
n=0

o0
LEMMA 12. Suppose that fw, (z) = Y. W,z" is the ordinary generating function of the generalized

n=0
o]
Olivier sequence {Wy,}. Then, > W,z" is given by
n=0

> o Wot (W —Wo)z + (We — Wy — 2Wy)22% + (Ws — Wy — 2W; + W) 23
E W,z" = .
1—2—2224 23 + 24

Proof. Take r =1,s =2,t = —1,u = —1 in Lemma 3. [J

The previous lemma gives the following results as particular examples.

COROLLARY 13. Generating functions of Olivier and Olivier-Lucas numbers are

> z
O n — ,
ng() n® 1—2—222 423424
iK " 4—3z—42% + 23
z = )
oy " 1—2—222 423424

respectively.

3. Simson Formulas

Now, we present Simson’s formula of generalized Olivier numbers.
» 1%

THEOREM 14 (Simson’s Formula of Generalized Olivier Numbers). For all integers n, we have
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Witz Wiia Wi W,
W, w, W, W, —

n+2 n+1 n n=l (W372W2+W0)(W372W17WO)(W327W22+W127W02*W2W37
Wn+1 Wn anl W’n*Q

Wn anl anz Wn73

2W Wy + Wi Wo + WoWs + 2WoWeo — WoWh).

Proof. Take r =1,s =2,t = —1,u = —1 in Theorem 4. [J

The previous theorem gives the following results as particular examples.

COROLLARY 15. For all integers n, the Simson’s formulas of Olivier and Olivier-Lucas numbers are

given as
O7L+3 0n+2 O7L+1 On
On+2 On+1 On On—l _ 1
On+1 On On— 1 On72 ,
On On—l On—2 On—3
Kn+3 Kn+2 Kn+l Kn
K, K, K, K,_
+2 +1 1 _ 20’
Kn+1 Kn K’n—l Kn—2
Kn Kn—l Kn—2 K’n—3
respectively.

4. Some Identities

In this section, we obtain some identities of Olivier and Olivier-Lucas numbers. First, we can give a few

basic relations between {W,} and {O,}.

LEMMA 16. The following equalities are true:

(a): W, = 8Wy — AWy — TW3 + 4W3)Opy5 + (8W1 — 12Wo + 11Wo — TW3)Opqa + (3W1 — 9W, +
8Wo — AW3)Op 43 + (12Wy — 9W; — 12W5 + 8W3)Op10.

(b): W, = (4Wy — AWy +4Wo —3W35)Opa + (TWo — 5W1 — 6Wo + 4W3) Oy 3 + (4Wo — 5W, — 5Wo +
AW3)Opyo + (AW — 8Wo + TWo — 4AW35)0),41.

(c): W, = (BWo—W1 —2Wa+W3)O, 43+ (3W1 —4Wy+3Wo —2W3)Oy 10+ (3Wo — AW — W3)Opiq +
(AWo — AWy — AW + 3W3)O,,.

(d): W, = W1 — Wy + Wa — W3)Opyo + Wy — 2W1 — Wo + W3)O0p41 + (Wy — 3W, — 2W5 +
2W3)0,, + (Wy — 3Wy + 2W5 — W5)0,, 1.

(€): Wy, = WoOnt1 + (W1 — Wy)Op, + (Wo — Wy —2W5)Op—1 + (Wo — 2W1 — Wa + W35)O,,_s.

Proof. Note that all the identities hold for all integers n. We prove (a). To show (a), writing

Wp=aX0Op15+bXOpia+cXOpi3+dxOpyo
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and solving the system of equations

Wo = axO5+bx04+cx0O3+4+dx0Oq
Wi = axOg+bx0O5+cxO4+dxO0Os3
Wy = axO7+bx0Og+cxOs5+dx0O,
Ws = axOg+bx0O;+cxOg+dxOs

we find that a = 8Wy —4W7 — TWo +4W3,b = 8W1 — 12Wo + 11Ws — TW3, ¢ = 3W7 —9Wo + 8Ws —4W3,d =
12Wy — 9W7 — 12Ws + 8W3. The other equalities can be proved similarly. [J
Note that all the identities in the above Lemma can be proved by induction as well.

Next, we present a few basic relations between {W,,} and {K,}.

LEMMA 17. The following equalities are true:

(a): 10W, = (22Wo — 19W; — 2TWs + 19W3) Ky — (41Wo — 22W; — 46Ws + 2TW3) Ky g — (1TWo —
24y — 22Wo + 19W3) K,y 3 + (41Wo — 1TW — 41Ws + 22W3) K40

(b): 10W,, = —(19Wo — 3W; — 19Wy + 8W3) K,y s + (2TWo — 14W — 32Ws + 19W3) K, 45 + (19W, +
Wy — 1AWy + 3W3) Ky ya — (22Wo — 19W — 2TWs + 19W3) Kyt

(c): 10W, = (8Wy — 11W; — 13Wy + 11W3) K ps — (19W, — 8Wy — 24Ws + 13W3) K, — (3Wo —
16Wy — 8Ws + 11W3) Kpyq + (19Wo — 3W; — 19W, + 8Ws) K.

(d): 10W, = —(11Wo + 3W1 — 11W, + 2W3) K2 + (13Wo — 61, — 18Ws + 11W3) Ky q + (11W, +
8Wy — 6W — 3W3) K, — (8Wo — 11W, — 13Ws + 11W3) Kp_y.

(e): 10W, = (2Wy — OW; — TWa + 9W3) Kyt — (11Wo — 2Wy — 16Ws + TW3) K, + (3Wo + 14W; +
AWy — OW3) Kooy + (11W, + 3W — 11W, + 2W3) Ko

Now, we give a few basic relations between {O,,} and {K,}.

LemMmA 18. The following equalities are true:

100, = 11K,45—13Kpis — 11K, 45 + 8K, o,
100, = —2Kpi4+11K,45—3Knio— 11K,41,
100, = 9Kni3— TKnio — 9K i1 + 2K,
100, = 2Knio+9Knp — 7K, — 9K, _1,

100, = 11K,41 — 3K, — 11K,_1 — 2K, _»,
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and
K, = 90,45 — 130,14 — 90,43 + 110,42,
K, = —40,344+90p43+20,42 — 90,41,
K, = 50,43 —60p49 — 5041 + 40,
K, = —0Op42+50,41— 0, —50,_1,
K, = 40,41 —30, —40,_1 + O, _s.

5. Relations Between Special Numbers

In this section, we present identities on Olivier, Olivier-Lucas numbers and adjusted Pell-Padovan, third
order Lucas-Pell, third order Fibonacci-Pell, Pell-Perrin, Pell-Padovan numbers. We know from Lemma 11

that

220, = 13C,42—3Cp41 —5C, — 11,

2K, —3Rpy2 + 4Ryt +5R, + 2.

Note also that from Lemma Lemma 16 and Lemma 17, we have the formulas of W,, as
W, = (@BWy—Wy—2We+ W3)O0,43+ (3W1 — AWy + 3Wa — 2W3) 0,42
+(B8Wy — AWy — W3)Opq1 + (4Wo — AW — AWy + 3W3) Oy,
10W,, = (8Wp—11W7 — 13Ws + 11W3)K,, 3 — (19Wy — 8W; — 24W5 + 13W3) K42
—(3Wy — 16W7 — 8Wo + 11W3) K11 + (19Wy — 3W, — 19Ws, + 8W5) Ky,
Using the above identities, we obtain relation of generalized Olivier numbers in the following forms (in

terms of Pell-Perrin and Pell-Padovan numbers):

LEMMA 19. For all integers n, we have the following identities:

(a): 22W = (7W3 — 12W2 + 4W1 + Wo)Cn+2 — (5W3 — 18W2 + 6W1 + 7Wo)cn+1 - (Wg — 8W2 +
10W7 — 3Wy)C,, — 11W5 + 22W7 + 11W,,.
(b): 2W,, = (W1 — Wo)Ryp2 + (Wa — W) Rpy1 + (Wa — Wa — 2Wy + 2Wo) Ry, — W3 + 2W1 + W

6. On the Recurrence Properties of Generalized Olivier Sequence
Taking r =1,s =2,t = —1,u = —1 in Theorem 5, we obtain the following Proposition.

PROPOSITION 20. For n € Z, generalized Olivier numbers (the case r = 1,8 = 2,t = —1,u = —1) have

the following identity:

1
Won = o (=6Wan + 6K, Way — BKGW, + 3K, Wy + WoKG + 20 K — 3W0 K, Kzy).
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From the above Proposition 20 (or by taking G, = O,, and H,, = K,, in (1.13) and (1.14) respectively),
we have the following corollary which gives the connection between the special cases of generalized Olivier
sequence at the positive index and the negative index: for Olivier and Olivier-Lucas numbers: take W, = O,
with Og = 0,0, = 1,02 = 1,03 = 3 and take W,, = K,, with Ky =4, K, =1, Ky =5, K3 = 4, respectively.
Note that in this case H,, = K,.

COROLLARY 21. Forn € Z, we have the following recurrence relations:

(a): Olivier sequence:
O_p,= é(—fsogn + 6K,,0s, — 3K20,, + 3K>5,0,,).
(b): Olivier-Lucas sequence:
K_p= é(Ki + 2K3, — 3K2, K,,).
We can also present the formulas of O_,, and K_,, in the following forms.

COROLLARY 22. For n € Z, we have the following recurrence relations:

(a): O_p = (=603, +6(50n+3—60n12—50541+405,)02 —3(50p 43— 605 12— 50541 +405,)? O +
3(502p43 — 602119 — 502,41 + 402,)0,).
(b):
(1): 20_, = —AM? —4AM? | —AM? o+ (2My 4o — 3My 1 — 3My_1 + 2M,,_o) M, + (2M,, 41 —
3My—2)My—1 + May, + Moy + May_y — 1.
(ii): K_,, = —16M2—12M2 | +8M?> o —(—8M,1o+12M, 41 +9M, 1 +4M, o) M, +6(M, 1+
My, _o) M,y + 4May, 4 3Moy_g — 2May 4 + 1.

(c):
(i): 200_,, =11B2 +9B2 | —7B2_, —11By,, — 9Ba,,_2 + 7Ba,_4 — 10.
(ii): 2K_,, = B2 — By, +2.

(d):

(i): 40—, = —16G2 ., + 12G?; — 15G% + 39G2_| + 35G2_, + 8(6Gpi2 — 5Gni1 + Gpoq —
6Gp_2)Grn —24(2G 11 — G 2)Gr1 +16G 1 1G o + 4G 10 — 2Gon 11 — 11Goy, +2Go, 1 +
3Gan—2 + 2G2y—3 + TGop_y4 — 2.

(ii): 2K_,, = —80G2,,—52G2 .1 —119G% —54G?% _ | +140G2 _5+8(30G 42— 11G 41 — 114G 1 —
24Gy—2)Gp +96(Gri1 +Gr2)Gro1 +80G 411G rio+20Gon 12 — 10G2, 11 —27Ga,, — 4G, 1 —
30Goy 2 + 8Gay_3 + 28Go, 4 + 2.

(e):

(i): 53240_,, = —2160C2_, — 6156C2, | — 625C2 + 10641C2_, + 8645C2_, — 24(—230C, 12 +
183C),11+909C), 1 +598C,, _2)Cr+1656(2C,, 4 14+13C,,_2)Cry— 1 +6480C, 11 Cry s 2—1980C2y, 12+
2970C3; 41 + 737Cay + 1782C%,_1 + 6303Cap_s — 7722C2,_3 — 5005Ca, 4 — 2662.
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(ii): 2662K_,, = 8208C2, , + 26244C2 | + 24947C2 + 306C%_; — 7980C2_, + 24(—874C, 12 +
339C,,114+1890C,, 1 +552C,,_2)Cp,—19872(Chy 1 +Ch—2)Cr,_1—24624C,, 4 1 Cyp 2 +7524Cs,, 19—
11286C2p, 41 — 187Ca, — 10692Cs,,—1 — 11682C2,_o + 7128C5,,_3 + 4620Cs,,_4 + 2662.

(£):

(i): 160_,, = 9RZ+16R%2_, +5R2_,—6(4Ry,—1+3R,_2)R,+24R,,_1R,_2+6Ro,_2—8Ro,_3—
2Ry, 4 — 8.

(ii): 16K_,, = 45R%  ,+116R2 | +62R2 —28R2_| —15R2_,+6(—15R, 1o+ 4R, 1+28R, 1+
IR, 2) Ry —T2(Rps1+Ry—2)Ry—1—120R, 41 Ry 2 +30R2p 42 —40Ro, 1 +14Rg, —32Ray 1 —
26R2n—2 + 24R2,—3 + 6Rop—4 + 16.

Proof. We use the identities, see Soykan [25],

M—n = *4M72; + MZn + 2Mn+2Mn - 3Mn+1Mn7
1
B—n = 7(32 - B2n)a
2
and
G—n = %(16G72L+2 +4G%+1 + 35G% - 4G2n+2 + 2G2n+1 + 7G2n - 16Gn+20n+1 - 48G71,+2Gn +24Gn+1Gn)7

Cp = 55(432C2 497202, | +665C2+396Cs 4 o—594Coy 41 —385C2,—1296Cyy 4 9Ch 1 —1104C,, 45 Cr+
1656C,41Ch,),
R_, = L(16R2,, +9R%, , + 5R2 + 6Ropyo — 8Ront1 — 2Rop — 24R, 10 Ryt — 18Ry 2Ry + 24R,0 11 Ry,).

We also use the identities

20, = Mpjo+ My + M, -1,

K, = —2Mp4o+3Mp1+4M, +1,
100, = —TBpio+9Byy1+11B, — 5,

K, = B,+1,

20, = Gpy2+Gpi1—G,—1,

Ky, = A4Gpis—2Gni1 —5Gn + 1,
220, = 13Cpis —3C,i1 —5C, — 11,
11K, = —12C,45+18Cy 1 +19C, + 11,

20, = Rpio—1,
2K, = —3Rnio+4R,41+5R, +2.

(a): By using the identity K, = 50,43 — 60p4+2 — 50,41 + 40,, and Corollary 21, (or by using
Corollary 6 (a)), we obtain (a).
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(b): Since 20,, = Mp49 + My + M, — 1, K, = —2Mp49 + 3Myy1 +4M,, + 1, and M_,, =
—4M?2 + May, + 2M,, 12 M,, — 3M,, 1 M,,, we get (b)

(¢): Since 100,, = —7B;,42 + 9Bn4+1 + 11B, -5, K,, = B, + 1 and B_,, =
(c).

(d): Since 20, = Gpi2 4+ Gni1 — Gy — 1, Ky = 4Gypq2 — 2G4 — 5G,, + 1 and G, = $(16G2 ., +
4G31+1 + 35G% — 4G2n+2 + 2G2n+1 + 7Gay, — 16G,L+2G7L+1 — 48G,L+2G7L + 24G,L+1G7L), we get (d)

(e): Since 220,, = 13C, 2 — 3Cpy1 — 5C,, — 11, 11K,, = —12C,,42 + 18C,+1 + 19C,, + 11 and
c_, = ﬁ(4326’%+2 + 972C2_ | + 665C2 + 396Ca+2 — 594C, 11 — 385Ca, — 1296C,12C) 41 —
1104C,42Cy, + 1656C,, 11 Cy,), we obtain (e).

(£): Since 20,, = R,42 — 1, 2K,, = =3R40 + 4Rp+1 + 5R, + 2 and R_,, = %(IGR%H +9R2 5, +
5R2 4+ 6Ropy0 — 8Ropy1 — 2Roy — 24Ry oRny1 — 18R, 2R, + 24R, 1 R,,), we get (f). O

%(B?l - B2n), we obtain

7. Sum Formulas

The following Corollary gives sum formulas of Pell-Padovan numbers.

COROLLARY 23. For n > 0, Pell-Padovan numbers have the following property:
(a): ZZ:O Ry = % (Rn+3 + Rn+2 - Rn+1 - 1) .
(b): >_o Rox = Rany1 — 1.
(C): ZZ:O R2k+1 = % (R2n+3 + R2n+2 — R2n+1 +2n — 1) .

Proof. It is given in Soykan [26]. O

The following Corollary presents sum formulas of Olivier and Olivier-Lucas numbers.

COROLLARY 24. For n > 0, Olivier and Olivier-Lucas numbers have the following properties (in terms

of Pell-Padovan numbers):

(a):
(i): Yp_oOr=3BRyt2+3Ry1 + Ry —2n—17).
(ii): Yp_g O2k = 5(Rans2 + Rong1 —2(n+1)).
(iii): Yp_oOort1 = §(Ront2 + 5Rany1 + 3Ran — 5).
(b):

(1): EZ:O Ky = %(4Rn+1 +3R, +2n+1).
(ii): ZZ:O Ko, = %(*R2n+2 +4Roy 11 + 2Rop, + 40+ 3).
(lii): ZZ:O K2k+1 = %(5R2n+2 - R2n+1 — 2R2n)

Proof. The proof follows from Corollary 23 and the identities

2077, == Rn+2 - 1,

9K,

—3Ry+2+4R,4+1 +5R, + 2. U
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8. Matrices and Identities Related With Generalized Olivier Numbers

If we define the square matrix A of order 4 as

1 2 -1 -1
= 1 0 0 0
0 1 0 0
0 0 1 0
and also define
Ont1 20, —0p—1 —Op_o —0p —Op1 -0,
B, — O, 20p,-1—0p,-2—0,_3 —0p_1—0,_2 —0p,_1
On-1 204,-2—0,_3—0p_4 —0Op_92—0p_3 —0,_9
Opn—2 20,-3—0,-4—0y_5 —0,_3—0,_4 —0,_3
and
Woer  2W, = W1 — W, W, — Whq W,
U, — W 2Wh1 —Wypo—Wyp_g W, 1 —Wp_o W,
Wi 2Wp o =Wy 3—-Wy_q Wy o—-W,_ 35 —W;_o
Wi 2Wp 3 —Wy g =Wy 5 W, 5-W,y —Wy_3

then we get the following Theorem.

THEOREM 25. For all integers m,n, we have

(a): B, = A", ie.,

n

12 -1 -1 Ons1 20, —Ony—Ops  —Op—Ony  —On
10 0 0| | On 2041-042-04s —Onpi—Ons —Ops
01 0 0 | | Ot 2002—0ps—Onsg —Ops—Ops —Ops
00 1 0 Ons 20n_3—Opis—Ons —Ong—Ong —On_s

(b): UlAn = AnUl
(¢): Upem = UnB,,, = B, U,.

Proof. Take r =1,s =2,t = —1,u = —1 in Theorem 7. O
Using the above last Theorem and the identity

2On = R7L+2 - 17

we obtain the following identity for Pell-Padovan numbers.
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COROLLARY 26. For all integers n, we have the following formula for Pell-Padovan numbers:

Rn+3 -1 Rn+4 - Rn+3 _Rn+2 - Rn+1 +2 _Rn+2 +1

An o 1 Rn+2 -1 Rn+3 - Rn+2 *Rn-&-l - Rn + 2 *Rn-&-l + 1
2 RnJrl -1 Rn+2 - RnJrl _Rn - Rnfl + 2 _Rn + 1

Rn -1 Rn+1 - Rn _Rnfl - Rn72 +2 _Rnfl +1
Next, we present an identity for W, 4.
THEOREM 27. For all integers m,n, we have

Wn+m - Wn0m+1 + anl(QOm - Omfl - Om72) + Wn72(_0m - Omfl) - an?yOm-

Proof. Take r =1,s =2,t = —1,u = —1 in Theorem 8.. [J

As particular cases of the above theorem, we give identities for O, ., and K, .
COROLLARY 28. For all integers m,n, we have
On+m - OnOerl + On71(20m - Omfl - Om72) + On72(_0m - Omfl) - On730m7

Kn+m - Kn0m+1 + anl(QOm - Omfl - OnL72) + Kn72(_0m - Omfl) - Kn730m'

9. Conclusions

i; The Fibonacci
and Lucas sequences are sources of many nice and interesting identities. For example, in [1], authors study
on the solutions of the connection problems between Fermat and generalized Fibonacci polynomials. For
rich applications of second order sequences in science and nature, one can see the citations in [10].

As a fourth order sequence, we introduce the generalized Olivier sequence (and it’s two special cases,
namely, Olivier and Olivier-Lucas sequences) and we present Binet’s formulas, generating functions, Simson
formulas, the sum formulas, some identities, recurrence properties and matrices for these sequences.

We have shown that there are close relations between Olivier, Olivier-Lucas numbers (which are fourth
order linear recurences) and special third order linear recurences (numbers), namely adjusted Pell-Padovan,
third order Lucas-Pell, third order Fibonacci-Pell, Pell-Perrin, Pell-Padovan numbers.

Linear recurrence relations (sequences) have many applications. We now present one of them. The
ratio of two consecutive Padovan numbers converges to the plastic ratio, ap (which is given in (9.1) below),
which have many applications to such as architecture, see [12]. Padovan numbers is defined by the third-order
recurrence relations

Pops=Pop1+P, PR=1L,PA=1PR=1


yukse
Highlight

sdi
Cross-Out

sdi
Inserted Text
Numerous studies of number sequences have been published in the literature, and these studies have been applied to a wide range of fields including physics, engineering, architecture, nature, and the arts. The most well-known second order recurrence sequences are those based on integer numbers, including the Fibonacci, Lucas, Pell, and Jacobsthal sequences. In Leonardo de Pisa's book Liber Abaci from 1202, which is where he first presented the rabbit breeding conundrum, the Fibonacci numbers are likely most well-known for their appearance.
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3

The characteristic equation associated with Padovan sequence is ° — x — 1 = 0 with roots «, 8 and ~ in

which
1 23 e 1 /23 e
=(= —_— = ~ 1.32471 24 .1
o <2+ 108) + <2 108) 324717957 (9.1)

is called plastic number (or plastic ratio or plastic constant or silver number) and

P,
lim +1

n—oo n
The plastic number is used in art and architecture. Richard Padovan studied on plastic number in Archi-
tecture and Mathematics in [15, 16].

We now present some other applications of third order sequences.

e For the applications of third order Jacobsthal numbers and Tribonacci numbers to quaternions, see
[5] and [4], respectively.

e For the application of Tribonacci numbers to special matrices, see [39].

e For the applications of Padovan numbers and Tribonacci numbers to coding theory, see [17] and
[2], respectively.

e For the application of Pell-Padovan numbers to groups, see [6].

e For the application of adjusted Jacobsthal-Padovan numbers to the exact solutions of some differ-
ence equations, see [3].

e For the application of Gaussian Tribonacci numbers to various graphs, see [38].

e For the application of third-order Jacobsthal numbers to hyperbolic numbers, see [7].

e For the application of Narayan numbers to finite groups see [11].

e For the application of generalized third-order Jacobsthal sequence to binomial transform, see [27].

e For the application of generalized Generalized Padovan numbers to Binomial Transform, see [29)].

e For the application of generalized Tribonacci numbers to Gaussian numbers, see [30].

e For the application of generalized Tribonacci numbers to Sedenions, see [31].

e For the application of Tribonacci and Tribonacci-Lucas numbers to matrices, see [32].

e For the application of generalized Tribonacci numbers to circulant matrix, see [33].

Next, we list some applications of fourth order sequences.
e For the application of Tetranacci and Tetranacci-Lucas numbers to quaternions, see [34].
e For the application of generalized Tetranacci numbers to Gaussian numbers, see [35].

e For the application of Tetranacci and Tetranacci-Lucas numbers to matrices, see [36].

e For the application of generalized Tetranacci numbers to binomial transform, see [37].
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